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PREFACE

In investigating the highly different phenomena in nature, scientists have
always tried to find some fundamental principles that can explain the
variety from a basic unity. Today they have not only shown that all the
various kinds of matter are built up from a rather limited number of atoms,
but also that these atoms are constituted of a few basic elements or building
blocks. It seems possible to understand the innermost structure of matter
and its behavior in terms of a few elementary particles: electrons, protons,
neutrons, photons, etc., and their interactions. Since these particles obey
not the laws of classical physics but the rules of modern quantum theory or
wave mechanics established in 1925, there has developed a new field of
“quantum science” which deals with the explanation of nature on this
ground.

Quantum chemistry deals particularly with the electronic structure of
atoms, molecules, and crystalline matter and describes it in terms of
electronic wave patterns. It uses physical and chemical insight, sophisticated
mathematics, and high-speed computers to solve the wave equations and
achieve its results. Its goals are great, but perhaps the new field can better
boast of its conceptual framework than of its numerical accomplishments.
It provides a unification of the natural sciences that was previously in-
conceivable, and the modern development of cellular biology shows that
the life sciences are now, in turn, using the same basis. “Quantum biology”’
is a new field which describes the life processes and the functioning of the
cell on a molecular and submolecular level.

Quantum chemistry is hence a rapidly developing field which falls be-
tween the historically established areas of mathematics, physics, chemistry,
and biology. As a result there is a wide diversity of backgrounds among
those interested in quantum chemistry. Since the results of the research
are reported in periodicals of many different types, it has become increas-
ingly difficult both for the expert and the nonexpert to follow the rapid
development in this new borderline area.

The purpose of this serial publication is to try to present a survey of the
current development of quantum chemistry as it is seen by a number of the
internationallly leading research workers in various countries. The authors

vii



viii Preface

have been invited to give their personal points of view of the subject freely
and without severe space limitations. No attempts have been made to avoid
overlap—on the contrary, it has seemed desirable to have certain important
research areas reviewed from different points of view. The response from
the authors has been so encouraging that a fourth volume is now being
prepared.

The editor would like to thank the authors for their contributions which
give an interesting picture of the current status of selected parts of quan-
tum chemistry.

It is our hope that the collection of surveys of various parts of quantum
chemistry and its advances presented here will prove to be valuable and
stimulating, not only to the active research workers but also to the scientists
in neighboring fields of physics, chemistry, and biology, who are turning
to the elementary particles and their behavior to explain the details and
innermost structure of their experimental phenomena.

January, 1967 PErR-OLOV LOWDIN
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1. Introduction

The Molecular Hartree—Fock Approximation

For singlet ground states, the molecular Hartree-Fock approximation
consists of a variational calculation to find a Slater determinant that
minimizes the electronic energy, expressed as the mean value of the
molecular Hamiltonian with fixed internuclear coordinates. For other
states, the traditional Hartree—-Fock method would use as a trial function
the linear combination of Slater determinants needed to form a wave
function with specified spin or spatial point group quantum numbers. It
can easily be shown (e.g., Nesbet, 1961) that the N orthonormal orbitals of
a Hartree-Fock single determinant must satisfy equations

H o= ¢:9; )



2 R. K. Nesbet

where J is an integrodifferential operator that contains terms dependent
on the density function

p(1, 1) = 3 421, @

Hence Egs. (1), while formally resembling one-particle Schrodinger equa-
tions, are actually nonlinear. For molecules, the Hartree-Fock equations
involve partial differential and integral operators with several independent
variables. As such, the equations are intractable to the standard methods
of numerical analysis.

As a consequence of developments of computational technique, it has
been possible in recent years to compute molecular Hartree—-Fock wave
functions that compare well in accuracy with the corresponding functions
for atoms. There are three important elements in this work. First, the
matrix Hartree-Fock method, originally proposed by Roothaan (1951) and
by Hall (1951) in the context of the molecular LCAO approximation,
replaces Egs. (1) by the corresponding linear equations, with s replaced
by its matrix elements in a specified basis of atomic orbitals, and ¢ replaced
by the vector representing the linear expansion of a molecular orbital
function in the same atomic orbital basis. The partial differential equations
are replaced by matrix equations whose elements are constructed from
multidimensional definite integrals. Second, it was recognised by Boys
(1950a) that accurate molecular wave functions require the use of orbital
basis sets much more general than those considered in the LCAO approxi-
mation, where only a single basis orbital is used for each independent
occupied orbital in the component atoms. Third, the introduction of
electronic digital computers has made possible the enormously complex
calculations required to implement the matrix Hartree-Fock method in
an orbital basis sufficiently complete to produce quantitative results. The
efficient organization and programming of these calculations has been an
essential prerequisite to the results discussed here.

This article will review results obtained by this method for molecules
containing more than two or three electrons. This excludes the smallest
molecules, for which special methods can be used to give results of high
accuracy. The improvement in results obtained in going from simple
LCAO calculations to a reasonable approximation to a true Hartree-
Fock calculation has been substantial. For this reason, LCAO results will
not be discussed here, but the reader is referred to a review by Allen and
Karo (1960) and to papers by Ransil (1960) and Mulliken (1962).
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Il. Computational Technique

A. Choice of Orbital Basis

Computer programs for solution of the matrix Hartree-Fock equations
have been described in detail elsewhere (Nesbet, 1954, 1963; Roothaan
and Bagus, 1963). For molecular calculations, a general orbital basis is
selected. Matrix elements of the one- and two-electron operators in the
Hamiltonian must be computed in this basis as input data for the matrix
calculation. By far the most difficult and time-consuming part of the
over-all calculation is the computation of two-electron integrals of the
electronic Coulomb repulsion, since the number of these integrals increases
as the fourth power of the order of the orbital basis set. These integrals
represent the classical electrostatic interaction energy of two charge dis-
tributions, each formed by the product of two basis orbitals. For obvious
physical and practical reasons, the basis orbitals are most often chosen to
have simple functional forms when expressed in spherical polar coordinates
about some atomic nucleus in a molecule. If this is so, each elementary
charge density can be associated with either one or two atoms, and each
electrostatic integral involves basis orbitals from as many as four different
atoms. The basis sets used in molecular calculations represent various com-
promises between the conflicting demands of rapid convergence and ease
of evaluation of multicenter integrals.

It has been known for some time that the radial factor of an atomic
Hartree-Fock orbital can be expressed to high accuracy as a linear com-
bination of a small number of exponential radial functions multiplied by
powers of r. General rules for choosing the exponents of single functions
of this kind, as a qualitative approximation to Hartree-Fock orbitals,
were proposed by Slater (1930), and many LCAO calculations have been
carried out using basis orbitals with exponents determined by Slater’s rules.
In the work described here, the number of basis orbitals used is consider-
ably larger than the bare minimum needed to provide one basis orbital for
each orbital occupied in the ground state configuration of every atom in a
given molecule. The term LCAO will be used here only in reference to
calculations with minimal basis sets, either with Slater orbitals or with
more complicated functions, including actual ground state atomic Hartree—
Fock orbitals. In general, LCAO calculations have led to unsatisfactory
results, due to the rigidity of the basis set. The strong electrostatic field
in a molecule distorts the atomic valence orbitals in the sense of changing
their radial functional form or of modifying their angular dependence.
When orbital basis sets are used that are capable of representing such
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distortion, in addition to the superposition of orbitals already described
in the LCAO molecular orbital approximation, significant improvements
result. This is most clearly documented in the case of the HF molecule,
which will be discussed below. The most important practical implication
of this is that any calculation intended to give quantitative results must
produce very large numbers of electrostatic integrals.

1. Gaussian Basis Orbitals

It was proposed by Boys (1950a) that Gaussian functions, of the form
exp(—ar?) multiplied by polynomials in x, y, z, be used for molecular
calculations. These are the only known functions for which the general
four-center integral reduces to a closed form expressible interms of standard
functions. Simple calculations show that more Gaussians than exponential
functions are required for similar accuracy in expanding an atomic
Hartree-Fock orbital. A matrix Hartree-Fock calculation on CH, and
the carbon atom (Nesbet, 1954, 1960a) with Gaussian basis orbitals was
one of the first molecular calculations to use an extended basis set, in this
case two or three basis functions for each atomic orbital on carbon. This
work established the feasibility of calculations of the kind considered
here, but the basis set was inadequate to give any clear indication of what
might be expected from a molecular Hartree-Fock approximation. More
recent work by Krauss (1963) on CH, and NH,* has shown that a
Gaussian basis set roughly twice as large as that used earlier is capable
of approaching the true Hartree-Fock function. Systematic calculations
on atoms by Huzinaga (1965) and on atoms and small molecules by Reeves
and Harrison (1963), Harrison (1964), and Reeves and Fletcher (1965) have
formulated rules for choosing a Gaussian basis expected to lead to mole-
cular calculations of useful accuracy. An interesting result of this work
is the conclusion that powers of r? should not be included as factors of
Gaussian radial functions, since expansions of atomic orbitals converge
more rapidly without them. This fact greatly simplifies the analysis needed
in deriving integral formulas by the method originally proposed by Boys
(1950a).

Especially when powers of r? are omitted, calculations with Gaussian
orbitals become studies in sophisticated data handling, since relatively
simple arithmetic is performed on long lists of numbers. These difficulties
are apparently less severe than the numerical analysis problem of efficient
evaluation of three- and four-center integrals with exponential basis
orbitals, so Gaussian basis orbitals have been used for several calculations
on polyatomic molecules that will be discussed in Section IV, below.
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2. Exponential Basis Orbitals

Exponential orbitals are used whenever possible in order to limit the
size of the basis set. For atoms the electrostatic integrals are trivial, since
they can be computed by a simple formula (Boys, 1950b). For diatomic
molecules the problem is very much more difficult, but simplifications result
from axial symmetry (which immediately removes two of the six quad-
ratures in a two-particle integral) and from the possibility of using
spheroidal coordinates (Ruedenberg, 1951). An efficient method of evalu-
ating two-center electrostatic integrals has been described and program-
med by Harris (1960). A number of the matrix Hartree-Fock calcu-
lations discussed here have been carried out with a computer program
(Nesbet, 1960b) whose detailed structure is based on unpublished work
by Merryman (1959). These programs are designed so that the dominant
computational step is weighted by the second rather than the fourth
power of the number of basis functions. Arbitrary orbital quantum
numbers can be used, since this is essential to achieve the angular and
radial polarization effects that account for the qualitative difference
between LCAO and true Hartree-Fock wave functions. A similar but
improved and highly efficient program has recently been put into service
(Wahl et al., 1964).

A program of comparable efficiency, applicable to linear polyatomic
molecules, has been written by McLean (1960), and used for calculations
on both diatomic and polyatomic molecules. The method used involves
explicit computation of a one-particle potential function, followed by
two-dimensional numerical quadrature of the product of this potential
and the other one-particle charge density (product of two basis orbitals).
The special method for diatomic molecules, mentioned above, combines
one-dimensional numerical quadrature with summation of an infinite
but rapidly convergent series.

No method has as yet been implemented that would make efficient use
of exponential basis functions for nonlinear molecules.

3. One-Center Expansion

In principle, every molecular orbital could be expanded as a linear
combination of basis orbitals all on one center. In practice, this converges
too slowly to be useful except for central hydrides, XH,. Recent work
by Moccia (1962, 1964a,b,c) has shown that this method is practicable.
This work includes calculations on several nonlinear molecules con-
taining too many electrons to be amenable to Gaussian orbitals: SiH,,
PH;, PH,*, H,S.
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B. Computation of One-Electron Properties

An unrestricted Hartree—-Fock wave function (Nesbet, 1955, 1961) has
the remarkable property that mean values of one-particle operators are
stable up to the second order of many-particle perturbation theory
{Mgller and Plesset, 1934). This is an important reason for trying to obtain
a reasonably valid Hartree-Fock function when the object is to compute
physical properties of a molecule.

Table I contains data on electric dipole and quadrupole moments.
The agreement with experiment is very good for the wave functions
expected to be closest to true Hartree-Fock functions. This is especially
true for the diatomic hydrides. The computed moments are obtained as

TABLE |

GROUND STATE ELECTRIC DIPOLE AND QUADRUPOLE MOMENTS

pe (D) (dfdr). (D/A) Q. (10~2%esu)’®
Mole- Reference
cule Calc. Obs. Calc. Obs. Calc. Obs.
LiH Ebbing (1962) —5.99 —5.828 —2.47 —2.0 —_ —
Kahalas and
Nesbet (1963) —5.888 — — — — —
HF Clementi (1962) 1.984 1.818 1.7 0.954 — —
Nesbet (1962) 1.827 — 1.029 — — —
Moccia (1964a) 2.097 — — — — —
LiF McLean (1963b) 6.30 6.284 — — — —

BeO  Yoshimine (1964) 7.29
BH Stevens and

Lipscomb (1965a) 1.585 — — — —
CO Nesbet (1964a) 0.361 —0.112 3.834 297 —1806 +1.63

Huo (1965) 0.181 — 4.89 — —2.20 —
BF Nesbet (1964a) —0.617 — 4.882 — —4.382 —
Huo (1965) —1.04 —_ 5.56 — —4.58 —
F, Wahl (1964) — — — — 0.886 —
CO, McLean (1963a) — — — — —2.503 -3
H,O Moccia (1964c) 2.085 1.850 — — — —
NH;  Moccia (1964b) 1.51 1.48 — — — —
HCl  Nesbet (1964b) 1.488 1.081 1.788 +1.00 3.957 —
Moccia (1964a) 2.166 — — — — —

2 The polarity of the dipole moment is given as positive if the effective net charge on
the heaviest atom is negative.

? The quadrupole moment is computed with respect to the center of mass, assuming
the most common nuclear species.
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mean values of the appropriate operator taken with an approximate
Hartree-Fock wave function.

Quantities such as electric polarizability or magnetic susceptibility
represent the response of a system to an applied field. If a new ground
state Hartree-Fock function is computed for each value of the applied
field, the mean value of the interaction energy should be stable up to second
order just as static one-particle properties are for an unmodified Hartree—
Fock function. But the polarizability or susceptibility is expressed as
just such a mean value. This implies that the perturbed Hartree-Fock
theory (Peng, 1941; Dalgarno, 1959) should give good results for such
quantities. To implement this requires, in addition to the basic programs
for matrix Hartree-Fock calculations, programs to evaluate matrix
elements of the special one-particle operators that occur in electromagnetic
interactions (Pitzer et al., 1962), and a program to solve the system of
inhomogeneous equations arising from the perturbed Hartree-Fock
equations in a fixed orbital basis (Stevens et al., 1963). Results of computa-
tions, by this method, of magnetic susceptibility and nuclear screening in
several molecules are summarized in Table II. The agreement with experi-
ment is in general very good.

TABLE 1l

GROUND STATE MAGNETIC CONSTANTS OF DIATOMIC MOLECULES?

Molecule (AB) LiH Li, FH F, BH
x (ppm) Calc. —7.630 —28.94 —10.27 —10.617 18.16
Obs. — — —8.6 — —_
oa (ppm) Calc. 90.15 98.58 404.65 —199.7 —264.43
Obs. — — — —210.1 —
op (ppm)  Calc. 26.45 —_ 28.11 — 22.55
Obs. — — 27.9 — —
C, (ke/sec) Calc. 9.45 0.240 336.0 152.0 496.4
Obs. 9.92 — +305 157 —
Cy (ke/sec) Calc. —9.15 — —69.97 — —8.5
Obs. -10.1 — +71 — —
w/J (om)  Calc. —0.6677 0.1100 0.738 —0.101 —8.17
Obs. —0.654 0.10797 0.7392 —0.121 —

a Data from Stevens et al. (1963) and Stevens and Lipscomb (1964a,b,c, 1965a,b).



8 R. K. Nesbet

C. Molecular Energy Levels

The molecular orbital theory originated as an extension to molecules
of the Bohr atomic theory. Quantum numbers characterizing molecular
symmetry can be used to designate a set of orbital functions ordered by
energy. Observed electronic energy levels can be assigned to definite mole-
cular orbital configurations obtained by distributing the available number
of electrons among the orbital functions. When used quantitatively, the
Hartree-Fock approximation is to some extent in conflict with this simple
Aufbauprinzip. The Hartree-Fock equations are different for every elec-
tronic state, and no unique set of Hartree—~Fock orbitals can be defined
for the collection of states of interest in molecular spectroscopy.

In principle, a separate Hartree—Fock calculation should be carried out
for each electronic state of interest. This has been done only for a few
molecular states, in particular, for excited states of N2+ (Cade et al.,
1966). As a working compromise, unoccupied orbitals obtained as excited
eigenvectors of the ground state matrix Hartree—Fock equations have been
used to construct excited state electronic wave functions. When several
functions obtained in this way have the same molecular quantum numbers,
it is sometimes necessary to diagonalize the matrix of the electronic
Hamiltonian over this set of wave functions in order to resolve degen-
eracies or near degeneracies. This will be referred to as a limited configura-
tion interaction (CI) calculation. When configurations differ by only a
single orbital such a calculation is a first-order approximation to a
Hartree-Fock calculation (Nesbet, 1955).

Another, and more serious, difficulty in deriving electronic energy levels
from Hartree-Fock calculations is the systematic error due to the inability
of a Hartree-Fock function to represent the spatial correlation between
a pair of electrons. If correlation energy is defined as the difference
between the Hartree—Fock energy of a given state and the true eigenvalue
of the nonrelativistic Hamiltonian for that state, it is found that correlation
energy differences between different electronic excited states of the same
molecule are not negligible. The net correlation energy difference between
a molecule at internuclear equilibrium and the corresponding separated
atoms can be a substantial fraction of the molecular dissociation energy.
In N,, for example, roughly half of the dissociation energy, D, = 9.90 eV,
comes from the net correlation energy difference (Nesbet, 1964a). While
some success has been achieved in attempting to develop an empirical
theory of ground state correlation energies, there is not yet sufficient data
for an adequate understanding of correlation energy differences between
excited states.
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In order to understand changes of correlation energy that result from
electronic excitation or from changes of internuclear distances, it has been
found useful to hypothesize, in a localized orbital representation of
occupied Hartree-Fock orbitals (Lennard-Jones, 1949, 1952), that cor-
relation energy is insensitive to changes of molecular structure that
maintain the number and spatial relationship of electron pairs (Clementi,
1963a,b; Nesbet, 1962, 1964a) in a given molecular orbital configuration.
Especially for singly bonded diatomic molecules, this hypothesis leads to
a very good empirical estimate of the net correlation energy correction
to computed Hartree-Fock ground state dissociation energies (Nesbet,
1965a). As a corollary to this hypothesis, significant changes of correlation
energy with internuclear distance should be attributed to the crossing of
molecular orbital configuration energy curves or hypersurfaces rather than
to changes within a given configuration. The crossing of ionic and neutral
configurations that occurs for R > r, for most stable diatomic molecules
(unless the ground state molecular orbital configuration is compatible with
the separated neutral atoms) has an effect that increases with R near r,.
It follows from this that the computed Hartree-Fock w, should be greater
than the observed value, the anharmonicity w,x, should be less than that
observed, and the Hartree—Fock r, should be less than that observed, since
configuration interaction must pull the Hartree-Fock potential curve down
as R increases beyond r, (Nesbet, 1962).

I11. Diatomic Molecules

A. Hydrides

The hydrogen fluoride molecule provides a very clear example of the
importance of the distortion or polarization of the constituent atoms
forming a molecule, an effect that can be described within the molecular
Hartree-Fock approximation only by going beyond the LCAO idea of
constructing molecular orbitals by superposition of atomic valence orbitals.
A calculation by Karo and Allen (1959) on the ground state of HF is a
classical example of the LCAO theory: the basis orbitals are taken to be
ground state atomic Hartree—-Fock orbitals. As a consequence, the total
molecular energy is very good, —99.96338 atomic units (27.211 eV) at
nuclear equilibrium, as compared with —99.48360 au for Slater orbitals
and with the experimental energy, —100.53301 au. However, this total
energy improvement has little effect on the computed dissociation energy
obtained by subtracting atomic ground state energies computed in the
same approximation, to give 1.56 eV for atomic Hartree-Fock orbitals,
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compared with 1.37 eV for Slater orbitals. The experimental D, is 6.08 eV.
If the Slater orbital exponents are varied in both atom and molecule to
give the best energy, amounting to an independent change of scale for
each basis orbital in the molecule, the total energy at equilibrium is
—99.53614 au (Ransil, 1960) and the dissociation energy is 2.56 eV.

It is known from matrix Hartree-Fock calculations for atoms that the
shape of the outer part of a radial Hartree-Fock orbital is difficult to
determine, because it has only a small effect on the total atomic energy.
Conversely, it is to be expected that the shape of atomic valence orbitals
can easily be modified by neighboring atoms in a molecule. Changes of
functional form more complicated than a change of scale can only be
represented by increasing the number of basis functions in a molecular
matrix Hartree-Fock calculation beyond those considered in the LCAO
approximation. The first results with computer programs written for the
purpose of examining such questions showed a very striking increase in
the computed dissociation energy of HF. With an orbital basis set capable
of representing radial distortion, by including several radial functions for
each atomic orbital, and angular distortion, by including higher spherical
harmonics than those present in the atomic valence shells, the dissociation
energy was computed to be 4.41 eV, corresponding to a total molecular
energy of —99.99106 au (Nesbet, 1960b). This result for the dissociation
energy has been shown to be insensitive to further improvements in the
basis set. A basis set that allows an improved representation of the fluorine
atom gives D, =4.11 eV, total £ = —100.0571 (Nesbet, 1962). An inde-
pendent calculation with a different basis set, intended to be a close
approximation to the true Hartree—-Fock function, gives D, =4.05 eV,
E = —100.0575 au (Clementi, 1962).

An empirical estimate can be made of the net correlation energy con-
tribution to D, (Nesbet, 1965a). The Hartree-Fock electronic configuration
at equilibrium should dissociate with very little change in electronic struc-
ture into F~ + H*. Thus the correlation energy on this Hartree-Fock
potential curve should be that of F~. The actual ground state dissociates
into F + H, so the correlation energy in the limit of separated atoms is
that of neutral F in its ground state. The difference in correlation energy
between F~ and F is —2.01 eV (Clementi, 1963a,b), and this quantity
should be a good estimate of the net correiation energy difference between
HF at nuclear equilibrium and the separated atoms. If D, is 4.11 or 4.05
eV in the Hartree-Fock approximation, total D, should be 6.12 or 6.06 eV,
respectively. This is in quantitative agreement with the observed value,

6.08 eV.
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The two best approximate Hartree-Fock wave functions mentioned
above (Nesbet, 1962; Clementi, 1962) have been analyzed by Kern and
Karplus (1964), who give difference contour maps of the electronic density
functions and compute the forces acting on the nuclei appropriate to each
wave function. They conclude that the wave function of Clementi, who
used fewer basis orbitals but varied the orbital exponents more systemati-
cally, is significantly less satisfactory by the criterion of net forces on the
nuclei, which must be equal and opposite for a true Hartree-Fock function.
Computed values of electric dipole moment and dipole moment deriva-
tive (Table 1) are also in closer agreement with experiment for the larger
basis set.

A recent calculation by Harrison (1964) has shown that Gaussian basis
orbitals can give comparable results to those mentioned above. With nine
s and five p Gaussian functions on F, and three s and one p Gaussian
function on H, £ = —100.01785 au was computed at R = 1.75 a,.

A calculation by the one center method (Moccia, 1964a) gives E =
—100.00529 au at computed r,, 1.728 a,. The dipole moment, 2.097 D, is
comparable to values computed with exponential basis orbitals on each
atom.

Calculations at three internuclear distances about the ground state
equilibrium (Nesbet, 1962) indicate that the valence orbital configurations
(40/17) and (46/30) lead to repulsive states 'TT, *I1, and 3T *. The molecular
orbital state 'Z* from (46/36) must cross the ground state configuration.
Since this crossing will be resolved by configuration interaction, leading
to the observed ground X'Z* state and an excited V'Z* state, it is possible
to estimate the excitation energy and r, value for the V state. These values
are given in Table III, and are in qualitative agreement with experiment.
Since the potential energy minimum for the V state arises from a curve-
crossing, the corresponding dipole moment function should -be very
unusual (Nesbet, 1965a). It should have a minimum value near r,, just the
mirror image of the ground state function, since in the V state the mole-
cular orbital configuration changes at r, from neutral to ionic, dissociating
into ions.

Because LiH has only four electrons, it has been studied by a number of
different methods which, unlike the matrix Hartree~Fock approximation,
cannot easily be applied to larger systems. The most accurate calculation
on LiH (Browne and Matsen, 1964) uses a linear combination of anti-
symmetrized four electron functions, constructed from nonorthogonal
orbitals, as a trial function in a variational calculation. Earlier references
are given in this paper. The computed total energy E at nuclear equilibrium



R. K. Nesbet

TABLE 1l

SPECTROSCOPIC CONSTANTS OF DiATOMIC MOLECULES

T. (cm™?) re(A) w, (cm ™)
Molecule Reference
and state Calc. Obs. Cale. Obs. Calc. Obs.
HF, X =+ Nesbet (1962) — — 0.892 0.917 4055 4138.5
Clementi (1962) — — 0.920 0917 — —
Harrison (1964) —_ — 0.920 0.917 — —_
y 1Z+ Nesbet (1962) 60,500 84,771 1.85 2.09 — —_
HF*, 211 Nesbet (1962) 143,900 127,200 — — — —
23t Clementi (1962) 153,800 137,000 — — — —
Nesbet (1962) 169,060 137,000 — — — —
HCl, X X+ Nesbet (1964b) — — 1.333 1.2746 2498 2989.7
| D70 Nesbet (1964b) 72,500 76,221 ~2.3 243 — —
HCl*, 2T Nesbet (1964b) 108,200 104,050 1.381 1.3152 — —
2yt Nesbet (1964b) 129,300 133,100 1.622 1.5138 — —
N;,, X 12,* Nesbet (1964a) — — 1.072 1.094 2722 2359.6
Cade et al. (1966) — — 1.065 1.094 2730 2359.6
A 3%,* Nesbet (1965b) 44,356 49,308 1.243 1.287 1865 1460.6
3A, Nesbet (1965b) 52,740 — 1.245 — 1858 —
B’ 3%,~ Nesbet (1965b) 61,124 65,431 1.247 1.281 1852 1517.7
a’ 'Z,~ Nesbet (1965b) 61,124 67,324 1.247 1.270 1852 15300
B 31, Nesbet (1965b) 65,908 58,998 1.193 1.213 1974 17354
w A, Nesbet (1965b) 66,523 71,293 1.242 1.263 1873 1548.0
a I, Nesbet (1965b) 81,579 68,619 1.211 2221 1863 1694.1
N+, A 211, Cade et al. (1966) 123,700 134,460 1.129 1.176 2313 1902.8
X 22,* Cadeetal (1966) 140,090 125,597 1.098 1.116 2461 2207.2
B %%,* Cadeeral (1966) 160,040 151,184 1.024 1.075 3102 2419.8
CO, X X+ Nesbet (1964a) — — 1.118 1.128 2352 2169.8
Huo (1965) — — 1.101 1.128 2431 2169.8
a 31 Nesbet (1965b) 48,702 48,688 1.188 1209 1968 1739.3
a’ 3%+ Nesbet (1965b) 57,744 55,823 1.302 1.352 1654 1230.7
d A Nesbet (1965b) 63,692 62,299 1.308 1.396 1627 1137.8
e 3%~  Nesbet (1965b) 69,617 65,340 1.314 1.393 1597 1094.0
1 Z=- Nesbet (1965b) 69,617 66,185 1.314 1.416 1597 1045
1A Nesbet (1965b) 72,997 — 1313 — 1596 —
A MI Nesbet (1965b) 75,807 65,075 1.260 1.235 1385 1515.6
CO*, X 2%+ Nesbet (1965b) 124,400 113,051 1.105 1.115 1751 1562.1
A 21 Nesbet (1965b) 137,130 133,784 1.234 1.244 2332 22142
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TABLE Ill—contd.

T.(cm1) re (A) w, (cm~')
Molecule Reference
and state Calc. Obs. Calc. Obs. Calc. Obs.
BF, X X+ Nesbet (1964a) — — 1.272 1.265 1414 1402.1
Huo (1965) — — 1.246 1.265 1496 1402.1
a 31 Nesbet (1965b) 25,174 — 1.318 1.309 1369 1323.6
A I Nesbet (1965b) 57,459 51,157 1328 1.305 1293 1265.0
BF*, X 2X*  Nesbet (1965b) 90,292 88,500 1.221 — 1663 —
A 21 Nesbet (1965b) 146,982 — 1.633 — 1038 —
LiF, X 'X*  McLean (1963b) — — 1.528 1.564 1134 964.1
BeO, X 'Z*  Yoshimine (1964) — — 1.290 1.331 1808 1487.3
F,, X 'X*  Wahl (1964) — — 133 1.42 1257 919.0

is —8.0561 au (experimental value —8.0703 au). Computed spectroscopic
constants and dipole moment are in excellent agreement with experiment.

Ebbing (1962) has carried out a matrix Hartree-Fock calculation on
LiH followed by an extensive configuration interaction calculation, using
basis orbitals in the form of exponentials of spheroidal (elliptical) coordi-
nates (&, n, ¢) multiplied by powers of € and . Exponential atomic orbitals
can be expressed as simple linear combinations of these elliptical coordi-
nate functions, but the converse statement is not true, and the added
flexibility of independent choice of exponent for exp(—a¢) and exp(— fn)
is intended to decrease the number of basis orbitals needed. For atomic
orbitals f must be equal to +a.

Ebbing computes Hartree-Fock energy —7.98506 au and total energy
—8.04128 au, as well as the electric dipole moment and dipole moment
derivative (Table I). Correlation effects are analyzed in terms of the inner
and outer electronic shells (162 and 202, repectively) and compared with
the known correlation energy of atomic ions, Li* and H™, respectively.
From this comparison it is clear that the total correlation energy of LiH
at equilibrium is nearly equal to that of the separated ions. The intershell
correlation energy is estimated to be —0.002 au, or —0.05 eV. Here the
shells are described in terms of canonical Hartree—Fock orbitals, and a
linear transformation to localized orbitals (Lennard Jones, 1949, 1952)
could reduce the intershell term even further.

An approximate Hartree-Fock calculation on LiH, with extensive
configuration interaction, was carried out with the principal purpose of
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computing a reliable value of the electric field gradient ¢ at the Li nucleus
(Kahalas, 1961; Kahalas and Nesbet, 1961, 1963). Exponential atomic
basis orbitals were used. It is found that including a 3do(Li) orbital in the
basis set has an important effect on the computed value of g, an operator
of do symmetry. The effect of this basis orbital on the total energy is
negligible (0.01 %) and the change of electric dipole moment is relatively
small (1.0 %). The computed value of (g/2¢) at R = 3.02 g, is —0.0200 g, 3
without the 3do orbital, changing to —0.0167 when the 3do orbital is
included. The 3do exponent was determined by minimizing the electronic
energy. Configuration interaction was found to have a very small effect,
changing the computed (g/2¢) to —0.0166 a,~> at the computed r,. This
result has been verified by Browne and Matsen (1964), who compute
(g/2¢) = —0.0173 a, 3. When these results are combined with the experi-
mental quadrupole coupling constant (eqQ/h) of Li” in LiH (Wharton
et al., 1962), they lead to a prediction of the nuclear quadrupole moment
0 of Li’, which has not been measured directly. The molecular clectric
dipole moment obtained in the Hartree-Fock approximation is in good
agreement with experiment (Table I).

Kahalas and Nesbet (1963) obtain a Hartree-Fock dissociation energy
of 1.44 eV. If this is combined with an empirical estimate of the net cor-
relation energy, 1.03 eV from a comparison of Li* + H™ with Li + H,
as suggested by Ebbing’s results (1962), this gives D, = 2.47 eV, close to
the experimental D,, 2.52 eV (Nesbet, 1965a).

A calculation on BH of accuracy comparable to the work described
above has been carried out by Stevens and Lipscomb (1965a). Predicted
values of magnetic constants are listed in Table II.

A calculation has been carried out on HCI (Nesbet, 1964b), with a basis
set that is comparable to earlier work on HF (Nesbet, 1960b). The basis set
does not include d orbitals, which might be expected to have a significant
effect on computed one electron properties. The molecular electric quadru-
pole moment, listed in Table I, and its computed derivative were used by
Sharma (1965) to compute the integrated absorption coefficient of the
pressure induced Q branch in the vibration rotation absorption spectrum
of HCI admixed with inert gases. The results agree well with available
experimental data. Calculated excitation energies obtained from the ground
state approximate Hartree-Fock calculation are included in Table III.
The V' 'L* state is analogous to the corresponding state in HF, discussed
above. The total energy calculated at R = 2.4085 a, is E = —459.80374 au,
1 au below the energy reported by Moccia (1964c) for an extended one-
center orbital basis. The dipole moment calculated by Moccia is included
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in Table I. The CI(?P) atomic energy calculated with the orbital basis
used for HCI (Nesbet, 1964b) is —459.20317 au, to be compared with the
Hartree-Fock value (Clementi, 1965), —459.48179 au.

B. N,, CO, and BF

These molecules have the ground state configuration 16220230%406%50% 1n*
for CO and BF, and 16,%16,%20,%20,%30,%17,* for the homopolar symmetry
of N,. The electronic excited states of these molecules have been the subject
of thorough experimental studies. Approximate Hartree—Fock calculations
on the ground states, using two exponential basis orbitals for each atomic
orbital, were carried out on N, (Richardson, 1961) and on CO (Lefebvre-
Brion et al., 1960, 1961), at only one internuclear distance. This work was
extended by including do and dn orbitals in comparable calculations on
N,, CO, and BF at five internuclear distances (Nesbet, 1964a). Electric
moments computed in this work are listed in Table I. The sum of computed
dissociation energy and estimated net correlation energy is in reasonable
agreement with experiment, but there is some indication of systematic
correlation effects due to interaction between localized pairs of electrons
in different parts of the effective triple bond in these molecules, or due to
the 25-2p degeneracy in the Be-like positive ion left when these molecules
are separated while maintaining the number and relationship of electron
pairs.

Calculations intended to converge very closely to the true Hartree—
Fock wave function have been reported for CO and BF (Huo, 1965) and
for N, (Cade et al., 1966). Approximate Hartree-Fock calculations on
the low-lying states of the positive ions were included in this work. A
number of results for electric moments and spectroscopic constants are
listed in Tables I and III.

There is an apparent conflict between computed and observed values of
the electric dipole moment of CO (Table I). There is some question that
the experimental sign of this quantity has yet been definitely determined
(Nesbet, 1964a). The dipole moment computed by Huo (1965) would be
compatible with an experimental moment of the observed magnitude but
with positive sign. However, in an earlier calculation with an extended
basis set (Lefebvre-Brion et al., 1963) computed u, =0.244 D was reduced
to 0.117 D by configuration interaction. It would be necessary to examine
correlation corrections to Huo’s result before concluding that the com-
puted sign is definitely positive.

The electronic excited states of CO have been studied in a series of cal-
culations with orbital basis sets augmented compared with earlier LCAO
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calculations. In general, the molecular orbital configurations obtained by
replacing an occupied 5¢ or 1z orbital by the lowest orbital (27) unoc-
cupied in the matrix Hartree-Fock calculation for the ground state
correspond to observed valence excited states. However, the '+ state of
the configuration 1n*2% has very high energy unless atomic orbitals with
higher principal quantum number than 2 are included in the orbital basis
set (Lefebvre-Brion ef al., 1960). When such orbitals are included, the
lowest excited B'E* state is found to belong to a series of molecular
Rydberg states (Lefebvre-Brion et al., 1964). In this work, the Hamiltonian
matrix is diagonalized over a set of configurations all differing by one
orbital, with a positive molecular ion configuration as a fixed core.
Energies computed relative to the limiting positive ion state are in close
agreement with observed molecular Rydberg series. Because of this
generally close agreement, it was suggested that the state known as E'Z*
might have been misidentified, since the only computed state with cor-
responding energy and quantum defect is a 'TI state. This has recently
been confirmed experimentally, and this state should be designated as
E'TI (Tilford et al., 1965). The 'Z*(1732n) valence state lies above the
ionization limit and could not be distinguished from the underlying con-
tinuum, except possibly as a scattering resonance.

This work has been extended to molecular Rydberg states in NO, BF,
and N, (Lefebvre-Brion and Moser, 1965a,b). In general the agreement
with observed energy levels is sufficiently close that exceptions can be
attributed to misidentification of observed levels.

The valence excited states of N,, CO, and BF have been computed in
the simplest molecular orbital model (Nesbet, 1965b), using molecular
orbitals computed in an approximate Hartree-Fock calculation on the
ground state. Excitation energies are computed for states constructed by
replacing one occupied Hartree-Fock orbital by the lowest unoccupied
matrix Hartree-Fock orbital (2n for CO, BF; In, for N,), then taking
linear combinations of single determinants to construct functions of
definite molecular symmetry and spin. Some results for spectroscopic
constants are listed in Table II1. Relatively large shifts of molecular orbital
configurations with respect to each other are expected as a consequence of
correlation energy differences, but the order of states within a configura-
tion should be correct, and thisis found to be in agreement with experiment.
This kind of calculation can indicate the general location of excited states
and give an estimate of spectroscopic constants w, and B,, as an aid to a
precise experimental identification, but more quantitative predictions will
require more elaborate calculations, including a reliable computation of
correlation energy differences. In the case of BF, it is found that all valence
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states of the configuration (1732n) lie at or above the first ionization limit,
so these states are not expected to be distinguishable from the electronic
continuum. Thisisin agreement with the fact that the only observed valence
excited states in BF can be identified as *'*IT of the configuration (17*5027).

C. C,, BN, BeO, and LiF

The ground state configuration of these molecules is 16220230402 17*
or lo,*16,%26,*26,21n,* for C,. However, for C, the lowest unoccupied
o orbital (36,) competes with the highest occupied = orbital (1x,), and a
*[1, state of molecular orbital configuration (I1m,%3q,) lies very close to
the 12g+ ground state. Approximate Hartree—Fock calculations with large
basis sets have been carried out on the 'S * ground states of LiF (McLean,
1963b, 1964) and of BeO (Yoshimine, 1964). Computed electric dipole
moments are listed in Table 1 and spectroscopic constants in Table III.
An empirical estimate of the molecular correlation energy indicates that
the computed LiF energy is within 0.2 eV of the true Hartree—Fock energy.
In terms of dissociation energy, computed D, in the Hartree-Fock approxi-
mation is 4.03 eV, estimated net correlation energy is 1.96 eV, to give an
estimated total of 5.99 eV, exactly equal to the experimental D, (McLean,
1963b).

The valence excited states of C, and BN have been studied by Fougere
(1965). For C,, all molecular orbital configurations constructed by placing
the six electrons outside of a lagzlo',,z2crg2 core into all combinations of
six orbitals from the set (20,, 30,, 36,, 17, 17,) were included in a limited
configuration interaction calculation (Fougere and Nesbet, 1966). This
set of Slater determinants reduces to several hundred independent states,
capable of describing all molecular states that separate into atoms in their
ground state configuration (1s22522p?). Molecular orbitals were obtained
at nine internuclear distances by approximate Hartree—Fock calculations
on a single electronic state, different at different values of R in order to
produce orbitals appropriate to the neutral atomic ground state at large R.
The best orbital basis set consisted of two exponential orbitals for each
atomic orbital, with an additional 3do and 3dn on each atom. The close
relationship between spectroscopic constants of computed and observed
states was used to predict constants for a number of unobserved states,
by means of a statistical regression analysis. Basis orbitals capable of
describing molecular Rydberg states were not included in this work.

D. Other Diatomics
A calculation on F, intended to converge closely to a true Hartree-Fock
function has been reported by Wahl (1964). The computed Hartree-Fock
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dissociation energy is negative, but this is in agreement with a simple
empirical estimate of the net correlation energy in F,, which turns out to
be greater than the observed dissociation energy. The ground state mole-
cular orbital configuration energy curve has a well-defined minimum, and
computed spectroscopic constants are in reasonable agreement with
experiment (Table 1IT).

The ground state of TiO has been experimentally identified as A, in
conflict with a simple ligand-field model, which predicts a 3Z~ state of
configuration 62 (Berg and Sinanoglu, 1960). Carlson and Moser (1963)
used orbitals obtained by an LCAO ground state calculation to construct
a number of molecular orbital valence state wave functions. This work
indicated that the molecular ground state should be A, from configuration
do, with low-lying states 'A(66) and 'Z¥(¢?), in agreement with states
observed spectroscopically. This work was confirmed by Carlson and
Nesbet (1964), who extended the basis set to include 4po and 4pn orbitals
on Ti and 3dn on O, with exponents of all valence orbitals determined
variationally. Calculations at three internuclear distances were used to
determine spectroscopic constants. Empirical correlation energy correc-
tions were estimated for the lowest molecular states.

For weakly interacting atoms, the molecular orbital theory can be used
to examine the effective Heisenberg exchange interaction coupling the
atomic spins S. As an example of this theory a calculation was carried out
on Mn, at three internuclear distances, using an orbital basis consisting
of a minimal exponential atomic basis plus 4p orbitals (Nesbet, 1964c).
The equilibrium internuclear distance r, is found to lie in a range in which
most of the molecular valence orbitals are of atomic form, a result expected
for magnetic materials. In these circumstances a number of states of
different total spin lie close together. Relative spacing is determined by the
effective Heisenberg exchange integral J, which can be computed by
perturbation theory, taking spin-dependent configuration interation into
account. The computed value of 452/ at the computed r, (2.88 A) is
—0.0082 eV, equivalent to 95.2°K, which may be compared with Curie
temperatures in transition metals. This molecule, which contains fifty
electrons, is the largest yet studied by ab initio methods.

IV. Polyatomic Molecules
A. Central Hydrides

A number of these molecules have been studied by the one-center
method (Moccia, 1964a,b,c). This work includes several molecules (SiH,,
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PH,, H,S) for which no comparable work is available by other methods.
The total energy computed for HCI (Section I11, A) compares unfavorably
with approximate Hartree-Fock energies computed for the atoms and for
the diatomic molecule, using exponential basis orbitals on both atoms.
The computed dipole moment (Table 1) is also in poor agreement with
experiment. However, the dipole moments computed for smaller mole-
cules (NHj;, H,0) are much closer to the experimental values (Table I).

The calculation by Moccia (1964a) on CH, used the matrix Hartree—
Fock method with a large basis set of one-center exponential functions.
The computed energy is —39.87 au. This result compares very favorably
with an earlier calculation (Albasiny and Cooper, 1961) in which the
traditional Hartree—-Fock method (numerical integration) was used to
solve the coupled equations for radial functions in the expansion of CH,
molecular orbitals in terms of spherical harmonics up to / = 3. The energy
computed by this method is —39.90 au. Moccia obtains values of equili-
brium internuclear distances and bond angles that are, in general, in good
agreement with experiment.

Calculations on CH, and NH,*, using a large basis set of Gaussian
orbitals, have been reported by Krauss (1963). The computed energy of
CH, at nuclear equilibrium is —40.1668 au, 0.27 au below the best result
obtained by the one-center method. These calculations are expected to
give close approximations to the molecular Hartree-Fock functions. These
calculations have been extended to a study of internuclear distances and
bond angles in hydride molecules or ions with central B, C, N, and O
atoms (Krauss, 1964). The results are in good agreement with existing
experimental values.

As part of an exploratory project on the use of Gaussian basis orbitals,
Reeves and Harrison (1963) carried out a matrix Hartree-Fock calcula-
tion on CH, with five s orbitals on C, two s orbitals on H, and one p
orbital on C. Because of the use of only one p orbital this basis set is not
likely to give a consistent approximation to a Hartree—Fock function.

B. Linear Polyatomic Molecules

The computer program for molecular integrals in linear polyatomic
molecules written by McLean (1960) has been used for several matrix
Hartree-Fock calculations, including the calculation by Clementi (1962)
on HF. Several calculations on CQO,, with various basis orbital sets, all at
one internuclear distance, are reported by McLean (1963a). Limitations
in the computer programs used restricted the number of basis orbitals so
that the valence orbitals of all three atoms could not be represented to
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equal accuracy. One exponential orbital was used for each atomic 1s and
2s, one for the central C 2po, and one basis orbital for each atomic 2pn.
This set was augmented for one series of calculations by adding two 2po
orbitals for each O atom, an additional C 2pe, and two 3do for the C
atom. In another calculation, these orbitals were replaced by a single 2po
and 3drn on each O atom, and two additional 2pr orbitals on C. Because
the o orbital set could be augmented only at the expense of the = orbitals,
and vice versa, these calculations probably give an unbalanced representa-
tion of the molecular charge density (Mulliken, 1962). Since comparable
calculations were not made on the separated atoms, no estimate of the
dissociation energy is given. The ground state calculation at one inter-
nuclear distance gives the computed molecular quadrupole moment listed
in Table I.

Similar calculations were carried out on N;~ and NO,* (Clementi
and McLean, 1963), on C; (Clementi and McLean, 1962a), and on HF,~
(Clementi and McLean, 1962b). The basis sets were similar to those used
for CO,, and were subject to the same limitations. All calculations were
for one nuclear conformation of the molecular ground state, so no spectro-
scopic constants could be computed.

C. Other Molecules

Moskowitz and Harrison (1965) report approximate Hartree~Fock
calculations on ethylene (C,H,), using several basis sets of Gaussian
orbitals. The largest basis set used included carbon atom orbitals that
give a ground state matrix Hartree—-Fock energy of —37.61922 au, com-
pared with the atomic Hartree-Fock energy, —37.6886 au (Clementi,
1965). No spherical harmonics higher than p for the C orbitals or s for
the H orbitals are included in the molecular basis set. Vertical excitation
energies are computed both in the simple molecular orbital approxima-
tion and with limited configuration interaction (a two-by-two matrix for
the two '4, states constructed from = valence orbitals). The computed
excitation energies of excited n — n* states *Bs, and ! B,, are, respectively,
4.318 and 10.433 eV, compared with experimental excitation energies,
4.8 and 7.6 eV. The computed vertical ionization potential, 10.352 ¢V, is
close to the experimental value, 10.52 eV. The computed Hartree-Fock
dissociation energy is 0.6185 au. A series of calculations with a relatively
small basis were carried out on twisted conformations of C,H,. The
computed twisting frequency is 1168 cm™!, compared with the experi-
mental value, 1027 cm™!. Calculations with small basis sets for various
CC and CH distances gave well-defined energy minima for distances in
reasonable agreement with experiment.
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Comparable calculations on C,, ethylene, and acetylene (C,H,) have
been carried out by Moskowitz (1965). Ground state Hartree-Fock
energies are computed at the experimental nuclear equilibrium. These
results are used to estimate the net correlation energy in the CC double
bond to be between 0.057 and 0.096 au, and the net correlation energy in
the triple bond to be between 0.103 and 0.147 au.

Y. Discussion

The results shown in Tables I and Il indicate that the molecular Hartree—
Fock approximation can produce accurate values of one-electron pro-
perties. A number of predictions of quantities not yet measured experi-
mentally are included in these tables.

The spectroscopic data in Table III shows, in general, good qualitative
agreement with experiment with regard to the identification of observed
states, but large systematic errors remain in computed values of T, and
w,. These quantities will be affected by the two chief shortcomings of
present calculations, first, failure to carry out individual Hartree-Fock
calculations for each separate state, and second, neglect of correlation
energy. From the results of Cade et al. (1966), who report independent
Hartree—Fock calculations for several states of N,*, yet still find the ZI'I,,
and 22g+ states in the wrong order (Table III), it appears that large dis-
crepancies arise from correlation energy differences between different
states. The variation of correlation energy with internuclear distance also
affects w,.

Ground state dissociation energies can in many cases (discussed above)
be accounted for by adding an empirical molecular net correlation energy
into the computed Hartree-Fock dissociation energy. This work has not
yet been extended to an adequate treatment of correlation energy differences
between excited states.

Successful calculation of ground state properties has only been possible
with orbital basis sets, in the matrix Hartree~Fock method, that are
capable of representing the most important effects of distortion or polariza-
tion of atomic valence orbitals in a molecular environment. This requires
some flexibility in the representation of each valence orbital, inclusion of
unoccupied atomic valence orbitals, and inclusion of polarizing orbitals
with radial factors similar to atomic valence orbitals but with higher
angular quantum numbers.

Calculations of the molecular ground state at one internuclear distance
give at best the various measurable one-electron properties. A comparable
calculation on the separated atoms gives an estimate of the Hartree-Fock
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dissociation energy. If calculations are carried out at three or more inter-
nuclear distances it is possible, most importantly, to verify the existence
of an equilibrium conformation, and then to compute molecular geometry.
Computation of excited molecular orbital configuration energies gives
information that is at least qualitatively useful in identifying excited states
observed spectroscopically.

REFERENCES

ALBASINY, E. L., and CooPERr, J. R. A. (1961). Mol. Phys. 4, 353.

ALLEN, L. C,, and KaRro, A. M. (1960). Rev. Mod. Phys. 32, 275.

BERG, R. A., and SiNnaNoGLU, O, (1960). J. Chem. Phys. 32, 1082.

Boyvs, S. F. (1950a). Proc. Roy. Soc. A200, 542,

Boyvs, S. F. (1950b). Proc. Roy. Soc. A201, 125,

BROWNE, J. C., and MATSEN, F. A, (1964). Phys. Rev. 135, A1227.

CaDE, P. E., SaLses, K. D., and WaHL, A. C. (1966). J. Chem. Phys. 44, 1973.
CARLSON, K. D., and Moser, C. M. (1963). J. Phys. Chem. 67, 2644,
CARLSON, K. D., and NEesBeT, R. K. (1964). J. Chem. Phys. 41, 1051.
CLEMENTI, E, (1962). J. Chem. Phys. 36, 33.

CLEMENTI, E. (1963a). J. Chem. Phys. 38, 2780.

CLEMENTI, E. (1963b). J. Chem. Phys. 39, 487.

CLEMENTI, E. (1965). IBM J. Res. Develop. 9, 2. Suppl.

CLeMENTI, E., and McLeaN, A. D. (1962a). J. Chem. Phys. 36, 45.
CLEMENTI, E., and McLEAN, A. D. (1962b). J. Chem. Phys. 36, 745.
CLeMENTL, E., and McLEAN, A. D. (1963). J. Chem. Phys. 39, 323,
DALGARNO, A, (1959). Proc. Roy. Soc. A251, 282,

EBmBING, D. D. (1962). J. Chem. Phys. 36, 1361.

FoucGerg, P. F. (1965). Ph.D. Dissertation, Boston University (unpublished).
FoucGerg, P. F., and NesBer, R. K. (1966). J. Chem. Phys. 44, 285,

HaLL, G. G. (1951). Proc. Roy. Soc. A205, 541,

HARRis, F. E. (1960). J. Chem. Phys. 32, 3.

HARRIsON, M. C. (1964). J. Chem. Phys. 41, 499.

Huo, W. F. (1965). J. Chem. Phys. 43, 624.

HuziNAGA, S. (1965). J. Chem. Phys. 42, 1293.

Kanatas, S. L. (1961). Ph.D. Dissertation, Boston University (unpublished).
KaAHALAS, S. L., and NesBeT, R. K. (1961). Phys. Rev. Letters, 6, 549.
KaHALAs, S. L., and NesBet, R. K. (1963). J. Chem. Phys. 39, 529,

KARO, A, M., and ALLEN, L. C. (1959). J. Chem. Phys. 31, 968.

KEerN, C. W,, and KarpLus, M. (1964). J. Chem. Phys. 40, 1374,

Krauss, M. (1963). J. Chem. Phys. 38, 564.

KRrauss, M. (1964). J. Res. Natl. Bur. Std. A68, 635.

LereBVRE-BrION, H., and Moser, C. M. (1965a). J. Mol. Spectry. 15, 211,
LereBvRE-BRrION, H., and Moser, C. M. (1965b). J. Chem. Phys. 43, 1394.
LeFeBVRE-BRION, H., Moser, C. M., and NesBeT, R. K. (1960). J. Chem. Phys. 33, 931.
LereBvRE-BRrION, H., Moser, C. M., and NEesBeT, R. K. (1961). J. Chem. Phys. 35, 1702.



Hartree-Fock Calculations on Small Molecules 23

LereEBVRE-BRION, H., MOsER, C. M., NEsseT, R. K., and YaMazaxr, M. (1963). J. Chem.
Phys. 38,2311.

Leresvre-BRrION, H., MoskRr, C. M., and NesBet, R. K. (1964). J. Mol. Spectry. 13, 418.

LENNARD-JONES, J. E. (1949). Proc. Roy. Soc. A198, 1.

LeENNARD-JONES, J. E. (1952). J. Chem. Phys. 20, 1024,

McLEeaN, A. D. (1960). J. Chem. Phys. 32, 1595.

McLEAN, /.. D. (1963a). J. Chem. Phys. 38, 1347.

McLEean, A. D. (1963b). J. Chem. Phys. 39, 2653.

McLEAN, A. D. (1964). J. Chem. Phys. 40, 2774.

MERRYMAN, P. M. (1959). Unpublished work.

Moccla, R. (1962). J. Chem. Phys. 37, 910.

Moccia, R. (1964a). J. Chem. Phys. 40, 2164,

Moccia, R. (1964b). J. Chem. Phys. 40, 2176.

Moccia, R. (1964c). J. Chem. Phys. 40, 2186.

MgLLER, C., and PLesset, M. S. (1934). Phys. Rev. 46, 618.

Moskowitz, J. W. (1965). J. Chem. Phys. 43, 60.

Moskowitz, J. W., and HARRIsON, M. C. (1965). J. Chem. Phys. 42, 1726.

MuLLIKEN, R. S. (1962). J. Chem. Phys. 36, 3428.

NEesgeT, R. K. (1954). Ph.D. Dissertation, University of Cambridge (unpublished).

NEsBET, R. K. (1955). Proc. Roy. Soc. A230, 312.
NEesBeT, R. K. (1960a) J. Chem, Phys, 32, 1114,
NEesBet, R. K. (1960b). Rev. Mod. Phys. 32, 272,
NEesBeT, R. K. (1961). Rev. Mod. Phys. 33, 28.
NEeseet, R. K. (1962). J. Chem. Phys. 36, 1518.
NEsBET, R. K. (1963). Rev. Mod. Phys. 35, 552.
NEesBeT, R. K. (1964a). J. Chem. Phys. 40, 3619.
NEsBeT, R. K. (1964b). J. Chem Phys. 41, 100,
NEesBeT, R. K. (1964c). Phys. Rev. 135, A460.

K

NEesset, R. K. (1965a). J. Chem. Phys. 43, S30.

NEesBeT, R. K. (1965b). J. Chem. Phys. 43, 4403.

PeNG, H. (1941). Proc. Roy. Soc. A178, 499.

Prrzer, R. M., KerN, C. W., and LipscomB, W. N. (1962). J. Chem. Phys. 37, 267.

RANsIL, B. J. (1960). Rev. Mod. Phys. 32, 245.

REeeves, C. M., and FLETCHER, R. (1965). J. Chem. Phys. 42, 4073.

REeves, C. M., and HarrIsoN, M. C. (1963). J. Chem. Phys. 39, 11.

RICHARDSON, J. W. (1961). J. Chem. Phys. 35, 1829.

RootHaAAN, C. C. J. (1951). Rev. Mod. Phys. 23, 69,

RooTHAAN, C. C. J., and BaGus, P. S. (1963). In ““Methods in Computational Physics’
(B. Alder, S. Fernbach, and M. Rotenberg, eds.), Vol. 2, pp. 47-94. Academic
Press, New York.

RUEDENBERG, K. (1951). J. Chem. Phys. 19, 1459,

SHARMA, R. D. (1965). J. Chem. Phys. 43, 220.

SLATER, J. C. (1930). Phys. Rev. 36, 57.

STEVENS, R. M., and LipscomB, W, N. (1964a). J. Chem. Phys. 40, 2238.

STEVENS, R. M., and LirscoMmB, W, N. (1964b). J. Chem. Phys. 41, 184.

STEVENS, R. M., and Lipscoms, W. N. (1964c). J. Chem. Phys. 41, 3710.

Stevens, R, M., and LirscomB, W. N. (1965a). J. Chem. Phys. 42, 3666.

STevens, R. M., and Lipscoms, W, N, (1965b). J. Chem. Phys. 42, 4302,



24 R. K. Nesbet

STEVENS, R. M., PrTzer, R. M., and Lirscoms, W. N. (1963). J. Chem. Phys. 38, 550.
TiLFoRD, S. G., VANDERSLICE, J. T., and WiLKINSON, P. G. (1965). Can. J. Phys. 43, 450.
WaHL, A. C. (1964). J. Chem. Phys. 41, 2600,

WaHL, A. C., CaDE, P. E., and RooTHAAN, C. C. J. (1964). J. Chem. Phys. 41, 2578.
WHARTON, L., GoLp, L. P., and KLEMPERER, W. (1962). J. Chem. Phys, 37, 2149.
YosHIMINE, M. (1964). J. Chem. Phys. 40, 2970.



Single-Center Molecular Wave Functions

DAVID M. BISHOP

University of Ottawa

and

National Research Council
Ottawa, Canada

1. Introduction . . . . . . . . . 25
II. Method of Calculatlon . . . . . . . . . 28
II1I. Simple Wave Functions . . . . . . . . . 32
1V. Complex Wave Functions . . . . . . . . 37
A. With Numerical Radial Functlons . . . . . . . 37

B. With Analytical Radial Functions . . . . . . . 40

V. General Remarks . . . . . . . . . . 48
A. Choice of Parameters . . . . . . . 48

B. Analytical Determination of Derlvatlves . . . . . . 50

C. Use of Fock—Petrashen Orbitals . . . . . . . 51

D. Truncation . . . . . . . . . . 53

E. Kim-Parr Method . . . . . . . . . 54

F. Future Applications . . . . . . . . . 55
General References . . . . . . . . . . 56
References . . . . . . . . . . . 57

I. Introduction

In principle the problem of finding nonrelativistic molecular wave func-
tions for a fixed nuclear framework was solved in the 1920’s, when
Schrodinger formulated his, now famous, differential equation:

W‘PO = Wo‘llo. (1)

The zero subscripts denote exact solutions, # is the quantum mechanical
Hamiltonian operator for the system to be investigated, and ¥, is its
electronic wave function in the stationary state of energy W,. For nearly
all systems Eq. (1) is mathematically difficult to solve and for the past
forty years quantum chemists have been mainly concerned with alleviating
the mathematical problem. Much effort has been put into this work
because, when W, is known, other electronic properties can be readily
found.

One of the most common lines of approach has been to use the varia-
tional theorem. This theorem states that if we calculate

W—-J“P*.%’\I’dr/j‘l‘*‘l’dr 2)
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for some chosen wave function ¥ of a given symmetry, then, W > W,,
where W, is the lowest exact solution of Eq. (1) in which ¥, is of the same
symmetry as W. The procedure which uses this theorem, called the varia-
tional method, is to choose some form of W which is dependent on one or
more parameters and then to minimize W as a function of these para-
meters. ¥ will then be the best wave function, from an energy point of
view, for the form chosen. Much will depend, however, on the functional
form of ¥, both with regard to the amount of labor involved and to the
accuracy of the final result.

Commonly one chooses a trial function ¥ which is a linear combination
of some finite set of functions ®;,

Y= icid)i. A3
=1

The required minimization of W with respect to the coefficients c; then
leads to N simultaneous homogeneous linear equations:
N

Y e(H;—S;W)=0, i=12.,N. 0

ji=1

The quantities

H;=H} =fq>,.*yfq>j dr )

S;=S% =j<p,.*<p,. dr (6)

can be found from the chosen ®,; and the known #. This is called the
linear variational method, and the condition that there exists a nontrivial
solution to Eq. (4) is that the determinant

I(Hij_SijW)|=0' (7)

This equation has N roots and the lowest one will converge on W, as more
independent basis functions, @;, are introduced. Once the roots are known,
Eq. (4) and the normalization condition will allow us to obtain the co-
efficients c;.

In order to satisfy the Pauli principle, each basis function must be
antisymmetric with respect to the interchange of any two electrons; this
may be accomplished by writing ®; as a Slater determinant':

! For the purposes of discussion it is assumed that we are dealing with a singlet
state and that each orbital is doubly occupied.
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0i(1) Ei(D $o() .. Bypa(D)
0, = (ny- 12 [ #2) D D 6,0 ®

$() Fo(m) By(n) ... Bryal)

=) (D) ¢:03) ... (1) |-

In this determinant each of n electrons is placed in a one-electron spin
orbital, ¢;, where no bar implies spin o and a bar implies spin . Each
¢; is a function of the coordinates of the one electron and may also depend
on one or more parameters which can be chosen to minimize the lowest
root of Eq. (7). The important decision which now has to be made concerns
the choice of the functional form of ¢,.

First one must decide whether to locate the orbitals, ¢;, on a single
center (hereafter referred to as single-center functions) or, as in the Linear
Combination of Atomic Orbitals Molecular Orbital method, on many
centers (multicenter functions); this article will deal exclusively with the
former choice. The method of using only single-center functions has also
been called ““the one-center method,” “‘the central field approximation,”
“the central orbital approach,” and “the united atom method.”

The principle behind the single-center method is that any molecular
wave function can be expanded in terms of functions about any one single
convenient point. It was in 1933 that Mulliken first suggested this approach
and since that time over eighty papers have been published in the field. The
advantage of the method is that, though many more terms are needed in
the wave function than in the conventional methods, the integrals of
Eq. (5) and Eq. (6) are all single-center integrals and are all tractable,
whereas those for multicenter functions are, at best, difficult to evaluate.
As Lowdin (1957) has said, by using the single-center method one, in
effect, replaces the solution of a secular equation of lower order and
complicated matrix elements with a secular equation of high order having
simple matrix elements. In other words a mathematically difficult problem
is replaced by a simple but tedious one, and as such is ideally suited for
modern high-speed digital computers. It is true that, in the single-center
model, the basic set of orbitals has no natural association with the problem
itself, but after obtaining the total wave function one may transform the
result to another basic set which is directly associated with the problem
under consideration.

The method is suited for a basic set of complicated orbitals, though in
the past not much advantage has been taken of this fact, and it is ideal for
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finding, analytically, the energy derivatives with respect to nuclear co-
ordinates.

The method will be most satisfactory for those molecules which are of
high, and close to spherical, symmetry because the addition of functions
having higher angular terms will then be small. Methane, with its tetrahedral
symmetry, should be particularly good in this respect, for in the expansion
of the potential due to the nuclei at any point:

L 4n

Mn0.¢)=-% L 57

L

Yin6, 9)3 2, ( m) YO ) )

where the subscript a denotes each nucleus, the terms with L=1,2,5
vanish. If, in the wave function, one includes harmonics up to / then terms
up to L = 27/ must be included in Eq. (9), so that a wave function containing
up to fharmonics is equivalent to taking the first six terms in Eq. (9) and a
purely spherical function is equivalent to taking the first three terms.

In the single-center method, the wave function will be poorest close to
the off-center nuclei, where certain cusp conditions are difficult to fulfill.
However this disparity will be least when the charge on the off-center
nuclei is small, and it is for this reason that the hydrides (XH,), with the
orbital center on the heavy nucleus (X), are the most suitable molecules for
single-center calculations.

Single-center functions should be very good for excited states, where the
average distance of the electrons from the nuclei is much greater than the
nuclear separation and where the numerical magnitude of the wave function
close to the nuclei is small.

If only single excitations are used to form ®,, Eq. (8), from @, the energy
will probably tend to converge to the Hartree-Fock value, but if other than
single excitations are included, then some of the correlation energy will be
achieved.

In the next section the method will be applied to a simple example and in
Sections III and IV applications of the method will be reviewed. Section V
will deal with refinements and future prospects.

Throughout this paper, wherever it is possible, atomic units have been
used: 1 au (length) = 0.52915 A, 1 au (energy) = 27.210 eV.

i1l. Method of Calculation

As far as outlining the method of calculation, we will restrict ourselves
to the use of Slater-type orbitals for ¢;, that is:

G1) = QLY V2[@n) N V2 exp(= L) Ym0y d1)s(1).  (10)
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Here, n; and {, are the nonlinear variable parameters, the n; may be
restricted to integers if one wishes, the Y, are normalized spherical
harmonics, s(1) is the spin function (« or B) for electron 1, and r,, 6,, and
¢, are the polar coordinates of electron 1 with respect to the chosen
center. These orbitals will be chosen to be orthogonal by the Schmidt
method; other choices for ¢; and methods of orthogonalization will be
considered in Sections III and IV.

As an example we will treat the ammonia molecule, for which the
Hamiltonian is

10 10 _ 10 3 1 10 1 7 31
=3 _ - — — =+
igl =Z =Z Zl ;r a= lRa ;/} Raﬁ.

Fai

IMw

(1)

These terms, in order, are the kinetic energy operator and the nitrogen-
electron, proton-electron, electron-electron, nitrogen-proton, and proton-
proton potential energy operators. For the sake of simplicity we will assume
a single determinantal wave function for the ten electrons, i.e.,

¥ =0 = |¢(1)$(2)$:+(3)$(4)0,,(5)6,.(6)0,,,(1)6,,(8)¢,.(9)6,.(10)|.
(12)

The Slater orbitals will be centered on the nitrogen nucleus; it is usual to
choose the heavy nucleus as the center in XH,-type molecules and the
center of symmetry in molecules where all the nuclei are equivalent.
Explicitly, the orbitals being used are of the form:

ds ~rexp(={,r)

by~ exp(=Lun)

¢, ~ r"""" exp(—{,,r) sin 0 cos ¢
Gp, ~ 1 Lexp(— {p,r) sin 0 sin ¢
¢, ~r="exp(={, r) cos 0

bee = ($or — SP)/(1 = S22

where S =J¢s¢sl dr.

(13)

As all these orbitals are normalized and mutually orthogonal, the
overlap integral, S,,, will be unity and there will be a single energy root,
W = H,, [see Eq. (7)].

The rules governing the reduction of integrals involving determinants to
integrals involving orbitals are the same as those used in atomic problems,
and in this case we have:

3
H“—Z I/ +Z(J - Ki)+ ;

i<j

—

(14

= AN

+
£
>
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where the primes indicate that spins are included and

f¢,*(1) ——V; - Z ] (1) dry-S() =1;-5 (1)

a=1"F4
Jz’, = J ¢i*(1)¢j*(2)[1/’12]¢i(1)¢j(2) dr, dt,-S(1)S(2)

=J,;S()S(2)

=j o*(D);*N1/ri2]d (1) «2) dry dr,-S(1)S(2)
= K,;*S(1)S(2).

S(1) is, for example, the integral over spin coordinates for the spin func-

tions on electron 1 and is unity if both spin functions are the same; other-
wise it is zero.

We therefore have:

W=H, =2+ 2 +20, +2I, +2I,
g+ T+ Ty + T+

PxPx PzPz
+ 2(2Jss‘ Kss*) + 2(2 spx spx) + 2(2Jsp Kspy)
+ 2(2Js ) + 2(2 S‘Px s“px) + 2(2Js*py - KS*py)

+ 22y, = Kerp) + 22— Ky ) 4220, , — K, )
+22,, — K, ,).

Each of the one-electron integrals, /;, is composed of three parts, a kinetic
energy term:

1
-| ¢,.*u)[ —3 V2 an,
a nitrogen-electron potential energy term:
( 7
1= | | - 2o e,
o 1

and a proton-electron potential energy term:

IF= ”¢i*(1)[i r—l—}qbi(l) dry.

a=1 T4t
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Evaluation of 1,7 and I," is straightforward and leads to the expressions:

LT = (P [+ 203 + DY[2rd2n; — 1)]
and
IiN = —7/n;.

To evaluate I,*, we must first expand the three distances, between an

electron and each proton, in spherical harmonics about the nitrogen

nucleus as in Eq. (9). I;* is then a series of terms each of which is a pro-
duct of three integrals which are of the form

oo

rimexp(—20r,) (P2 rs Y dry,

Jo

*n
Gﬁm;(gl)GLM(el) sin 0, d6,,

Jo

and
2

D (6)Pu(9)) dby,

Jo
where r_ and r, are the lesser and greater of the two distances: electron-
origin and nucleus-origin; the spherical harmonics Y, (8, ¢) have been
written as the product ©,,(6)0,,(¢d).

For the general case, when one is dealing with noninteger n;, the radial
integral reduces to gamma and incomplete gamma functions (see Joy and
Parr, 1958). These become factorials, 4,(p) and B,(p) functions for integer
n;. The theta integral may be expressed as a Condon and Shortley C*
coefficient and the third integral evaluated on inspection.

The two-electron integrals, J;; and K;;, may also, after expansion of
1/r,, in spherical harmonics, be written as a series of terms each of which
is a product of six integrals, i.e., over ry, r,, 8,, 0,, ¢,, and ¢,. It is here
that the great advantage of the single-center method is felt; had we put our
atomic orbitals on different centers no such simple expansion would have
been possible. The radial integrals can be evaluated in terms of incomplete
beta functions (or as a polynomial for integer n;, see Roothaan and
Bagus, 1963), and the angular integrals as before.

The nuclear-nuclear potential energy terms can be found immediately
if the molecular geometry of ammonia is known. We can therefore evaluate
W = H,,, in terms of gamma, incomplete gamma, and incomplete beta
functions and C* coefficients, for any set of #; and {;.

The next part of the problem is to find a set of #; and {; which will give
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the lowest possible value to W. Modern digital computers enable us to do
this with speed and accuracy in a straightforward manner by a method
known as “Pattern Search.” This method was first formulated by Hooke
and Jeeves (1961) and later refined by Ludwig (1962). To explain the
procedure, let us consider the minimization of W with respect to just one
parameter which we will call n. The first step is to guess some value of
n, say x, and calculate an original W (Step 1). We then change # to x + aA,
where A is some chosen decrement less than x, and calculate W for a = + 1
and —1 (Step 2). We retain the value for a« which gives a W value lower
than the original one; if with a either +1 or —1 no lower value is found
we reduce the size of A and repeat Step 2. Usually this is not the case and
we then change the value of the parameter by 2aA, a having the value
which previously lowered W. That is, having decided the best direction in
which to go, we now go twice as far in that direction (Step 3). We now
return to Step 1 and continue cycling through Steps 2 and 3 until A is less
than the desired accuracy for a.

The procedure can be generalized for more than one parameter and
certain refinements incorporated, but in principle it is as outlined above.
Such a direct minimum search method has the important advantage that
the cycle can be interrupted at any time and the *“‘best” parameters at that
moment are given; the cycle can then be started up later with these values
as input data.

To summarize this section: one first chooses the form of the wave
function and the structural parameters, one then reduces W to integrals
over orbitals and these integrals to their radial and angular components,
and finally one chooses parameters such as to minimize W.

The results for ammonia for the model as outlined here will be discussed
in the next section.

lll. Simple Wave Functions?

By simple it is meant that the wave function is a single determinant
composed of just one atomic orbital for each electron; for example for a
ten-electron case one might have ¥ = |152s?2p,22p 22p ?| and the orbitals
could be Slater type, Fock—Petrashen, or hydrogenlike. This is, in fact,
the situation studied in some detail in the previous section.

Hartmann and his co-workers (Hartmann, 1947; Hartmann and
Gliemann, 1958, 1959; Hartmann and Grein, 1959) have studied CH*,

2 In this section and the next, all results given will include the corrections made by
later workers of errors in the original papers and with each reference the source of the
correction will be found.
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CH,, CD,, NH,*, CH,~, NH,, and OH,;* by approximating ¥ still
further; they have reduced the charge on the heavy nucleus (the orbital
center) by two units and considered only the outer eight electrons, i.e.,
¥ = |2s%2p,*2p,*2p.?|. By taking hydrogenlike atomic orbitals with all
exponents equal to the same value (Z;) an equation for the energy of the
eight electrons (E) in terms of Z, and the bond distances (R) results.
Minimization of E with respect to Z, and R enables E, R, Z,, vibrational
frequencies, and diamagnetic susceptibilities to be determined. This method
has been remarkably successful, as applied by Lampe and Futrell (1963), in
predicting the proton affinities of molecules as well as bond lengths (see
Table I). In general the wave functions used in this method have been
spherically symmetric though in one paper, Hartmann and Gliemann
(1959), a polarization factor was introduced into the orbitals which was
different for different orbitals, thus allowing for the nonspherical symmetry
of CH;~, NH;, and OH, ™.

TABLE |

PROTON AFFINITIES AND BOND DISTANCES BY THE
HARTMANN METHOD

A P(A) (V) RA)
Calc. Obs. Calc. Obs.
CH. 6.994 >4.95 1.157 1.091
NH, 10.367 >7.45 1.035 1.015
H,0 7.532 >7.25 0.936 0.958
HF 3.937 — 0.879 0.917
CH, 5.829 5.04 — —_
NH, 8.417 7.95 — —
OH 5.032 6.10 0.952 0.971
F 0.416 2.70 — —
NH* — — 1.062 1.035
H;0* — — 0.980 1.00

In 1953 Bernal proposed the use of Fock—Petrashen (1934) orbitals in
single-center methods; these are essentially Slater-type orbitals but with a
particular orthogonalization of the 2s to the ls orbital, i.e., ls~e™*,
25 ~[1 = (a+ B)r/3]e *, and 2p, ~ re 7 cos 6. He calculated the total
energies of CH, and NH,"* taking into account all ten electrons. As

dictated by symmetry, he kept the same exponent (y) for all three p orbitals;
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hence the total wave function was spherically symmetric. Banyard and
March (1956) similarly treated H,O and NH; and also calculated the
X-ray scattering factors. For NH; these authors (1957) computed the total
energy allowing p orbital exponents to be different, but found little gain in
energy for such a nonspherical wave function. Banyard (1960, 1961) has
also calculated the radial diamagnetic susceptibilities of CH,, NH;, and

H,O, using the formula y, = —0.7923 fow 4nr2p(r)ridr, where p(r) is the

radial density distribution. Banyard and Hake (1964, 1965) have applied
the method to the eighteen-electron system of H,S with reasonably suc-
cessful results and also to PH,~, PH;, and PH,*; the proton affinity of
phosphine is found to be 236 kcal/mole (experimental, ~209).

Using Bernal’s method Higuchi (1959) has obtained 7.5 eV for the
proton affinity of methane, and Rosenfeld (1964) has shown that H,O* * is
unstable relative to H;O" + H* by 40-60 kcal/mole, having in fact an
energy of —75.314 au.

In Hungary Gaspar et al. (1958, 1962a) have calculated energies, bond
distances, and proton affinities for HF, OH~, OH, H,0, and H,0", using
Fock-Petrashen orbitals. It is interesting to note that, though nonspherical
functions were used, a lower energy was obtained for H,O with
HOH = 180° than with HOH = 104°27’ and for H;0* with HOH = 120°
than with HOH = 106°46; this shows that within this simple approxima-
tion the nuclear repulsions dominate and that the prediction of bond
angles with such a model is not possible. Gaspar et al. (1962b) state that
allowance for nonsphericity makes a significant difference to the energy, in
contradiction to Banyard and March (1957); however, they based this
statement on a faulty comparison. They compared B.M.s energy for H,O
for a spherical function and HOH = 105° with their energy for a non-
spherical function but with HOH = 180°, obtaining a difference of
0.113 au. A comparison for the same bond angle gives a difference of only
0.03 au.

For BH,~, CH,, and NH,* the two methods, Hartmann’s with one
orbital exponent and Bernal’s with three, have been comparatively studied
by Grein (1962), and some of his results are given in TableI1. These results
show that the single-exponent functions are almost as good as the triple-
exponent functions, implying that it is nearly correct to consider the
nuclei as completely screened by the s electrons.

Funabashi and Magee (1957) determined the energies and ionization
potentials for H,, H,0, and CH, using hydrogenlike wave functions with
variation of the parameters: {,; and {,, ({,, was related to {, through the



TABLE I}

GREIN'S COMPARISON OF THE HARTMANN AND BERNAL METHODS

BH,~ CH, NH,*+

Property

Hartmann Bernal Obs. Hartmann Bernal Obs. Hartmann  Bernal Obs.
R (aw) 2.505 2.208 2.37 2.186 1.971 2.065 2.003 1.835 1.96
E (au) —25.864¢° —26.112 — —39.048° —39.349 —40.522 —55.331¢  —55.684 —
x- (10~%cm3/mole} —54.55 —44.0 — —31.43 —26.35 —26.70 —19.8 —16.97 —19.4
wy; (cm™) 2189 — 2270 3009 — 2914 3600 — 3033
w,; (cm™!) 1073 1295 1065 1315 1536 1526 1494 1711 1685
ws (em™1) 2907 3506 2270 3577 4133 3020 3784 4258 3134
ws (cm™Y) 2022 2440 1080 2470 2866 1306 2656 3008 1397

2 1n order to make a proper comparison, the fourth and fifth ionization potentials of boron, as given by Moore (1958), have been

added to Hartmann's eight-electron energy (—3.834 au).
b Fifth and sixth ionization potentials of carbon added to Hartman’s energy (—6.64 au).
< Sixth and seventh ionization potentials of nitrogen added to Hartmann’s energy (—10.54 au).

SUOIIIUNY FABMA AB[NIIO} 423u3)-313ulg
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orthogonality condition); their results were inferior to those obtained
using Bernal’s method.

For NH;, H,O, and HF, Bishop et al. (1963) have compared the results
of Banyard and March, Funabashi and Magee, and Gaspar et al. with
their own, which were based on Slater-type orbitals orthogonalized by the
Schmidt process. Within this framework a number of models were ex-
amined, and as an example we will consider NH,. For a spherical wave
function, with integer principal quantum numbers (#,) and centered on the
nitrogen nucleus, the energy was — 55.4022 au; a further lowering could be
obtained by allowing n; to become noninteger (lowering = 0.2019 au) or
the wave function to become nonspherical (lowering = 0.0022 au) or both
(0.2026 au). This final result could be further improved by 0.0004 au by
allowing the orbital center to move off the nitrogen nucleus by 0.0004 au.
The small decrease in energy due to nonsphericity bears out the results of
Banyard and March, while the movement of the orbital center off the
heavy nucleus also leads to an insignificant improvement; however the
inclusion of noninteger principal quantum numbers leads to a considerable
decrease in energy. In all cases the energies were lower than those of the
workers mentioned previously, and for this improved minimization and use
of Schmidt orthogonalized Slater-type orbitals is responsible.

Agreement between calculated and observed bond distances (R) and
breathing force constants (k) is quite good, as witnessed by Table III.

TABLE I

BonD DisTANCES AND ForCE ConsTANTS FOR NH3, H,0, and HF¢

NH; H,0 HF
Property
Calc. Obs. Calc. Obs. Calec. Obs.
R (au) 1.921 1.916 1.792 1.810 1.712 1.733
k (md/A) 24.64 21.78 21.62 16.63 11.58 9.67

@ After Bishop et al. (1963).

Hoyland and Lampe (1962) have used the same model to calculate the
relative energies of CH,*, CH;, CH,, and CH* and the proton affinity
of methane, with good success, obtaining 7.26 eV for the latter quantity;
and Bishop and Hoyland (1963) have studied the first-row diatomic
hydrides. The model has also been used by Pulay and Torok (1964) for the
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SiH, molecule, and the bond distance, energy, diamagnetic susceptibility,
and breathing force constant are all found to an accuracy comparable to
that in Table III.

The simplicity, and in some cases accuracy, of a spherically symmetric
wave function for XH, molecules has led Hauk et al. (1963) to construct a
perturbation theory for these molecules which takes cognizance of this
fact. They consider the actual wave function as this spherical “puff,” with
the concomitant spherical shell proton potential, suitably distorted near
the proton sites. Using the Schrédinger perturbation method, they solve
directly the differential equations which result from the introduction of the
perturbation into the Schrddinger equation. The prescription for the
calculation of approximate ground state molecular energies and wave
functions for the first-row hydrides has been given.

IV. Complex Wave Functions

Here we will consider those wave functions not discussed in the previous
section. The simple wave function can be improved by using a single
determinant and determining the one-electron atomic orbitals (¢;) by
numerical techniques (the Hartree—-Fock procedure) or by replacing each
atomic orbital with a linear combination of Slater-type orbitals (all on a
single center). Either of these methods will produce an energy whose lower
bound is the Hartree—Fock energy. Alternatively, the single determinant
of the last section may be replaced by a linear combination of determinants,
and if these determinants differ in more than one atomic orbital it will be
possible to obtain an energy lower than the Hartree-Fock energy, as some
correlation energy will be included.

A. With Numerical Radial Functions

Many workers in England have adopted the Hartree or Hartree-Fock
techniques to determine the radial parts of single-center wave functions.
This work was originated by Buckingham ef al. (1941) in what was, strictly
speaking, the first single-center paper. They determined, amongst other
properties, the energy of methane using a Hartree self-consistent field
scheme and thereby neglecting exchange terms; originally the binding
energy was given as 0.70 au, however, the correction of an error gives a
negative binding energy. An identical calculation was made by Bernal and
Massey (1954) for NH,*, but the binding energy was not published. Carter
(1956) made the obvious and necessary improvement on the calculations by
including exchange terms (Hartree-Fock method) and also considered, to
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some extent, the inclusion of nonspherical components in the wave
function (as was not done by Buckingham et al.). Though both methane
and silane were treated, only the binding energy of the latter, —0.35 au, was
given,

It was not until 1958 that this numerical approach was treated rigorously;
in that year Mills (1958) found the HF SCF wave functions for methane.
Having first determined the spherical component of the wave function, he
used a perturbation technique to include the next higher (f) harmonics.
Unfortunately, following scepticism by Saturno and Parr (1960), his
numerical procedure has been shown by Albasiny and Cooper (1961) to be
too approximate for determining the spherical component, and Mills
(1961) himself has noted an error in the determination of the f harmonics.

More recently Albasiny and Cooper (1961, 1963a) have solved numeri-
cally the six differential equations that arise in a HF SCF treatment of
BH,, CH,, and NH," if one uses orbitals on a single center up to and
including f harmonics; as was shown in Section I, this is effectively the same
as an expansion of the field due to the nuclei up to sixth-order terms. The
results obtained are extremely good, as is shown by Table IV.

A similar and very thorough numerical treatment has been given, by
Cohen and Coulson (1961) and by Cohen (1962), for the ground and
excited states of the hydrogen molecular ion. The purpose of these workers
was not to find just a very accurate wave function, which anyway already
existed, but rather to study the convergence properties of single-center
expansions and to produce functions without the two major defects of
expansions in Slater-type orbitals, namely, failure to reflect singularities (or
cusps) at the nuclear positions and the introduction of a singularity at the
center of expansion (this is, of course, no fault if the center is chosen on
one of the nuclei). For the ground state, the total wave function was
written as
¥ =Zof2s(")})2s(cos 0),
where the radial components were determined numerically from the
differential equations resulting from the application of Eq. (1) and the P,
were the Legendre polynomials; r and 8 were the coordinates of the single
electron, the coordinate center being at the molecular midpoint. The
inclusion of s, d, g, and i harmonics, a nuclear separation of 2.0 au, and
extrapolation of the numerical techniques gave an electronic energy of
—1.09994 au which is within 0.25% of the exact value. The spherical ap-
proximation (s component only and known as the slimit) gave — 1.0185au,



TABLE IV

ProperTIES OF BH, ~, CH,, AND NH, *

BH, ~ CH, NH,*+
Property

A and C*  Bishop® Obs. A and C°  Bishop? Obs. A and C*  Bishop® Obs.
R (au) 2.240 2.288 2.372 2.013 2.014 2.05 1.915 1.904 1.954
E (au) —26.615 —26.530 —27.205 —39.894 —39.844 —40.522 —56.306 —56.270 —56.842
k (md/A) 15.6 16.8 — 25.0 25.8 23.5 29.6 32.8 —
x, (10~%cm?*/mole) —45.1 — — —27.8 — —26.7 —19.0 — —20.6
oxx (10 ~2%cm?3)° 15.00 — — 5.98 — 2.6 2.95 — —

@ Albasiny and Cooper (1963a,b).

b Bishop (1963b)

¢ Albasiny and Cooper (1961).

9 Bishop (1963a).

¢ Polarizabilities as corrected in Albasiny and Cooper (1963b).
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in good agreement with Howell and Shull (1959) and other workers
(see Part B of this section). For the excited states, as one might expect, the
results were even better and effectively exact.

The value of the s limit given by Cohen and Coulson for the ground state
of H," is in sharp disagreement with the value of Chen (1958a), who
obtained —1.059616 au. Chen based his numerical solution on the Tibbs—
Wannier potential problem; this potential is that of a Coulomb field with
cut off and thus identical to the spherical approximation of H,*. It would
appear therefore that only a numerical error would account for the
difference between his value and that of other workers, and this in fact is
the case as has been shown by Hauk and Parr (1965).

B. With Analytical Radial Functions

In the field of more exact calculations using analytical orbitals a great
deal of work has been done on the two simplest molecules, H,*™ and
H,, work which was stimulated by Matsen’s paper, published in 1953, on
H,* and Huzinaga’s work in 1956 and 1957a. It was in connection with
their work on the hydrogen molecule that Joy and Parr (1958) suggested
that the use of Slater-type orbitals with noninteger principal quantum
numbers (n;) would be of particular importance for single-center calcula-
tions. Of course, many years before, when Slater gave his rules for deter-
mining n; and {;, the n; for n; > 3 were noninteger; what Joy and Parr now
suggested was that all #; should be noninteger with values taken to mini-
mize the total energy. The improvement in energy that could be obtained
with this extra flexibility was considered to be due essentially to a gain in
more peaking of the wave function at the off-center nuclei.

For a Slater orbital, of the form /"~ 'e™% Y,,(0, ¢), the radial distribution
function is proportional to r2"¢~2¥,and this function is maximum when
r = n/{; the distance between this point and the point (towards the origin)
where the distribution function is 1/e of its maximum, we can consider as
the half band width (/) and as a measure of the amount of peaking of the
orbital. Simple algebra gives us the equation

In(1 —k)= -k —0.5n"" (15)

where k is defined by !/ = k(n/{); solution of this equation for different »
values is given in Table V.

In most single-center calculations one desires that the orbitals should
peak at the off-center nuclei, which requires that »n/{ be roughly equal to the
origin-nuclei distance and to some extent fixes the »/{ ratio. It is therefore
only through k that the half band width can be varied,and Table V shows
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TABLE V

SoLuTioN oF Eq. (15)

1 2 3 4 5 6 7 o
0.70 0.55 0.47 0.42 0.38 0.35 0.33 0

Eli]

that the higher n, the smaller k and hence / become; in other words, peaking
is directly related to n and optimum peaking requires optimum # values.
For high n, peaking will be most pronounced.

An alternative measure of peaking is the average square fractional
deviation of r from its average value, and this can be shown to be 1/(2n + 1)
for a Slater-type orbital (Ludwig and Parr, 1961). Thus an increase in n
lowers the deviation of r from its average value and thereby increases
peaking.

This idea was applied to the hydrogen molecule with considerable suc-
cess, Joy and Parr (1958) and Bishop (1963a), for a seven-term wave
function centered at the molecular midpoint:

W = ¢y ls'] ¢85 |+ o3[Vl |

+c4l8Vg0l + sl popol +colp s 1P -1l +¢11P0' fol.

The total energy was calculated to be —1.1605 au (experimental: —1.175
au), the bond distance 1.38 au (1.40 au), and the force constant 6.33 md/A
(5.75 md/A). The last two quantities were found by Bishop from the
evaluation of the energy for three different nuclear separations.

Hoyland and Parr (1963) have used this seven-term function to evaluate
the magnetic susceptibility of hydrogen. They did this via a variation
method designed to take advantage of the simplicity of single-center wave
functions. In order to obtain the paramagnetic part of the susceptibility,
two additional perturbation terms were added to the wave function. The
paramagnetic part was found to be 0.49 x 10~ ¢ emu and the diamagnetic
—4.01 x 10~ ¢ emu, compared with the experimental values of 0.085 x 10~¢
and —4.11 x 107¢ emu, respectively. (In all cases the origin of the vector
potential was at the expansion center.) These numbers are disappointing
and this is probably because the electron density given by this wave func-
tion is too spherical. A second calculation was therefore made using
one of the protons as the expansion center, the unperturbed function having
nine terms (and producing a total energy of —1.137 au) and the perturba-
tion function seven terms. Results from this function gave good over-all
agreement: paramagnetic and diamagnetic components were 0.75 x 107°
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and —4.80 x 107 emu (experimental: 0.85 x 107 and —4.88 x 10~¢
emu). The paramagnetic and diamagnetic components of the nuclear
magnetic shielding constants were also calculated with this function and
found to be —0.59 x 107 ° and 3.26 x 10”° emu (experimental: —0.56 x
107% and 3.22 x 107% emu).

Ludwig and Parr (1961) have applied the concept of nonintegral quantum
numbers to the Legendre polynomials themselves and in place of the
normal d orbital have taken one whose angular partis(cos? 8)"2 — (I + 1) 7!
where / is noninteger. The idea was to allow for arbitrary peakedness in
the angular part of the wave function as well as in the radial part. With a
two-term function

W = ¢, |ss| + ¢,lsd|

for hydrogen, they found that for / = 2 the total energy was —1.1022 and
for / = 3.278 (the optimum value of /) it was —1.1104; the experimental
value is —1.175 au. These results show the importance of angular peaked-
ness, at least, when ¥ is composed of a small number of terms.

Shull and his co-workers, following a suggestion by Shull and Léwdin
(1955), have used associated Laguerre functions of order (2/ + 2) for the
radial terms in expansions for H,* (Howell and Shull, 1959) and H, (Shull
and Hagstrom, 1956; and Hagstrom and Shull, 1959). The results led these
authors to a despondency which was not shared by people using Slater
orbitals. In fact Joy and Handler (1965a) have succeeded in obtaining lower
energies for H,* with only half the number of terms used by Howell
and Shull. The best electronic energy the latter obtained was —1.095633 au
for a function composed of six s, five d, and four g type terms.

For H, a wave function of forty-four terms led to a total energy of
—1.16141 au, that is 98.99, of the observed value, and corresponds to
92.8%, of the binding energy. The advantage of Slater orbitals with non-
integral »; is seen when one compares this value with the — 1.1605 au given
by Bishop (1963a) with only seven terms, though it should be pointed out
that this latter function has twenty-four nonlinear parameters through
which the energy is minimized; however, if a good minimization technique
is available, this is not a problem.

Houser et al. (1963) and Joy and Handler (1965a,b) have recently made
a thorough analysis of the convergence of single-center expansions for
H, ™, using Slater-type orbitals. The former showed that the s limit could
be reached with only six s functions and that convergence was rapidly
achieved; a similar fast convergence on adding higher angular terms was
also observed. Wave function plots showed, as was to be expected, that the
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angular terms were, essentially, improving the wave function near the
nuclei. What is unusual about their results is that a second d, a second
g, or a second / function gave little improvement, particularly as Joy and
Handler found an energy of —1.098928 au for a two s + two d + one
g + one i function, compared with a value given by Houser et al. for a
function containing one less d function of —1.09670 au. It would appear
that the latter authors did not make a thorough enough search of the
energy surface to obtain their n; and {; for the second orbitals of each
type. Joy and Handler have shown that the »; for such orbitals are quite
large—for d orbitals # ~ [0—though this is not surprising when one
realizes that large n; increase the density at the nuclei, just where it is
needed most.

In their second paper on the convergence in single-center expansions for
H,*, Joy and Handler (1965b) report that the convergence is /~* over-all
and exponential for a given / (harmonic). It would be nice if these two
results could be applied to many-electron problems, but so far we have no
way of telling. The best energy values obtained by Joy and Handler were,
for a four s+ four d+two g+ two i+ two k function, for integer
n;: —1.101206 au and for noninteger n;: —1.101214 au, compared with the
exact result: — 1.10263 au. Boorstein and Goodisman (1963) have similarly
investigated H,* using hydrogenic wave functions.

The representation of the electronic charge in the neighborhood of
off-center nuclei has been investigated by Turner et al. (1964a) for the
particularly simple problem of an off-center expansion of a 1s hydrogen
atom wave function. Using a 1s (n = ) function as the leading term, in
order that a nonzero, noninfinite value of W be given at the expansion
point itself, a second s function, and one of each of the higher Slater
orbitals (with noninteger »;), they estimated the energy for three distances,
between nucleus and expansion center (R): —0.49521 (R=0.7 au),
—0.48969 (R = 1.4 au), and —0.48466 (R = 2.0 au). They indicated that at
least two or three Slater orbitals of a given symmetry should be used in
single-center expansions; this would seem to agree with Joy and Handler
and not with Houser et al. (1963) though it is always possible that H is a
less favorable case than H, ™.

One very direct method of improving single-center wave functions near
the off-center nuclei is to add in orbitals which exist only near and are
centered at such positions. One can do this and yet not defeat the whole
purpose of single-center calculations if the range of such additional orbitals
is small enough that they do not overlap with each other. Then, only two-
center integrals appear and these, because of the small range, can be
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evaluated numerically. This has been applied with considerable success by
Bishop (1964) who wused an additional orbital on each nucleus:
Y = (15/2nP%)2(P — p), p < Pand = 0, p> P, where p was the distance
from the nuclear position (where the orbital was centered) and P was a
constant which was determined by minimizing the total molecular energy.
For the hydrogen molecular ion, inclusion of such a function on each of
the two protons decreased the electronic energy of a “best” five-term
combination of Slater-type orbitals from —1.09670 to —1.09944 au
(exact: —1.10262 au), with a similar improvement in the wave function
itself. It would therefore seem that this idea is worth pursuing for other
molecules.

Stuart and Matsen (1964), using a thirty-term orbital product centered on
the helium nucleus and composed of Slater orbitals, have calculated, for the
ground state of the HeH* molecular ion, the energy, bond distance, and
vibrational frequency. Their values: —2.9691 au, 1.464 au, and 3184 cm™?,
respectively, compare favorably with both a James—Coolidge type calcula-
tion and a two-center calculation.

The molecules BH,”, NH,* (Bishop, 1963b), and CH, (Bishop, 1963a)
have all been investigated using a wave function of the type first proposed
by Saturno and Parr (1960). This wave function consisted of five deter-
minants, of which the first corresponded to a spherical distribution and the
other four differed from it in only one orbital:

¥ = c,ls?5*p°| + ¢, [s25*2pPd| + 5 |s2s*fpC | +cals®s*2p S | + csls?s*2pg ).

All the one-electron orbitals were of the Slater type with noninteger n;
and, by evaluating the energy for different bond lengths, the equilibrium
energy, bond lengths, and breathing force constants were determined. In
Table IV the results are compared with those of Albasiny and Cooper and
it can be seen that there is very satisfactory over-all agreement. The proton
affinity of ammonia was predicted to be 0.362 au, where the experimental
lower limit is 0.277 au. A complete description of the distribution of
electrons in methane, using this five-term wave function, has been given
by Turner et al. (1964b). By comparison with the C + 4H system, it is seen
that considerable electronic charge is drawn from the carbon into the
carbon-hydrogen bonds and, if one thinks of the molecule circumscribed
by a cube, a small amount of charge is withdrawn from the unoccupied
corners. However the weakness of single-center distributions is shown by
the fact that the charge is rather diffuse throughout the interior and does
not possess the pronounced directional character of LCAO SCF distribu-
tions. This diffuse character is caused by the compromise one is forced to
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make in putting some charge around the hydrogen nucleus and some at the
distance from the carbon nucleus which is appropriate to a normal carbon
atom. Turner et al. also calculated the octupole moment of methane from
the formula

(N~12 f r*T3(0, §)Q(r, 0, p)r? dr dQ,

where T5(0, ¢) is the third-order tetrahedral harmonic and Q the charge
distribution ; they found the value 12.9 e-a,>, where the experimental value
is estimated to be 9.2 to 18.5 e-a,>.

Bratoz and Allavena (1962) and Allavena and Bratoz (1963) have used a
linear combination of thirteen determinants to obtain the infrared spectrum
of ammonia and a combination of eight determinants to obtain the infrared
spectrum of water. The force constants used in determining these spectra
were obtained by analytically differentiating the energy. In this differentia-
tion of the variational parameters only the coefficients (¢;) of the deter-
minants were considered to be dependent on the molecular geometry; the
exponents of the Slater orbitals (centered on the heavy nucleus) were kept
at fixed values. Not all of the determinants were of 4, symmetry; some were
of a symmetry type which only became ““active” under vibration.

Due to a fortuitous cancellation of approximations, that is, not taking a
complete set of determinants and not allowing for dependence of orbital
exponents on the nuclear coordinates, striking results were obtained as is
witnessed by Table VI.

The strength of this method, however, lies in the fact that the vibrational
frequencies are determined solely and directly from the ground state wave

TABLE VI

DETERMINATION OF VIBRATIONAL FREQUENCIES?

H,O0 NH;

Calc. Obs. Calc. Obs.

w; (cm ') 3665 3825 3860 3506
w;z (cm ') 1793 1654 1310 1022
w; (ecm ™) 3772 3936 4110 3577
wy (em 1) — — 1910 1691

¢ Allavena et al. (1963) and Bratoz et al. (1962).
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functions. Errors which arise in interpolation methods for determining
force constants and which could be important when dealing with small
interaction force constants do not appear in this method.

Many years before Bratoz’s work Platt (1950) had presented two
hypotheses which had led to an excellent account of bond distances and
force constants in diatomic hydrides, namely, that (i) the bond distance is
near the radius in the neutral united atom at which the effective nuclear
charge is unity, and (ii) the force constant is approximately given by
k= 41re2peq, where p,, is the density of the electrons in the united atom at
this radius. It can be shown, Bratoz et al. (1960), that this is equivalent to
the Bratoz approach in the approximation of a totally spherical wave
function and identical to the method of Longuet-Higgins and Brown
(1955), where that method applies to breathing force constants. The latter
authors obtained all the force constants of the XH, hydrides in terms of
Peq» this quantity being found empirically from one known vibrational
frequency.

The alternative to a linear combination of determinants is a single
determinant for which each orbital is itself a linear combination of atomic
orbitals; the lower limit to the energy of such a wave function is, of course,
the Hartree-Fock value. This approach has been used by Koide et al.
(1957) for CH,, by Allen (1958) for HF, and by Moccia (1962, 1964) for
CH,, NH;, H,0, HF, SiH,, PH;, H,S, HCI, NH,", and PH,*. Koide,
using Fock—Petrashen orbitals up to f harmonics, obtained an energy of
—39.80 au for methane, a result inferior to both Albasiny’s and Bishop’s
value. Allen, also including f harmonics, obtained —99.9147 au (experi-
mental: —100.5278) for the energy and 2.28D (experimental: 1.74D) for the
dipole moment of HF in a calculation similar to the one of Moccia, which
will be described next.

Perhaps the greatest justification, certainly in the quality and the extent
of the results, for single-center expansions has come from the work of
Moccia. Using the Roothaan SCF method to determine the correct linear
combinations of atomic orbitals and energy minimization to determine the
orbital exponents (n; had integral values only), he was able to calculate
bond distances, angles, dipole moments, ionization potentials, and mole-
cular energies for a whole range of molecules to a high degree of accuracy
(see Table VII).

To some extent the success of his work is due to the inclusion of a large
number of Slater-type orbitals (in some cases twenty-one) and inclusion of
up to fharmonics. There are two points of disagreement, however, between
his results and those of Albasiny and Cooper and those of Bishop; the
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TABLE Vlia

RESULTS OF MocciA®

Property CH, NH,* NH, H,O HF

R, (X—H) Calc. 2.08 1.990 1.928 1.814 1.728
Exptl. 2.067 1.96 1.912 1.810 1.7328

H—X—H Calc. Tetr. Tetr. 108°54’ 106°32’ —
Exptl. Tetr. Tetr. 106°48’ 105°3/ —

p (au) Calc. — — 0.5949 0.8205 0.825
Exptl. — — 0.583 0.728 0.716

First LP. Calc. 0.5042 0.9412 0.4147 0.4954 0.6429
Exptl. 0.4774 — 0.386 0.463 0.5795

Erotar Calc. —39.86597 —56.21769 —55.97482 —75.92244 —100.0053
Exptl. —40.522 —56.86 —56.562 —76.46 —100.48

@ All results are in atomic units.

TABLE Vilb

RESuULTs oF Moccia?

Property SiH, PH,* PH; H.S HCI

R, (X—H) Calc. 2.787 2.750 2.672 2.509 2.404
Exptl. 2.76 2.68 2.678 2.525 2.409

H—X—H Calc. Tetr. Tetr. 89°48’ 89°24/ —
Exptl. Tetr. Tetr. 93°10’ 92°13’ —_

w (au) Calc. — — 0.4610 0.6789 0.8524
Exptl. — — 0.217 0.362 0.413

First L.P. Calc. 0.4391 0.7551 0.3671 0.3506 0.4850
Exptl. 0.448 — 0.371 0.384 0.462

Erotnn Cale. —290.1024 —341.5493 —341.3960 —397.5891 —458.8378
Exptl. —292.141 — —343.42 —400.81 —462.81

@ All results are in atomic units.

latter find an agreement on the bond lengths of CH, and NH,* but differ
from Moccia, in both cases by about 0.07 au. Also Moccia’s energy for
NH,* is higher than that of Bishop whereas for CH, it is lower. As Bishop
used the same program for both molecules, changing only the nuclear
charge, and presumably Moccia did the same, it is hard to account for this
disagreement.
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Joshi, continuing Moccia’s work at the University of Chicago, has
recently completed extensive calculations for NH; and NH. By writing a
computer program specifically for XHj-type molecules with C;, sym-
metry, he has been able to include twenty-five symmetry-adapted basis
functions with harmonics up to h. The bond length, angle, total energy,
dipole moment, and first ionization potential of ammonia are reported as
1.867 au, 109.342°, — 56,084 au, 0.5993 au, and 0.4155 au, respectively. The
energy value is superior to Moccia’s; however, the inclusion of higher
harmonics, rather surprisingly, gives a poorer bond angle. The potential
barrier to umbrella inversion is found to be 0.0411 au, compared with the
experimental value of 0.0092 au. It is possible that a difference in correla-
tion energy between planar and nonplanar ammonia is responsible for this
poor result.

For NH, using twenty-four basis functions (16¢ and 8z), he obtained all
but 1.96 eV of the total Hartree-Fock energy, a considerable achievement.

This work is continuing for the eight-electron systems: BeH;~, BH,,
CH,*, and NH;* ", and also for the equilateral triangular H;* molecule,
functions centered on the middle of the triangle.

Y. General Remarks

It would appear from the results given in Sections III and 1V that many
properties are well accounted for by a single-center wave function com-
posed of a limited number of terms and in some cases by a wave function
which is just a single term of the kind considered in Section II. Such
properties are the bond distances, ionization potentials, breathing force
constants, X-ray scattering factors, and relative energies. Properties having
an angular dependence, however, are not so well treated, and the reason for
this is twofold: (i) The radial component of the wave function is usually
much better than the angular component as it has been optimized through
its parameters (n; and {;); the angular part, on the other hand, has been
rigidly approximated by a limited series of spherical harmonics. (i) The
electronic energy depends more critically on bond lengths than on angles;
this is seen from the fact that the first term in any expansion is Y4(6,0,)
and this function is angle-independent.

The rest of this section will be concerned with the improvement and
extension of the single-center method.

A. Choice of Parameters
From a technical point of view, the method by which the nonlinear
parameters (n; and {;) are optimized is of the utmost importance, and it is
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the author’s opinion that the ““Pattern Search Method” as developed by
Ludwig and outlined in Section II is the best method that is now available.
This method is particularly useful for scanning the whole energy surface
and is adept at changing the direction of the search as more information is
gained in contrast with the method of “Steepest Descents.” It is probably in
their use of the two different techniques that Joy and Handler obtained
better results for H,* than Houser et al.

A decision which always arises when one is adding more and more
terms to a single-center expansion is whether one should add higher angular
components or more terms with the same angular components but with
different n; and {;. The only results which can help us to answer this
question are those for H,*, where it would seem that at least two terms for
each different harmonic should be included and seldom are more than
three required. This would also seem to be implied by Moccia’s results,
though he did not give the energy changes for term by term addition. But
for most molecules the answer must come from a trial and error approach.
However one can be certain that it is better to properly optimize each
{; (and to a lesser extent each »;) rather than add many terms to the
expansion to make up for the shortcomings of ill-adjusted exponents.

There seems to be some divergence of opinion as to the need for large
n values in single-center orbitals; Moccia finds only low values for H,O
and HF whereas Joy and Handler found, particularly for the second orbital
of a given harmonic, very large values for H,*. As large n values improve
the wave function at the off-center nuclei, it would seem that the energy
contribution from this part of the wave function is only important when
one is seeking very high accuracy, as in the H,* case. Also, the importance
of satisfying the cusp conditions at these off-center nuclei will depend on
the molecule being treated; it is obviously less important for HF, where
most of the charge is on the fluorine and not near the proton, than for
H,*, where most of the charge is on the proton.

The use of noninteger n; in Slater-type orbitals would seem to be
important if one is dealing with a single (or limited number) term function;
the energy gained is then worthwhile, but if one has a large number of
terms as is possible for, say, H,” then the utility of noninteger n; dis-
appears. One advantage which, however, remains is that the computer
program for optimizing the nonlinear parameters can treat both n; and {;
exactly alike if the n; are noninteger. A special problem arises if the s type
orbital has a noninteger n value, because then the wave function will be
either zero or infinite at the center of expansion, depending on whether # is
greater or less than unity. Though often energy is gained by allowing this
to happen, it is a displeasing feature and may well affect certain calculated
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properties adversely. It would therefore seem to be better to use a value of
unity for the 1s type orbital, a value it would reach anyway if enough terms
were taken in the expansion.

A final fact to be noted about the nonlinear parameters is that the ratio,
n,;/C;, usually varies linearly with bond distance, as is to be expected since
it measures the position of maximum peaking. This allows one to make a
good guess at the right ratio for any particular bond distance, provided the
ratio is known at two other bond distances.

B. Analytical Determination of Derivatives

The method introduced by Bratoz and Allavena (1962), BA, for finding
molecular force constants from single-center wave functions will only be
successful if many terms are included in the wave function. The reason for
this is that they only considered the linear variational parameters, the ¢; of
Eq. (3), to be dependent on the molecular geometry and assumed that the
orbital exponents ({;) were fixed. It is apparent that, for a wave function
made up of a limited number of determinants, variation of the nonlinear
parameters will be important and should be considered.

The BA method can be extended to include this feature and still retain
its analytic character in the following way. Let us consider the simple
example of evaluating d2E/dR? for a single determinantal wave function,
i.e., E = H;, and where, say, Ris a bond distance. We have

E=ER,{,{5, s L),

dE OE z": (dC )
dR™ 6R S ( ) dR
and

=+ & (orac) ) + 8, [ () £ (D) )

If {; are chosen to minimize the energy then

0E
—=0, i=12,.., 16
o, i n (16)

and as this is true for all R values,

d 6E) ,
Jﬁ(a_c,. =0, i=1,2..,n a7
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Using these equations we obtain:

dzE_62E+ Z ( O*E ) (dC,-)
dR?  0R?* " /= \ORdL,)\dR

where BA would have had only the first term on the right-hand side. The
d(;/dR may be obtained by expanding Eq. (17):

O’E N n (82E ) (dl,’k
ORAL; &1 \3L, 0L, \dR

The derivatives 82E/0Rd(; and 02E/d{;8(, in this equation can be found
analytically and values determined once the parameters for the molecule
in its equilibrium configuration are known. Using these values and solving
the n equations we are able to obtain the d,/dR for use in Eq. (18).

This extension should strengthen the BA approach as we are still
able to evaluate force constants from knowledge of the molecular geometry
and wave function for just the equilibrium nuclear framework. Such an
analytic approach is superior to the numerical method of finding force
constants, whereby a number of molecular energies are calculated for
different nuclear positions and to these an energy surface fitted. The small
differences in energy for changes in nuclear geometry make the latter
method highly suspect.

(18)

):0, i=1,2,..,n.

C. Use of Fock-Petrashen Orbitals

The use of Fock—Petrashen (1934) orbitals in single-center methods was
originated by Bernal (1953) and has been continued by, amongst others,
Banyard and Gaspar (see Section III). These orbitals differ from the Slater
type in that they are already orthogonalized; for example, the ls and 2s
orbitals are of the form e™* and [I — (« + B)r/3]e™#", respectively. This
type of orthogonalization is different from that usually applied to Slater
orbitals, namely Schmidt orthogonalization, where, after simplicification,
the 1s and 2s orbitals are of the form e * and [re ~#" — 240’e /(e + B)*],
respectively.

Both of these forms are contained in the general expression:

Is~e™
25 ~(r—a)e 07D 4 pemeC~@
where

b= [a—3/(«+ Pl 2a/(x + PP,
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for when a = 0 one has the Schmidt form and when a = 3/(a + B) one has
the Fock-Petrashen form. Writing the orbitals in this general way is
instructive because it shows that the Fock-Petrashen 2s orbital can be
obtained from the Schmidt orthogonalized orbital by moving vectorially
every point of the latter through an amount a = 3/(a + ).

Earlier work by Bishop et al. (1963) on NH;, H,0, and HF has shown
that, if orbitals are allowed to move off the heavy nucleus, they only do so
by a very small amount and the optimum movement, as far as the energy
criterion is concerned, is of the order of 10™* au. So that one would
expect that, by moving every point of a 2s orbital vectorially through a
distance 3/(« + f), a quantity usually of the order 10™! au, much poorer
results would be obtained.

A direct comparison, however, between the Bishop et al. work and that
using Fock-Petrashen orbitals is not possible as in the former case the 2p
orbitals were also allowed to move off the heavy nucleus (moving a ls
orbital makes no difference as normalization always corrects the change)
and because of the difference between a lateral translation and a vectorial
translation. The problem was investigated afresh by Bishop (1965). For this
study the H,0 molecule was used, bond distance: 1.81 au, bond angle:
105°, with the simple spherical approximation, namely, a single determi-
nant: |15s225%2p%| with orbitals having integer n; and the p orbitals having
the same exponent, y. Three sets of results were obtained: (/) when the
energy was minimized with respect to the three exponents «, 8, and y and
to a (general case); (ii) the same as before but a was fixed at 3/(x + B)
(Fock-Petrashen case); and (iii) as (i) but a was fixed at zero (Schmidt
case). These results are given in Table VIIL

TABLE Vill

ToraL ENERGIES FOR H;O USING DIFFERENT ORBITALS

(i) General (if) Fock—Petrashen (iif) Schmidt

o 7.669 1.716 7.667
B 2.154 2.626 2.136
y 1.901 1.884 1.901
a 0.016 0.290 0.0

E (av) —75.1950 —75.0064 —175.1948

It is seen that the optimum value of @, 0.016 au, is much closer to zero
than to 0.290 au, and so it is to be expected, as it is found, that Schmidt
results are better than Fock-Petrashen results. The general 2s function can
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also be obtained from the Schmidt 2s function by the addition to the latter
of a second ls orbital whose exponent is 8, so the results also give the
information that the mixing in of a second ls orbital of fixed exponent
leads to an energy improvement of 0.0002 au.

In the light of these results, it is recommended that Schmidt ortho-
gonalized Slater orbitals should always be used in preference to Fock—
Petrashen orbitals.

D. Truncation

Parr (1964) has suggested that some form of balanced truncation might
be useful in the further development of single-center methods. He argues
that when wave functions are expanded in a limited (truncated) series of
harmonics, one, in effect, truncates the electron-electron and electron-
nuclear potentials of interaction and one perhaps should similarly truncate
the nuclear-nuclear terms in order to produce the maximum cancellation of
errors. The author has investigated this idea for a five-term methane wave
function with a bond distance of 2.0 au. The nuclear energy is of the form

12+3lip,(—§), (19)

where the P, are Legendre polynomials and & is the highest harmonic to be
included. The nuclear-electronic and electronic-electronic terms are both
found, as usual, by using the ;' expansion [see Eq. (9)]. For this parti-
cular molecule and wave function L values of 0, 3, 4, 6, and 7 are involved
in the nuclear-electronic expansion and 0, 1, 2, 3, 4, and 5 in the electronic-
electronic expansion. In Table IX are given electronic energies (maximum

TABLE 1X

TRUNCATED EXPANSIONS FOR METHANE

k Electronic Nuclear Total
energy energy energy
0 —52.3840 15.0 —37.3840
1 —53.0809 14.0 - 39.0809
2 —53.3397 13.0 —40.3397
3 —53.6147 14,2222 —39.3925
4 —53.6661 14.2593 —39.4069
S —53.6665 13.2593 —40.4072
6 —53.6791 13.8395 —39.8396
7 —53.6816 14.3374 —39.3441
8 —53.6816 13.5185 —40.1631
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L value is k) and nuclear energies [maximum / value is k, see Eq. (19)] for
different k values.

In the spirit of this suggestion, one should perhaps only compare energies
for k =0, 3, and 4, as only for these values are all three potential terms
identically truncated, but even so there does not seem to be any significant
improvement over more conventional approaches and the loss of the use of
the variational theorem is a further drawback.

E. Kim-Parr Method

Recently Kim (1965) has used the Integral Hellman—-Feynmann Theorem
(Kim and Parr, 1964) in conjunction with the single-center perturbation
method of Hauk er al. (1963) to obtain molecular energies and force
constants for CH,, NH;,, and H,0. The IHF theorem states that

AE:Ex _Ey= <(Dx|'%py_ '”xl(py>/<q)x|q)y>
where

#.0,=E®, and #,0,=ED,

and J, and E, are, respectively, the Hamiltonian and electronic energy
for a molecule in static nuclear configuration x and 5, and E, the same for
a configuration y. This theorem is used in the Kim-Parr approach by
considering the x state to be a molecule with a completely spherical
nuclear potential (so-called molecular puff) and the y state to be the
molecule with its real nuclear potential. To calculate AE they have taken
®, to be the symmetric single-center wave functions given by Bishop et al.
(1963) and @, to be the Hauk perturbed wave functions. Their results are
summarized in Table X.

These results in themselves are interesting and AE is obviously a useful
energy improvement, but what is perhaps more valuable is that the varia-
tion in AE with angle (x) was studied. For NH;, AE was found to be a
minimum for a = 107°, an excellent result, whereas for H,O the minimum
was at 127°, i.e., 22° off the observed angle. It is well-known that the change
in energy with angular variation for H,O is very small and this no doubt
accounts for the latter result being so poor; however more molecules will
have to be investigated before one can really say whether this method is
going to be useful for predictions of angular geometry. The barrier to
inversion in NH; was found to be of the right order, 0.0137 au, compared
with the observed value of 0.0093 au and, in general, the force constants
are quite good; however, Kz for CH, seems to be out of line.
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TABLE X

KiM—~PARR RESULTS®

Property CH., NH; H.O
Bond length (R) 2.00 1.9161 1.787
Bond angle (o) Tetr. 106°46’ 105°
E® —39.4273 —55.4022 —75.1993
AE* —0.4672 —0.5410 —0.3287
E¢ —39.8945 —55.9432 —175.5280
Experimental energy —40,522 —56.562 —76.465
Kip Calc. 37.1671 24.7128 17.32

Exptl. 23.47 21,7788 16.65
K../R%, Calc. — 3.3106 0.8009

Exptl. —_ 1.5187 0.768
Kgo/Req Calc. — 0.9976 0.2199

Exptl. — 1.3092 0.506

¢ Results are in atomic units except for force constants which are in
md/A.

> Energy of approximate molecular puff, integer n;, (Saturno and
Parr, 1960; Bishop ef al., 1963).

¢ IHF energy increment.

d E2 = E1 + AE.

¢ Potential function defined as:

2V= a + bR + ca + I(RRI{2 + ZKR,,ROL + K,,ocz.

F. Future Applications

Prospects for the single-center method are encouraging, and in the future
it is to be expected that more, and even complex, molecules will be studied.
Certainly work will be done to obtain single-center functions which produce
some of the electron correlation energy; so far only hydrogen has been so
treated.

An application of the method to hydrocarbons is also possible, and some
pioneering work in this field has been accomplished by Chen (1958b). A
full-scale treatment, using a many-term wave function, for the He-He
repulsive potential would also be interesting. Huzinaga’s early attack on this
problem (1957b), using single-center techniques, gave rather poor results,
but more recently Miller and Present (1963), using a two-term configura-
tion: |15%2s2| + |153d,2s?|, found good results for internuclear distances
Iess than 0.6 au. With more terms, good agreement should be found for
distances up to 1.0 au.
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Finally, the area which most clearly should be investigated is that of
excited states. Little has been so far accomplished; yet, as mentioned
previously, it is here that the single-center approach should be most
accurate.
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I. Introduction

This chapter deals with the formal problem of reducing molecular
orbital calculations to expressions involving one- and two-electron integrals
over the spatial coordinates, with coefficients determined by the group-
theoretical properties of the spin functions and the electronic permutations.
This problem is encountered, for example, when one undertakes to write
the expectation value of the Hamiltonian for a given antisymmetrized
spin-orbital product, and in that particular case the answer is well-known.
We shall be particularly interested in discussing wave functions which are
constructed to be eigenfunctions of the spin, and shall consider the reduc-
tion of expressions not only for the energy and other spin-free one- and
two-electron operators, but also for general one- and two-electron spin-

* Parts of this chapter were written while the author was a guest at the Quantum
Chemistry Group of the University of Uppsala, Sweden. The Group’s hospitality is
gratefully acknowledged.
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dependent operators, such as the spin density or the Fermi contact inter-
action.

The construction of many-electron spin eigenfunctions has received
study ever since the early days of quantum mechanics. Serber (1934a,b)
showed how irreducible matrix representations of the symmetric group
could be used to combine a spatial-orbital product and its permutations
to form spin eigenfunctions. Similar work was done independently by
Yamanouchi, who published his results first in Japanese and later (Yama-
nouchi, 1938) in English. This work was extended and more fully described
by Kotani ez al. (1955). Recently Matsen (1964) has reported a systematic
way of discussing the role played by spin in many-particle quantum
mechanical systems. The general formalism for handling many-electron
spin eigenfunctions is only needed when not all the electrons are assigned
to doubly occupied spatial orbitals, and as a result relatively few calcula-
tions embodying the Serber—Yamanouchi techniques have been carried
out. However, these techniques are most useful in open-shell calculations,
and the author (Harris, 1960) has found them invaluable. Section II of
this chapter describes the matrix representation method and shows how it
may be applied to calculate matrix elements of both spin-free and spin-
dependent operators.

The matrix representation method in general generates more than one
eigenstate of given total spin and its z component, so that its use normally
results in a manifold of such states. As the number of electrons increases,
the number of eigenstates and the complexity of computation go up rapidly
unless offsetting simplifications are introduced. The most effective simpli-
fications are double occupancy of the spatial orbitals and at least partial
orbital orthogonalization. We accordingly give in Section III a detailed
discussion of the effects of double occupancies (closed shells), and we
consider the extent to which orthogonalizations can be carried out on a
given orbital product without thereby altering the wave function. Explicit
formulas are given for matrix elements of both spin-free and spin-
dependent operators for states involving electrons both in and out of
closed shells.

A powerful alternative to the use of double occupancies to reduce the
complexities of molecular orbital problems is the use of an arbitrary single
member of the manifold of spin eigenstates. If this member is chosen
suitably, considerable partial orthogonalization can be carried out. Such
a method enables us to partake of the advantages available from the
assignment of different orbitals to electrons of different spins (Slater, 1953).
We show how a spin-projected single-determinantal wave function based
on different spatial orbitals for different spins, as formulated by Léwdin
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(1955a,b), Pauncz (1962), and Pauncz et al. (1962), can be related to the
matrix representation method, and we show how to calculate expectation
values of both spin-free and spin-dependent operators. The discussion of
spin-free operators parallels that of Pauncz et al, but we believe the
treatment of spin-dependent operators is new and affords the possibility
of avoiding dubious approximations in the calculation of spin densities
and other spin-dependent quantities in open-shell systems.

This chapter does not explicitly discuss the problem of determining the
single-configurational wave function of minimum energy. This, the Hartree-
Fock problem, has been discussed for closed-shell systems by Roothaan
(1951). Roothaan’s work also contains references to the earlier literature.
For open-shell systems the theory stands at a less definitive stage, at least
.as far as actual calculations are concerned. By using wave functions which
are antisymmetrized spin-orbital products but not necessarily spin eigen-
functions, the closed-shell Hartree-Fock theory has been formally extended
to open-shell situations. This approach is exemplified by the spin-polarized
Hartree-Fock theory as formulated by Pople and Nesbet (1954), and dis-
cussed further by Nesbet (1961) (see also Roothaan, 1960). Nesbet (1963)
also discussed the extensions of the conventional Hartree-Fock theory
resulting when the convenient but artificial requirement of definite orbital
symmetries is dropped along with the restriction to closed shells.

An approach more in line with the development presented in this chapter
would be the optimization of the energy for a spin eigenfunction such as
the spin-projected single determinant discussed in Section IV. This, the
extended Hartree-Fock theory, has been discussed by Lowdin (1955b,
1960), but has not seen extensive use, due to apparent computation diffi-
culties. One study is, however, provided by the work of Pratt (1956) on Li.
It is this author’s opinion that the Hartree-Fock problem is not inherently
much more difficult with a spin-projection than without one, as in either
case the antisymmetrizing projection forces the consideration of all per-
mutations not excluded by orthogonality conditions. We therefore look
toward the possibility that in the future more calculations will use true
spin eigenfunctions for calculating the energy and the expectation values
of other operators, both spin-dependent and spin-free.

Il. Spin and Antisymmetry

A. Preliminaries

We consider a general molecular system which includes »n electrons and
N nuclei. The ith electron will be described by a set of spatial coordinates
r; and by spin coordinates ¢;. We use the nonsubscripted symbols r and &
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to denote collectively the spatial and spin coordinates of all electrons 1
through n. Nucleus i will be described by coordinates R;, and will have
charge +eZ;. Interparticle distances will be represented by double sub-
scripts: r;; and R;; stand for |r; —r;] and [r; — R;|, respectively. A wave
function for the n electrons of this system will be designated ¥(r, ¢). We
shall use ®(r) or Z(r) to stand for n-electron functions of the spatial
coordinates separately, while @(6) will stand for an n-electron spin func-
tion.

One of our aims will be to find approximate solutions to the electronic
Schrédinger equation

HY(r, 6) = E¥(r, o). (1

We use script letters to designate operators; in Eq. (1) 5 is the Hamiltonian
operator. We shall mainly consider problems in which # can be approxi-
mated with the neglect of relativistic, spin-dependent, nuclear-structure-
dependent, and magnetic effects. The remaining, first-order contributions
to s are simply the kinetic energies of all particles and the Coulomb
energy of their electrostatic interaction. In writing Eq. (1) we have also
made the further approximation of the separability of the electronic and
nuclear motion according to Born and Oppenheimer (1927), and therefore
we assume the nuclear positions R; to be given. Subject to the above
limitations, F is the total energy, for stationary nuclei, if the Hamiltonian
is written in the form

K2 n n N Z.e2
= - - V z - -
2m ,;1 i; jZl R;j
noi=1 o2 N j=1 7.7 02
+ LA il 2
,Zz iS1 1 sz ;l IR; — R} @

The solutions to Eq. (1) must also satisfy the Pauli exclusion principle
(Pauli, 1925), which requires that they be antisymmetric in the coordinates
of the n electrons. This requirement is met only if W(r, o) satisfies the
condition

HVY(r, 6) = Y¥(r, 6) 3)

in which «/, the antisymmetrizing operator, is an idempotent projector
defined as & = (n!)-lz,eﬂ, where & is the operator which causes a
particular permutation of the electron coordinates (both spatial and spin),
&, is the parity of the permutation (—1 if the permutation requires an odd
number of pairwise interchanges, + 1 otherwise), and the sum is over all
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n! permutations of the n sets of electronic coordinates. It may be remarked
that Eq. (3) is equivalent to the requirement

PY(r, o) = g,¥(r, 0), all permutations £, 4

as may be seen by applying any permutation £ to Eq. (3) and observing
that 2o/ = ¢,9/.

Occasionally we will need to refer separately to permutations of either
the spatial or spin coordinates. Letting 2, and 2, refer to spatial and spin
permutations, respectively, we have the obvious relation # =2,2,.
Combining this relationship with the definition of 7, we obtain the useful
identity

AP, =, d P; . (5)

B. Spin Functions

Because we are considering # in an approximation such that it is
independent of the spin, the operators for the square of the total spin,
&2, and its z component, &,, both commute with #. Since &2 and &,
also commute with each other, it is possible to choose a complete set of
eigenfunctions of # which are also simultaneous eigenfunctions of ¥? and
&,. To study the eigenfunctions of &? and &, we shall examine the
n-electron spin function space. Since the spin space for a single electron
is spanned by two spin functions, which we denote « and g (with &,
eigenvalues of + #/2 and — h/2, respectively), the spin space of # electrons
will be spanned by 2" functions which can be written in terms of a(s;) and
f(e;),fori = 1,...n. We denote a set of functions which span the spin space
O,0), i=1, ... 2" A simple way of choosing the functions ®;(o) is as
simple products:

0,(0) = a(s,) a(6,) - o(s,)
92(0') = ﬂ(‘ﬁ) o‘(("2) 0‘(0',.)
05(6) = a(0))f(s,) - (s,)
0,,(0) = B(s,) B(6s) - B(a).

It is more useful to choose the ©,(e) in such a way that each ©,(a) is a
pure spin state, i.e., an eigenfunction of &2 and &,. This is clearly pos-
sible since the © (o) span the entire spin space and the operators %2 and
&, commute. Then each ©,(6) can be classified according to its total spin
and spin magnetic quantum numbers S and M,, corresponding to the
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eigenvalues S(S + 1)4% and M,h for the operators ¥? and &, respec-
tively. Well-known methods exist for the construction of a complete set
of pure spin states for an n-spin system (see, for example, Kotani ef al.,
1955).

The complete set of pure spin states will in many cases contain more
than one spin function for given S and M,. For example, there are two
different three-electron doublet states with positively directed spin (i.e.,
states with S = 4, M, = +1), which may be chosen as follows:

0,(0) = 27} (aPa — Paa) = 27 '*(af — Pa)a,
0,(0) = 27 (aaf — afa) = 27 2a(af — Ba).

Whenever we suppress arguments referring to individual electrons, they
may be assumed to be taken in ascending order, so that in the above
equations ofie means a(e,)f(6,)a(c;), etc. We may interpret ©,(¢) as
describing a state in which the spins of electrons 1 and 2 are coupled to
form a pair of oppositely directed spins, while ®@,(c) describes a state in
which the spins of electrons 2 and 3 are coupled. The other possible
coupling, that of electrons 1 and 3, does not describe a third state because
it yields a spin function which is linearly dependent upon ®,(6) and ®,(s).
States such as these, with common values of S and of M,, cannot be dis-
tinguished in their spin properties, but may be classified according to their
o and § ordering, for example with the aid of a branching diagram.

Using a complete set of pure spin states ©,(6), / = 1, ... 2", we may write
the most general n-electron function of both spatial and spin coordinates
in the form

2n
¥(r, 0) = .;(Di(r)@,-(c). (6)

If we now require W(r, ¢) to be a pure spin state, the right-hand side of
Eq. (6) must be limited to terms all of whose ©,(s) have a common eigen-
value of &% and a common eigenvalue of &,. Letting & stand for the
number of such terms, which we have already observed may be greater
than unity, Eq. (6) may be reduced to

d
¥(r, o) =_; ®,(r)0(o), O]

where ¥(r, 6) and the ©,(¢) are all eigenfunctions of given S and M,
The spatial functions ®@,(r) are thus far unrestricted.

C. Antisymmetry Conditions
Further restrictions may be placed on the wave function ¥(r, 6) of
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Eq. (7) by insisting that it satisfy the antisymmetry requirement given in
Eq. (4). Applying a permutation £ to both sides of Eq. (7), we have,
using £, and Z,,

d
PY(r, 6) = '; [2,9(r)][Z,0,(0)]. ®

Because 2, commutes with both %% and ,, the quantity 2,0(¢)
appearing in Eq. (8) must be an eigenfunction of ¥ and &, with the same
quantum numbers S and M, as O, a) itself. Since the functions ©(s),
i =1, ... d are the complete set of functions with these quantum numbers,
2,0,6) must be a linear combination of @,(6), ©,(6), ... ©,(c). This
fact is expressed by the equation

d
2,0(0) = Y. V(PO (o), ©)

where the coefficients V;(P) depend of course upon the permutation 2.
Substituting Eq. (9) into Eq. (8), the expression for Z¥(r, 6) becomes

d d
PY(r, 6) =) ) Vi(PIZ,2,r)]O(o). (10)
i=1 j=1
On the other hand, 2\¥(r, o) is, according to Eq. (4), equal to ¢,'¥(r, 6),
which may be written in the form

PY(r,0) =¢,¥(1,0) =¢, zd: D (r)O(r). (11
=1

The right-hand sides of Egs. (10) and (11) are equivalent only if the co-
efficients of corresponding spin functions ©,(e¢) are equal. This condition is

d
qu)j(r) = .;1 Vi(P)2,®(r)], j=1,..d. (12)

The set of linear equations described by Eq. (12) can be inverted to give
2,0,(r) in terms of the set of ®(r), provided that the coefficient matrix
V(P) = {V;{P)} is nonsingular. This is indeed the case, as may be seen by
observing that the set of matrices V(P), for all 2, constitute a matrix
representation of the permutation group of order n. This means that the
matrix V(P ~!) will be the inverse of V(P). We invert Eq. (12) by multiplying
both sides by ¥, ;'(P) and summing over j. Doing this for each k from 1
to d, we obtain the set of equations

.‘;‘EPV"_J’I(P)(DJ(') = P,0y(r), k=1,..4d. (13)
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Another way of expressing Eq. (13) is to write that the functions ®,(r)
must transform under permutation as

2,0,(r) = i U (P)D(r), k=1,..4d, (14
i=1
with
Uu(P) = spV,,‘j‘(P). (15)

Equations (14) and (15) tell us that the transformation properties of the
spatial functions ®,(r) can be deduced from those of the spin functions
O,(6). We therefore need to know how to find the matrices V(P). This
task is easiest if we choose the ®(g) orthonormal. In that case we may take
the scalar product of both sides of Eq. (9) with ©,(s), obtaining

Vil(P) = {Oy(0)| Z,0,(0)). (16)

If the spin functions ©®(e¢) are known, Eq. (16) provides an explicit con-
struction of the matrices V(P). Moreover, the orthonormality makes
V(P) a unitary matrix, so that V,;'(P) = V}}(P), and Eq. (15) may be
rewritten in the matrix form

U(P) = &,V*(P). a7

Equation (17) shows that U(P) is also unitary.

Normally we do not have available a set of functions ®(r) satisfying
Eq. (14), but instead we have a single function ®y(r) from which we would
like to construct a set of functions ®(r). The construction is made by
taking suitable linear combinations of the permutations of ®y(r). As we
shall see, a set of functions ®,(r) may be generated from a given ®(r)
in d different ways, which we distinguish by a superscript, so that we write
@,/(r) to indicate the function ®,(r) in the ith set of functions produced
from @y(r). The functions ®;'(r) may be obtained as follows:

O/ =3 UNQ20(r), i=1,..d. (18)

Here 2 is a permutation, and the sum is over all 2.

We may confirm the validity of Eq. (18) by verifying that it leads to the
relationships required by Eq. (14). Starting from Eq. (18), we form the
expression appearing on the right side of Eq. (14). We have

d d
;1 Uu(P)®/j(r) = .;l U;(P) ; UH(Q)2,D(r), ihk=1,...d. (19
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Using the fact that U is unitary, and a representation matrix, we write
UjP) = Uz (P™") = Uf(P™"), thereby enabling Eq. (19) to be rewritten

d d
-Zx Uu(P)®j(r) = ; '21 Ui (P~ HUHQ)2,®(r), iLk=1,..d. (20)
= i=

Next we use matrix multiplication and the representation property of the
matrices U to replace Y 4_, UXP ™ )HUX(Q) by Ui(P~'Q):

i Upn(P)®/(r) =Y UNP'Q2,04(r), i k=1,..d. (21)
j=1 2

Finally, we observe that, because the 2 summations are over all elements
of a group, the operator 2 may within the summation be replaced by 22
without affecting the value of the sum. Doing so gives the result

d
';1 Ujk(P)(Dji(r) = ; U;(Q)-@r-@rq)o(r)
= 2, Z UM0)2,D4(x), ihbk=1,..4d. (22)
2

Notice that, when we replaced Q by PQ in the argument of U}, we obtained
P~'PQ, which we simplified to Q. The last expression on the right of
Eq. (22) is, using Eq. (18), just 2,®,/(r), thereby completing the demon-
stration that Eq. (18) causes Eq. (14) to be satisfied.

Each of the d different ways of making the functions ®(r) will generally
lead to a different function (r, 6). Letting ¥i(r, 6) stand for the wave
function made from the ith set of functions @ (r), we have, using Egs. (7)
and (18),

d
¥i(r,0) = 3. T UHQ20,(00), =1, ..d (23)

The most general function W(r, ¢) derivable from ®y(r) and its permuta-
tions will be a linear combination of all these Wi(r, o),

¥(r, 6) = i ¢, Wi(r, o). (24)
i=1

Equations (23) and (24) describe one way of constructing antisymmetric
wave functions. An alternative way to construct such functions is by the
formula

Yi(r, 6) = nldO,(1O(e), i=1,..d. 25

Because %2 and &, commute with o/, the wave function defined by
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Eq. (25) has the desired spin properties. We may rearrange Eq. (25) by
introducing the definition of &/:

n! A ®y(r)0 (o) = Z EQ'@r(DO(r)QaGi(G)
Q

= ';1 }(;EQVji(Q)Qr(DO(r)G 6). (26)

To get the last line of Eq. (26) we used Eq. (9) to replace 2,0(s). By
comparison with Eq. (23), using Eq. (17), we see that V(r, ¢), as defined by
Eq. (25), is the same as the wave function defined by Eq. (23). This is
useful information because it is easier to see the relationship of the spatial
and spin functions from Eq. (25).

Yet a third way of writing the function W(r, 6) is

Yi(r, 6) = dso/ z UQ)2,0,r006), j=1,..4d. 27

Notice that Eq. (27) descrlbes not one but a set of d formulations of
Wi(r, 6), all of which we plan to show are equivalent. To verify Eq. (27),
we put US(Q) = &,V;(Q) = eoVH(Q™"), and we use Eq. (5) to replace
Aey2, by o 2;'. We then have

¥i(r, o) = d.szI(Do(r)Z VO DN2;'06), j=1,..d. (28)
With the aid of Eq. (9), this becomes
d

Pi(r, 6) = dd Dy(r) %', k; VO™ Vi Q™ H8y(0). (29)

The group representation properties of V enable us to perform the sum
over 2. The theorem involved (see, for example, Hamermesh, 1962) is

Z VHQV(Q) = .k5 (30)

Inserting this into Eq. (29), we have the same result for all j:
d
Vi, 6) = nldDy(r) Y. 5,0,(0). 3N
k=1

This is clearly the same as Eq. (25). The significance of this result is based
on the fact that Eq. (27) is itself of the form of Eq. (25), but with spatial
function (d/n!) Y oU(Q)2,®(r) in place of ®y(r), and with spin function
@,(o) in place of ©,(s). This gives us a means of exchanging one spin
function for another, so that we may write the most general wave function
based upon ®,(r) in terms of a single spin function.

We are now ready to discuss the most general wave function satisfying
the spin and antisymmetry conditions. Such a function could be written
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in the form
d
Y(r,0) =nlof ) E(r)Oo), (32)
i=1

the antisymmetry being obvious and the generality clear if the Z,(r) are
unrestricted. We have already seen that functions of this kind satisfy the
spin requirements. But because of the analysis of the preceding paragaph,
we also see that each term in the / summation of Eq. (32) can be reduced,
according to Eq. (27), to some spatial function multiplied by any spin
function. If we convert each term of Eq. (32) so that it involves, for
example, ®,(c), we can produce an expression for ¥(r, 6) of the general
form

¥(r, 6) = n! LE(r)0,(s), 33)
where Z(r) is the sum of the spatial functions produced from all the terms
of Eq. (32). Our final result, then, is that the most general antisymmetric
wave function of given S and M, may be produced by antisymmetrizing
the product of an arbitrary spatial function and any spin eigenfunction
of the given S and M,

In actual practice it is often inefficient to use the general form given by
Eq. (33), because we do not initially know E(r), and our approximations
to W(r, 6) may depend upon the permutational properties of Z(r). For
example, if we approximate =(r) by an orbital product, different orders
of assigning electrons to the orbitals will result in different wave functions.
It is frequently more convenient to use Eqgs. (23) and (24) in place of Egq.
(33). Permutational ordering in ®,(r) has no effect upon the wave function
generated by Eq. (24), and a completely arbitrary ®,(r) specifies, and in
fact overspecifies, a general wave function.

One method of approximating a general ®,(r) is as an expansion, of
the form

Do(r) = Zk‘, axE(r). (34)

Each spatial function in this series may be called a configuration, and the
use of an expansion of this type is called a configuration interaction method.
Using the expansion of Eq. (34) in Eqgs. (23) and (24), we obtain results
which may be expressed as follows:

¥.(r, 0) = _; ; UHQ)2,E(r)O (o), (35)

Y(r,e) =) _zj: a, W i(r, 6). (36)

The coefficients a;, may in principle be determined by use of the variation
theorem.
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We shall adopt Egs. (35) and (36) as our standard form for an anti-
symmetric wave function which is an eigenfunction of #? and &,.

D. Matrix Elements of Spin-Free Operators

We treat here the evaluation of the matrix elements of operators which
are independent of the spin, using the general wave functions given in
Egs. (35) and (36). Since we contemplate application to observable
quantities, we restrict the discussion to operators which are Hermitian
and which are symmetric in the electronic coordinates. Letting # desig-
nate such an operator, the matrix elements we seek are of the form
CHy/(r, 0) | B | Wi, 6)).

We begin the evaluation by substitution from Eq. (35):
CE(r, )| B | Yi(r, 0))

d d

=Y Y Y (UNQZE(O(0)| B|UTAQ)2, Eu(r)®s(0)y. (37)

J=1 =1 00
Because # does not depend upon the spin and because the ©,(¢) are
orthonormal, the only nonzero terms on the right side of Eq. (37) are
those for which j/ = j. Taking the scalar product of the spin coordinates,
and collecting the constant factors, we get
d

PN B = ) 3 Ul QUIAQK2ELr) | B] 2,/5:(r)).  (38)
“ &

=
We next make use of the properties of the operators # and 2. First, 2 is
unitary, so 2* = 27!, This means that
(2,E(r)| B|2,'El1)> = (Bur)| 27 ' B2, | E(T).

Moreover, the symmetry of # causes # and 2 to commute, so we may
replace 27192, by 82, '2,’. The unitary of the matrices U also enables
us to rewrite U;,(Q) as U(Q~"). We may then identify the sum over j
as a matrix multiplication:

d
j;U?}(Q")U}E'(Q') =UiQ™'0).
All these changes lead to
AL 12 =QZQ:, USQ'Q)E() | 82,1 2,1 Ep(1)>.  (39)

Finally, we use the fact that the 2 summation is over all elements of a
group to replace 27'2', wherever it appears, by 2. After doing so, the sum
over 2’ simply contributes n! identical terms. We therefore get

V1B W) = n!% U (Q)KEr) | B2, | Ep(r)). (40)
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An examination of Eq. (40) indicates that, although the presence of
electron spin has a profound effect on the formulation of molecular
calculations, spin-independent observables can be characterized without
explicit use of the spin functions themselves. All that enters the theory is
the transformation properties of the spin functions under permutation,
as indicated by the matrices U(Q).

E. Matrix Elements of Spin-Dependent Operators

Some of the steps of the preceding section could only be carried out
because of the spin independence of the operator #. To discuss matrix
elements of spin-dependent operators, it is more convenient to start from
W,i(r, 6) in the form derived from Eq. (25):

P,i(r, 6) = n! LE(r)O(c). (41)

We now let # stand for a spin-dependent operator, and we use Eq. (41)
to write its matrix elements in the form

1B YD = (1) AE()O0) | B | A Ei(1)O;(0)). (42)

We note that & is self-adjoint and that it commutes with #. The com-
mutation follows from the fact that 4 is symmetric in the electronic
coordinates. Further, we recall that & is idempotent, so that &/ = .
For these reasons, Eq. (42) is equivalent to

CH | B = (n)(E(NO(0) | B | E,(r)O,(0)). (43)

Now that we have gotten rid of the operator 7 in the left part of the
scalar product, we replace the expression for Wi(r, ¢) in the right half
by the more explicit form given in Eq. (35). This gives

d
(P BIYe) = .; %n! Uji{(Q)<ErO(0) | #| 2,E,(r)O(a)). (44)

The result in Eq. (44) can be put in an alternative form which more
explicitly illustrates the effect of the spin dependence of #. Defining a
matrix B whose elements are spatial operators,

Bi; = <O(0)| 10 (0)), (45)
we may write

V| B> = n! % G [BUHQ)]i2, | Eal1))- (46)
If # were independent of spin, the matrix B would be simply £ multiplied

by the unit matrix, and [BU*(Q)];; would be ZU.(Q). This would yield
the result obtained in the previous section as Eq. (40).
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Often # will have a spin dependence which causes it to fail to commute
with &% or &,. In such cases there will be matrix elements of # connecting
states of different S or M,. The formalism leading to Eq. (46) applies
equally well to such matrix elements. All we need do is to interpret @,(s)
and ©;(e) as referring to states which are no longer restricted to common
values of S or M,. Since U(Q) connects only states of common § and M,,
[BU*(Q)];; then is

d
[BU*Q)]y = glﬂi,-Ufr(Q), 47

with i’ and j referring to wave functions of the same spin state, which need
not be the same as the spin state referred to by /.

I111. Orbital Theories

A. The Use of Orbitals

The expressions of the two preceding sections can be greatly simplified
if we consider only spatial functions =,(r) which can be written as products
of one-electron functions, which we call orbitals. We denote such orbitals
by x.(ry), x2(r), ..., and we assume the existence of a complete set of

orbitals yx,(r;), j=1,2, ..., so that any spatial function ®y(r) can be
expressed as an expansion
Dy(r) = ; Aok )T DXk, 2)(T2) = Xigomy(T)s (48)

where (k, 1), (k, 2), ... (k, n) are a set of orbital numbers dependent upon
the summation index k. Equation (48) is in the configuration interaction
form of Eq. (34) if we identify each value of k& with a configuration:

Er) = X(k,l)(rl)X(k,Z)(l'z) X(k,n)(l'n)- (49)

Equations (48) and (49) are equivalent to the well-known observation that
a configuration interaction remains completely general if each spatial
function Z,(r) is assumed to be a product of orbitals. Since the most
general wave function obtained from Z,(r) does not depend upon its per-
mutational form, we shall assume each Z,(r) to have its orbitals arranged
in ascending numerical order.

A second simplification of the two preceding sections may be obtained
by making use of the fact that the observable quantities we discuss are
almost invariably described by one- or two-electron operators, i.e., by
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operators of one of the following forms:

#= Y Un, o), (50)
I=1

m—

n 1
B=Y 6(x, ¥, Gy, G,). (51)
m=2 1

Before proceeding to the main discussion of this section, it is convenient
to establish a few notational conventions. In scalar products, we shall
show the orbital composition of the function Z,(r), not by the right side
of Eq. (49), but by the more compact designation (k, 1)(k, 2) --- (k, n).
When ZE,(r) has been operated on by the permutation 2,, we shall indicate
its permuted orbital form by the notations (k, q,), (%, q,), ... (k, g,), where
(k, g;) refers to the orbital which, in the permuted form, describes electron
i. Thus, in a scalar product, 2,Z,(r) may be designated by (k, ¢,)(k, q,) -
(k, q,)-

Let’s consider first the matrix elements of a particularly simple operator.
The overlap matrix elements, (¥,/|¥/)>, may be regarded as of the
form (W, | % | Y[, with # equal to the identity operator. Using Eq.
(40) and our recently adopted notational conventions, we have

PN W) = n! % Ui (Q)X(k, Dk, 2) -+ (k, ) | (K" ,q (K, 42) -+ (K, q(n)>5
52

Separating the scalar product on the right of Eq. (52) into factors referring
to individual electrons, we have

1=

P | Wi = n! % UE?(Q)Z":I NEICAh)2 (53)

The individual factors on the right side of Eq. (53) are just overlap integrals
for orbitals:

ke DI )0 = Jdrsz';c, DX kg ) (X 5)- (54

The meaning of Eq. (53) may be illustrated with a simple example. We
take a two-electron system (so n = 2) with a spatial configuration & which
is x,(r))yx,(r;) and another spatial configuration k&’ which is yz(r,)yx.(r,).
In other words, (k, 1) =1, (k, 2) = 2, (k’, 1) = 3, (k’, 2) = 4. Let’s suppose
we consider the singlet spin state, for which d = 1, so that the only pos-
sible values for i and i" are i = i’ = 1. This just means that there is only
one two-electron singlet state (the well-known form aff — fa). The two
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possible permutations 2 are the identity and the interchange of (the two
electrons. For both these permutations, in this spin state U} (Q) = 1.
Equation (53) is thus seen to state

CH W) = 21<113)<214) + <114>(2]3)). (35)

This is of course the result we could have gotten without such an elaborate
formalism by recognizing that the two-electron singlet state for con-
figuration & is +[x,(r)x2(r2) + x2(r)xy(r2)](@f — Pa), while that for k'’
18 3[xa(r)ra(rs) + 2a(r)xa(r)l(ef — Ba), and then evaluating the scalar
product (¥,' | ¥}).

On the other hand, if we had looked at a component of the triplet state,
for which also d = 1, we would have U(Q) = +1 for the identity per-
mutation, but —1 for the interchange, so that Eq. (53) would have given

i |'Wed = 21KT135€214)> — <114)<213)). (56)

This result is also obtainable by more direct means, the minus sign
appearing because the triplet-state spatial function is antisymmetric in
the electronic coordinates. Results corresponding to those discussed above
are considerably more difficult to obtain directly for larger systems, and
it is for such systems that the formalism here presented is designed.

In order to adopt a notation which will be particularly convenient for
more complicated operators, let us rewrite the results we have found for
the overlap matrix. First we define

AuAQ) = l—[1 Lk, DK q;))s (57)
j=
the n-dimensional overlap integral between the function Z,(r) and
2,5,/r). Then,
P | Wiy = n! % Ui Q) AuAQ). (58)
We pass next to a discussion of one-electron operators of the form given
in Eq. (50). For the present we consider operators which are independent

of the spin. Introducing the orbital form for E,(r) and 2,Z,.(r) and Eq. (50)
for # into Eq. (40),

CFL1B1¥e)

=n!) UiAQ) Z (k, 10k, 2) == (k, m) | 6(r)) [ (K", gy XK, q2) -+ (K5 g4))-
C =1 (59)
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Separating the right side of Eq. (59) into factors describing individual
electrons,

P B Wy =nl Y U?.-"(Q)’Z ke, D1E@) (K, q)> [T <G DK, q,))-
e - Y
If the quantities {(k,!)|(k’,q,)) are nonzero for /=1, ... n, Eq. (60)
may be rewritten
; y 2 Lk, D) [ (K g0
CHE1BIYED = n! Y URQ) Q) S
* ’ % WO T DIK a0
Equation (61) may be used even when some of the factors {(k, /) | (k’, q,)>
are zero if it is understood that cancellation of common factors between
A, (Q) and the summation over / is to be done before values are inserted
for any zero factors.

Two-electron spin-free operators may be handled by methods which are
entirely analogous to those just employed for one-electron operators. A
two-electron operator 4, of the form given in Eq. (51), can be shown to
have matrix elements

(W B
n et (G, Dk m) | A 1) | (K @)K g
—n! *(0) A, &
MY UHOAD Y, Y T DTk any<te MK 4

(62)
In Eq. (62), as in Eq. (61), zero factors in the denominator are to be can-
celled against A,,.(Q) before numerical evaluation.

Next we look at the matrix elements of spin-dependent operators. Take
first a one-electron operator as in Eq. (50). The operator space for a single
electron spin is spanned by four operators (e.g., J,, 9,, 9;, and the identity),
so that 4(r,, 6,) can be written either as 4,(r)£,(s,) or as a sum of up to
four such terms. We assume that this expansion has already been made
and we restrict our attention to one of its terms, so that

A(rb 0.’) = ﬂr(rl)ﬁa(al)' (63)
With the aid of Eq. (63), Eq. (46) becomes

(61)

(Y | B Yy = n! ;lg [b(HUM( Q)] () | (1) 2, | Exr)),  (64)
where b(/) is a matrix [cf. Eq. (45)] with elements
bi(I) = <O(0)| £,(6)| © (o). (65)
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Another way to characterize b(/)U*(Q) is to combine Eqgs. (16), (17),
(65), and the resolution of the identity Y 4_, |©(6)){©(6)| to yield
[(HU*( Q)]s = <O0)| 4,(61)e92, | ©:(0)). (66)
Equation (64) is like Eq. (59), except that elements of b(/)U*(Q) stand
in place of U*(Q). Equation (64) therefore leads to a result analogous to
that obtained from Eq. (59):
Kk, D14,x) (k' q1))
Kk, DI(K', 91>
A parallel analysis may be given for a two-electron spin-dependent
operator whose terms factor to give
6(1-!’ rm1 Gla cm) = Jr(rl’ rm)ﬁa(cb o.m)' (68)
The matrix elements are

(VS| B W) = n! ; IZ OUHQ) T AulQ) - (67)

n m-

1
(‘Pkilg | "P;:'>= n! %: Z Zx [b(, m)U*(Q)]ii’Akk’(Q)

m=2 1=
Lk, Dk, m)| 6,(x, va) [ (K, @)K, 4.)> (69)
ke, DI gk, m) (K )y

Here b(/, m) is a matrix with elements
bi(l, m) = (®(e)| 4,(a), 6,,) | O (6)). (70)

B. The Effect of Closed Shells

The matrix element expressions we have obtained can be greatly sim-
plified if the various configurations contain doubly occupied orbitals.
The simplifications are of three kinds. First, the presence of double
occupied orbitals causes the vanishing of the W,(r, ) for certain spin
functions ©;(e). This means we need not consider some elements of the
matrices U(Q). Second, there will be permutations which are of identical
effect upon E,(r), and these can be grouped so that each need not be
computed individually. Third, the presence of doubly occupied orbitals
makes ‘Pk"(r, o) invariant under certain unitary transformations of the
orbitals among themselves. Using such a transformation, orthogonalities
may be created among the orbitals. These orthogonalities can cause
certain permutations to fail to contribute to the matrix elements. Those
permutations may then be omitted from the summations.

Before discussing these simplifications let us note that we may not have
an arbitrary amount of double orbital occupancy for arbitrary S, because
we must avoid functions Z,(r)®,(¢) which cannot be antisymmetrized.
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Since a doubly occupied orbital is symmetric in its two electrons, it must
appear in combination with a spin function which has an antisymmetric
component in those two electrons. Since a pair of electrons with an anti-
symmetric spin function (i.e., aff — po) constitute a subsystem with zero
spin, a spin function of given S must have at least 2S electrons which are
not in antisymmetric pairs. This, in turn, means that at least 2S orbitals
must be singly occupied. We also note that there always exists a spin
function with all but 2§ electrons in antisymmetric pairs, so that it is
always possible to place all but 25 electrons into doubly occupied orbitals.
We need not consider triple or higher orbital occupancy because the spin
space of an electron is only of order two, and consequently there exists no
spin function with a component which is antisymmetric in the coordinates
of more than two electrons.

We next inquire as to whether the generality of a configuration inter-
action is reduced by using only configurations with doubly occupied or-
bitals. We observe thatanarbitrary pair of orbitals y,(r,)x,(r;), when multi-
plied by spin function aff — Bu,isequivalent to (x,x; + x2x1)(@f — fa) when
both expressions are multiplied by spatial and spin functions of all other
electrons and antisymmetrized. The combination (x,x2 + x2x1X0f — fa)
can be reproduced by a configuration interaction involving three con-
figurations containing, respectively, x,x.(@f — o), x2x.(af — Ba), and
(1 + %) + x2)(@f — Bo). Since the introduction of doubly occupied
orbitals presupposes the existence of a spin function with the postulated
pairwise antisymmetry, a complete configuration interaction loses no
generality by a restriction to doubly occupied orbital configurations.
However, it is important to notice that the number of configurations
needed to obtain a given wave function may be increased if doubly
occupied orbitals are used.

As we remarked previously, the use of doubly occupied orbitals must be
accompanied by the use of spin functions with antisymmetric components
in the corresponding electrons. It is possible to choose the set of spin
functions @(e), i=1,...d, in such a way that either ©,(¢) is antisym-
metric in all pairs of electrons in doubly occupied orbitals or that @;(s)
leads to a vanishing antisymmetrized wave function. Let’s get more specific.
We consider spatial configurations in which there are 2p electrons in p
doubly occupied orbitals and u other electrons, so 2p + u =n. The
sufficiently antisymmetric spin functions ©®,(¢) will all have the form

Qo) = (af — pa) --- (af — Pa)(spin function of u electrons);. (71)

p factors
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Applying &2 and &, to ©,(o) as given in Eq. (71), we find that the 2p
electrons in antisymmetric pairs have a resultant spin S =0, so that the
u electron function of the remaining spins determine the eigenvalues of
&#? and &,. This means that the suitable u electron spin functions are
those which are themselves eigenfunctions with the S and M, values
desired for the n electron system, and the number of such spin functions
will be the value of d for the given S, M, but for u electrons.

We shall use the spin functions @;(¢) in combination with doubly
occupied orbitals to make wave functions of the form obtainable from
Eq. (41):

Wi (x, 0) = nl o xu 2yXik, 29Xk, Kik,a) = Xk, 2y Xk, 2p) Xk 2p+ 1)

X Xk,2p+2) " Xeoumy(@B — Bo) -+ (@B — Bo)(u spin function).
(72)

We note that the double occupancy and the operator &/ permit us to
recast Eq. (72) in the form

YT, 6) = n s uonXwXwak = Xk2pXk2p)

X Xekzp+ )Xk 2p+2) **" Xkom@Bop ++- aB(u spin function).
(73)

Equation (73) is a convenient expression to use in discussing orbital
transformations and orthogonalization procedures.

In Eq. (73), because of the presence of &7, any spatial orbital with an «
spin function may have added to it any linear combination of other « spin
spatial orbitals without changing the value of W, (r, ¢). The same is true
of the spatial orbitals having f spin functions. It is thus possible to make
linear transformations among the doubly occupied orbitals. Since the
a spin and B spin orbitals are identical, transformations may be made in
a way which preserves the double occupancy. It is also possible to trans-
form the singly occupied orbitals by adding arbitrary amounts of the
doubly occupied orbitals to them. Such transformations clearly leave the
wave function unaltered, since each added doubly occupied orbital term will,
on expansion, yield a triply occupied orbital configuration which must
vanish. Notice, however, that we may not transform the singly occupied
orbitals among themselves unless we are willing to change the wave
function.

The orbital transformation properties permit us to generate ortho-
gonality in various ways, suggesting the obvious possibility that we could
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set up the entire configuration-interaction wave function in terms of a
complete set of orthogonal orbitals. While this is indeed possible, it should
be noted that the simultaneous use of double occupancy and a fixed set
of orthogonal orbitals is not consistent with maintaining full generality of
the wave function, even in a configuration interaction of infinite extent.
The truth of this statement becomes apparent if we consider a two-electron
system and a complete orthogonal set of orbitals y,, x5, ... . The spatial
function y,x, can only be created in a doubly occupied orbital formulation
by using x,x1, %22, and (xy + x2)(x; + x2). if we insist on retaining y,
and x, as members of the orbital set. But y, + x, is not orthogonal to yx,
or x, and therefore cannot be in the orbital set. Notice, however, that,
after we have decided we want a wave function of a particular form, we
can choose an orbital set which yields it while excluding other forms not
then of interest to us. In the example under discussion, x,x; can be reached
by a linear combination of (y; + x,)(x; + x2) and (x; — x2)(x; — x2), wWhere
X1 + x2 and x; — x, are orthogonal. But we have then given up the pos-
sibility of making y,x,. The point of this discussion is that the use of
doubly occupied orthogonal orbitals leads to a loss of generality in the
wave function unless the orthogonal orbitals themselves are regarded as
subject to an arbitrary unitary transformation.

Even though we cannot hope to make a general wave function from a
single set of previously chosen orthogonal orbitals, using double occupancy,
we can nevertheless make effective use of orthogonality to simplify the
calculation of matrix elements. For evaluating a matrix element
(¥,/|#| P> the most useful orthogonality is between the orbitals of
configurations k& and k', rather than within either configuration indivi-
dually. In particular, we may make orbital transformations to ortho-
gonalize each doubly occupied orbital of configuration k& to each doubly
occupied orbital of configuration k', except that corresponding orbitals
of the two configurations (i.e., those with the same electron numbers)
need not be orthogonal. A proof of this and related statements is given in
Appendix A. For closed-shell wave functions, i.e., wave functions con-
sisting only of doubly occupied orbitals, this is sufficient orthogonality
to permit an optimum simplification of the matrix elements. If the wave
functions also contain singly occupied orbitals, they may be orthogonalized
to the doubly occupied orbitals of the other configuration, with the
exception of those doubly occupied orbitals which are orthogonal to the
corresponding orbital of the other configuration. Unfortunately, it is not
possible to orthogonalize the singly occupied orbitals with these remaining
doubly occupied orbitals, nor with the singly occupied orbitals of the other
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configuration, without altering the wave function. Notice that the ortho-
gonalization procedures for a configuration k are determined by its rela-
tionships to another configuration &', and each k' may require a different
orthogonalization of the orbitals of configuration k. If two configurations
k and k' have different numbers of doubly occupied orbitals, the analysis
of this paragraph may be carried out with the noncorresponding doubly
occupied orbitals regarded as degenerate singly occupied orbitals.

When the orthogonalization procedure of the foregoing paragraph is
applied there result three well-defined cases. First, there is the closed-
shell case, where configurations k and k' consist entirely of doubly
occupied orbitals. In this case every orbital of k is orthogonal to every
orbital, except possibly the corresponding orbital, of k. Next we dis-
tinguish what may be called a maximally overlapping open-shell case, in
which there are both singly and doubly occupied orbitals, but with each
doubly occupied orbital of configuration k having a nonzero overlap with
its corresponding orbital in configuration k’. In this case the orthogonali-
zation procedure results in making every doubly occupied orbital of each
configuration orthogonal to every orbital of the other configuration,
whether singly or doubly occupied. Finally there is the general open-shell
case, where one or more doubly occupied orbitals are orthogonal to the
corresponding orbital of the other configuration. These orbitals cause
complications because they cannot be orthogonalized to the singly occupied
orbitals of the other configuration. It is therefore most convenient to treat
this case as one of maximally overlapping open shells, by including the
offending doubly occupied orbitals as degenerate singly occupied orbitals.
Accordingly, we need study the matrix-element formulas only for closed-
shell and maximally overlapping open-shell situations.

The present discussion can be facilitated by a more specialized notation
than that used in the preceding sections. Since we deal here entirely with
given values of k and &', we drop them from the orbital subscripts. To be
more specific, we let configurations k& and &’ contain p doubly occupied
orbitals and u singly occupied orbitals. For configuration k, we use
X1»> X2» --- Xp for the doubly occupied orbitals, and ¢, @,, ... ¢, for the
singly occupied orbitals. For configuration k’, we use x,, x2's --- X»'»
and @,’, ¢,', ... ¢,/. We assume E,(r) or Z,.(r) are written with the orbitals
in order, doubly occupied orbitals first. Thus,

Elr) = xu(r)xa(ry) -« xilrai- Dxrzs) -+

Xp(l‘Zp-— I)Xp(r2p)¢l(r2p+ l) ot (pi(r2p+i) o ¢u(rn)' (74)
We aiso need to make reference to specific permutations. We write Q, , to
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indicate the permutation in which electrons u and v are interchanged.
Notice that the way the deubly occupied orbitals are numbered, Q,,
does not permute orbitals 4 and v. The permutations which do this are

Oau-1,2v-1» QZu—l,Zv’ QZu,Zv—l’ and Qzu,zv-

C. Closed-Shell Matrix Elements

We are at last ready to work on the matrix elements. We take first
the closed-shell case, and we start with the overlap matrix, as given in
Eq. (58). Due to the orbital overlap conditions we have created, no per-
mutation 2 can contribute in Eq. (58) if that permutation causes an
interchange of orbitals. This means that the permutations which do con-
tribute in Eq. (58) are just those which cause only interchanges within
doubly occupied orbital pairs. Since there are p orbital pairs, there will
be a total of 27 such permutations. Letting R stand for such a permutation,
and R for the group of all such permutations, the contributing permuta-
tions satisfy R e R. Since R,E,(r) = E,.(r) for these permutations, Eq. (58)
reduces to

VYWY =nt Y UAR)A, (75)
Re®
where
& =TTl (76)

In the closed-shell case there is only one spin function, namely, that
proportional to (aff — fo) --- (2 — Ba), and application of Egs. (16) and
(17) show that UX(R) = 1 for all ReR. Thus,

QP WA =(2p)!12PA  (closed shells). (77)

We next turn to one-electron spin-free operators, whose matrix elements
are given in Eq. (61). We note that Eq. (61) contains the factor A,,.(Q),
which will certainly vanish if the permutation Q causes an interchange of
orbitals. We also note that there is one overlap factor in the denominator
which can be used to cancel a zero factor in A, .(Q), but an orbital exchange
will result in two zero-overlap factors. The situation is therefore similar
to that already discussed for the overlap matrix, and only permutations
R e R contribute to the matrix elements. Equation (61) simplifies to
Ll bl

1 BIWL = ()12 A Y ST RS

(one-electron spin-free operator, closed shells).

(78)



84 Frank E. Harris

In Eq. (78), the summation is over orbitals rather than electrons. The
double occupancy of the orbitals has resulted in an additional factor of 2,
which is included before the sum. The result is well-known, and has been
extensively discussed recently by Karplus et al. (1958).

Take now a two-electron spin-free operator with matrix elements given
in Eq. (62). Again the factor A,,.(Q) appears, but this time there are two
overlap factors in the denominator which can be used to eliminate zero
factors. Permutations which produce no more than two zero-overlap
factors therefore contribute to the matrix elements. Such permutations
are those with at most a single orbital interchange. These permutations
are of the form R, Qy,-1,2,—1R, Qzu-12R Q2p2v-1R, OF Q3,5,R,
where 1 < u < v < p, and R is any permutation which does not interchange
orbitals (i.e., ReR).

The permutations of the form R make the following contribution to
S SH

42” m L k) 6100 A D
m=2 1=1 0l D m | A’

2": <l £ Xt’Xl')]
=1 ol >2

The summations appear different than in Eq. (62) because they are now
over orbitals. The factor “4” in the first set of sums is due to the double
occupancy of orbitals / and m. The second sum is the contribution from a
pair of electrons occupying the same orbital. The other permutations make
contributions to (¥,! | 2| ¥}, like this:

Rterm =n!) UT(R) A[
Re®

+ (79)
I

ol 10200
ol 220 100>

The sums over / and m in Eq. (62) are reduced to the single term / = 2u — 1,
m=2v— 1, as zero factors in A, (Q,,-;,,-1R) make all other terms
vanish. Differences in definition between A,,-(Q) and A are accounted
for by corresponding changes in the denominator on going from Eq. (62)
to Eq. (80). Terms involving Q,, R, @5,3,-1R, or Q,,,,R give
results analogous to Eq. (80).

We already saw that U;(R) = 1 for all ReR. Using Egs. (16) and (17),
we also have U1*1(Q2u—1,2v-1R) = fo(Qzu-l,zvR) = U;kl(Q2u,2v—1R) =
U(Q3,,2,R) = —4, for 1< u <v<p and all Re®R. This means that the
Qau-1.2v-1R, Q2u-120R, Q3201 R, and Q,,,,R terms are all equal.

Q2,-1,2v— 1R term = n!RZmU;kl(QZy—l,zv—lR)A (80)
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We thus multiply Eq. (80) by 4 and sum over pand vsuchthat 1< p <v<p
to get

ko 410 %72
sum of all QR terms = —(2p)! 2P 1A AL BB L
VZZ le <Xu I Xu ><Xv | Xv >
Combining Eq. (79) and (81), changing dummy indices in Eq. (81),

A x| €100 A > — 2s12m | €\ 2 24D
W BIWLS = (2p)!122 A m m
HC1BYer = 2p) [Z Z( 15t ' )

(81)

Z" <XtX1|ﬂ|Xt'Xll>]
=1 <l Xl,>2

Finally, we rearrange the sums to obtain

(2<x,xml 1 Am' > — k| £ x,..'x:’>)
Sl 2w | Xm'>

(82)

(P BIWL = QRIPA Y Y

I=1m=1
(83)
(two-electron spin-free operator, closed shells).

Equations (77), (78), and (83) contain the essential relationships for
studying spin-free operators in closed-shell systems. We may illustrate the
use of these equations by forming the matrix elements for an operator of
particular interest, namely the Hamiltonian, in the approximation of
Eq. (2). The result is

P %y
CH P> =(2p)!2° A[ Z, <X2|x IJ!:X;>
1= 1

2
2 Z": 2<x1xml Ix,xm> <x:xml Ixm 'y

+ )
<X1|Xl | X' >

I=1 m=1

NoiZl ZZ; e?
+ closed shells). 84
P l] ( ) (84)
The operator #, appearing in Eq. (84) is
h? N Z.e?
hy= -V Y 2 (85)

2m i=1 |I'—Rj|.

It perhaps should be reiterated that the orbitals y; and y;” have been chosen
in such a way that {x;| x> = 0 unless / = j, and that, if the orbitals as
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originally supplied did not have this property, they can be transformed so
as to acquire it without change in the wave function. If k¥ and k&’ describe
the same configuration, if the y; are orthonormal, and if we normalize
¥, !(r, 0), Eq. (84) reduces to the well-known result

Xle>

x,,,x,>) + Z Z |R R ] (closcd shells). (86)

Jj=2 i=1

2

) p P e
HY=2YCulblwd+ Y Y (2<x,x... —
=1 1=t m=1 ry

ez
XIXM

The results of this section can be extended to spin-dependent operators.
We first notice that the permutations which contribute to the matrix
elements are the same as in the spin-free case. Take first a one-electron
operator, for which the contributing permutations R are those for which
ReR. We therefore need values of [b(/)U*(R)],, for ReR and for all /
[cf. Eq. (67)]. Because RO (o) = £,0,(0), [b(/)U*(R)],, = b,,(I). Looking
at Eq. (65), we see that b,,(/) is independent of /, so we simply write it
as b,,. The matrix elements of Eq. (67) thus reduce to

CH BIWEY = (2p)1 2 by,8 Y, SHL 41D 87)

= >

(one-electron spin-dependent operator, closed shells).

We may further characterize b,,. Starting from Eq. (65) for
04(0)I4,(61)|0 (o),

we form the scalar product of all but the first pair of spins to get

by, = (@B — o) (1) | (@B — Ba)). (88)
This may be further simplified to
byy = 4[Kal 4, |0y + <Bl 4, 1B7]. (89)

For a closed-shell matrix element we see that b,, is the average of {£,)
over both spin states. Notice also that if £, = I, the identity operator,
Eq. (89) reduces to by; = 1, which is the spin-free result we expect in that
case.

Proceeding to two-electron operators, we need [b(/, m)U*(Q)),, for all
Q which cause at most a single orbital interchange, and for the values of /
and m which contribute for each Q. For permutations R e R which do not
interchange orbitals, [b(/, m)U*(R)],; = b,,(/, m), and all / and m values
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are needed. Because of the form of ©,(s), the various b,,(/, m) have only
two distinct values depending upon whether / and m refer to the same or
to different orbitals. When / and m refer to the same orbital we have,
using Eq. (70) and the form of ©,(s),

byy(same) = (af| 4, | af) — (af| é,]| fo). (90)

When / and m refer to different orbitals,
byy(dir) = }[<aa | 4, | ooy + (B| £, 1BB) + 2{af| 4, |aBd].  (91)

The contribution of the permutations ReR to Eq. (69) may therefore
be written

. p mot <XIXM I ﬁrIXl’xml>
R term = (2p)! 27 A| 4b,,(d TR T
erm ( p) [ 11( lr)mzz 1;1 <X1|X1,><Xm|xm,>

<l & Xt’Xz’>]
+ 4y (same) ) ———5—
alsame) 3 Ty

For the remaining permutations which contribute to Eq. (69), we need
expressions such as [b(/, m)U*(Q,,_; 2,-1R)];1, for all ReR, and for
the single / and m values / = 2u — 1, m = 2v — 1. This simplifies at once to
(b2u — 1, 2v — DUX(Q;,-1,2y-1)]11- Because of the form of ©,(e), this
expression is independent of y and v, and is also unaltered if 2u replaces
2u — 1, if 2v replaces 2v — 1, or if both replacements are made. Setting
(b(2u — 1, 2v — DU*(Q3,-1,2v-1)]11 = by (exch), we may use Eq. (70) to
find

bys(exch) = —3[<aa| &, [ax) + B| 4,1 BB> + 2Caf| 4,1 Bod].  (93)

We now sum the interchanged-orbital contributions to Eq. (69):

92)

2 s ol S 2 0D

sum of all QR terms = (2p)!2°*% Ab, ,(exch RV TSR SR
¢ CoRTEAbo) 2, 2 > 110
%4

The final steps of producing the matrix element given by Eq. (69) are
to combine Eqs. (92) and (94), rearranging the summations to produce a
result analogous to the spin-free case given as Eq. (83). In order to do this,
we need to make use of the fact that the three spin-dependent quantities
b, ,(same), b,,(dir), and b ,(exch) are not linearly independent, but are
related by

byy(dir) + b((exch) = b, (same). 95
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Using Eq. (95) to simplify the sum of Egs. (92) and (94),
SR L 2

v p (2001@IDH G X XD
= (2p)!2° Alz Y + 2b (exch)yixm | .1 X' 2> ) (96)
=1 m=1 ’ ’
' >t | o>

(two-electron spin-dependent operator, closed shells).

We note that b,,(dir) and b, ,(exch) are averages over all the two-electron
spin states of {£,>, and —{4,Q,,), respectively. These have the character
of direct and exchange contributions. We also check that Eq. (96) reduces
to the spin-free result if 4, = I, because in that case b,,(dir) = 1, and
b, (exch) = —1.

D. Open-Shell Matrix Elements

In this section we examine matrix elements arising from a pair of maxi-
mally overlapping open-shell configurations, as defined in Section III, B.
As we saw there, the maximally overlapping feature permits the doubly
occupied orbitals of one configuration to be made orthogonal to all
orbitals of the other configuration except the one orbital to which each
corresponds. Accordingly, the permutations which do not produce zero
overlap are those of the form RP, ReR, and P e B, where R is the group
of permutations totally within doubly occupied orbital pairs, and P is
the group of permutations involving only electrons initially in singly
occupied orbitals. The permutations causing two zero-overlap factors are
those of the form Q, ,RP, where ReR, PeB, and p is an electron in a
doubly occupied orbital and v is any electron not paired with u. All more
complicated permutations produce more than two zero-overlap factors and
cannot contribute to any matrix element we shall study.

We shall need the U[(Q) for the various contributing permutations
enumerated above, but only for spin functions 7 and i’ which are consistent
with the assumed double occupancy. These spin functions, of the form
Eq. (70), all have («f — po) factors for the electrons in doubly occupied
orbitals. Let us first look at U*(P) for permutations P e ‘B, which involve
only the singly occupied orbitals. According to Eq. (16) and (17),

Uii(P) = {O(0) | £,2, | ©;(0)). o7

Because none of the P affect the (¢ — Ba) pairs of the needed O (s),
these ©,(s) will be transformed by P only into linear combinations within
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the needed set of @,(6). If we write the matrix for U*(P), it will therefore
have the general form

U*(P) = ............. (98)

where the open area contains unspecified numbers, and the first blocks
of rows and columns refer to the ©,(¢) consistent with the assumed double
occupancy. The zero blocks show that P does not mix these spin functions
with the other spin functions. In Eq. (98), U*(P) is a matrix given by Eq.
(97), but with ©,(6) and ©,(s) referring only to the ¥ unpaired spins
rather than to the entire n-spin system.

Next we look at U*(R), R e R. For the needed / and i’ values, R permutes
only within the (af — fo) factors, and for needed functions O(s),
RO(6) = £, ©,(0). This has the effect that U*(R) has the form

U*( R)=[ -~ ------------- 99)

where 1 is a unit matrix.

Finally, we shall need U*(Q, ), where u is an electron in a doubly
occupied orbital, and v is any electron not paired with u. Using Eq. (97),
we may find

UQ,,) = | — : (100)

UP) o
UMRP) = | oot o1)
0
—5U%P)
UH(QuoRP) = [ -t . (102)
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These equations tell us that for the i and i’ values consistent with the
assumed double occupancy,

Ui(RP) = U;i(P), (103)
Ui(Q,,RP) = —3U(P), (104)

where, it may be recalled, the U* depend only upon the  unpaired electrons.
More detail on these matrix elements is given by Kotani et al. (1955).

We are now ready to calculate matrix elements. The overlap matrix,
Eq. (58), is obtained by summing over the permutations which do not
generate zero overlap:

CH W) =n! Z Z Uii(RP) Ay(RP). (105)

Since R operates only on the doubly occupied orbitals and P operates
only on the singly occupied orbitals, their effects are independent. As we
saw previously, R has no effect on the doubly occupied spatial orbitals.
We therefore make the following subdivision of A,,.(RP):

A (RP) = AN'(P), (106)

where A describes the overlap of the doubly occupied orbitals,

A= [Tl (16)

just as it did in the closed-shell case. The only difference is that there are
now also singly occupied orbitals whose overlap is described by A'(P):

AP = T1 <01, (107)

With these notations, and Eq. (103) for U[.(RP),
P> =nl2PA Y U;‘;(P)A’(P) (open shells). (108)
P=9

We can better exploit the parallelism between the closed-shell results
we obtained previously and the open-shell results we are now obtaining
if we introduce still further symbolism. We let (¥,! |¥>, stand for
the overlap matrix element of the 2p paired electrons, taken as a system
by themselves, according to Eq. (77). We further let (¥, | ¥L>, stand
for the overlap matrix element of the u unpaired electrons taken alone,
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according to Eq. (58). Then Eq. (108) is equivalent to
CHIPE = (D)0 1# 0 #, (109)
Look now at one-electron spin-free operators. Again we need only

permutations RP, with Re®R, PePB. Summation of Eq. (61) over these
permutations leads, after some simplification, to

d A
PN BIYEY=n12PA Z U . (P)A’ (p)[ ;1 )<(lx|‘|)|('Xt>>
¢ @110 ”
+’Z:1 <<P1|(P'p,> ] (110)

(one-electron spin-free operator, open shells).
We introduce
¥ B|Wey, and (Y| B YD,

to refer to matrix elements of operators like 4, but restricted to the paired
and unpaired electrons, respectively. These quantities may be calculated
by use of Eqgs. (78) and (61). Equation (110) then becomes

1B = ()Cr 1w, 1D

+ P! ’lykl>p<wkil'@l\l,li¢">u]' (111)

Equation (111) is clearly a sum of separate closed-shell and open-shell
contributions.

For two-electron spin-free operators we need permutations of the forms
RP and @, ,RP. The RP permutations lead, on substitution into Eq. (62)
for (W,'| B | WL, to
Z Z <x:xm|d|x:xm>’
m=2 <Xl I Xi ><Xm l Xm >

Z” unl ' 42 2 ¥ i oml £ 1) Pp,

RP terms = n!2°A z UX(P)A (P)[

=1 <X1|X11>2 1=1m=1 <X1|Xt'><(/’m|q’;;,,.>

u m=—1 A 7Y

5 Q1P| ] 0p 05, } (112)
m=2 151 @1 9, 0P| ®,,>

The Q, ,RP permutations each contribute only for a single set of values
of / and m in Eq. (62). Bearing in mind that u refers to a paired electron
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and v to any electron not paired with p,
sum of all QRP terms = n!2°A Y [—4U%(P)JA'(P)
Pe®P

8 [4 SR W LAV Y PP,
v=2p=1 <Xu I Xu,><Xv | XV’>

2 {51 41 05,90, ]
+2 - .
p=1v=1 <Xy | Xy ><§0v I va>
There is no totally singly occupied orbital term in Eq. (113) because such

permutations are included in B rather than in the set of Q, ..
Combining Eqgs. (112) and (113),

(VY| BIWEY = nl12PA Y UE(P)A'(P)
Pe®P

(113)

2o (20t E 1 X A > — ik | 6| X' X0 )
X
I:IZ Z ( <X1|Xf><Xm |Xm’>
+ Z” Z (2<x1<pm 121 %/ @p,> — <X1¥m| £ ] <p;,mx1’>)
=1 ul ' >oml 0,2
u m—1 ﬂ ’ ’
Z <(pl(pm I I (pp,(ppm> ] (1 14)

m=2 =1 {@1| 92 Pn| @p,.>
(two-electron spin-free operator, open shells).

A review of the steps leading to Eq. (114) indicates that the last term
should be omitted if there is only one unpaired electron (i.e., if u = 1).
Equation (114) may be written

CHBI9E> = (D)1 1195, D,

+ QU WD CFL | B i), + CPL I BIWE L], (115)

where (¥,'|#|Yp>, and (¥,7|#|¥.), may be calculated from
Egs. (83) and (62). Equation (115) shows the matrix elements of & as a
sum of closed-shell term, an open-shell term, and an open-shell-closed-
shell interaction term:

¥ | B, = (20)u!A Y. UL(P)A(P)
Pe®

2 ¥ [2{u@m| £l 1 @p) — 10wl €10, x:'>]
x m m 116
,; mzl [ ul ' ><@ml @3, (116)
(2 spin free).
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As in the closed-shell case, we illustrate the use of these formulas by
writing matrix elements of the Hamiltonian operator. In general, we have

SEZ) 752

2”: XtMlIXl i <(P1|/51|§0’;,>
=1 ala'> I=1 <‘P1|¢p,>

xm’x,’>
(Pp,,.Xl >

=n!27A Z UXP)A'(P)] 2

2

e
ro2 2<x:xm _—

+ Z Z 12
1=t m=1

2

’ ’ e
XtZm ) — \ Xthm| —
’

12
0l >tm | Xy

e
Xl (Ppm Xl(pm

2 2

. 12 <x:<om
2

M'u

l=1m 1 <ulw’ ><‘Pm|‘Ppm>
u PP | — m(ppm N j-1 2
ZZe
n ry2 + i 117
m=2 l=1 <(P1 | (Pp,><(;°m | (ppm> j§2 i; |R‘ - RJI ( )

(open shells).

Note that the orbitals to be used in Eq. (117) are assumed to have been
transformed, if necessary, so that (y;|y;’> = 0 unless i =j, and so that
il =<{@ilx/> =0forall i and j. Notice also that ¥, of Eq. (117)
is not normalized, and that overlap matrix elements among various ¥,/
are as given in Eq. (108).

Next we look at one-electron spin-dependent operators. We need values
of [b(l)U*(RP)];; for both paired and unpaired electrons /. If [ refers to
a paired electron, we see that (@«0)|4,(6)|0;(¢)> will vanish if i # /',
and will also be independent of /. For all paired electrons, b(/) will there-
fore have the block form

b(l) = [ o — (electron I paired), (118)

where b,, is as given in Eq. (89). Referring to the form of U*(RP), given
in Eq. (101), we see that

[b(HU*(RP)],; = bHF,?',f/(P) (electron [ paired). (119)
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If I refers to an unpaired electron, we observe that £,(e,) will not disturb
the pairing structure, so b(/) will have the form

b(l) = [ - ------------ (electron ! unpaired),  (120)

where B(/) is as defined in Eq. (65) but using the u electron, rather than the
n electron spin function. Using Eqgs. (120) and (101),

[b()UXRP));, = [B(DU*(P)];»  (electron I unpaired), (121)

which may be calculated as described in Section III, A.
Employing Eqgs. (119) and (121), we may proceed much as in the spin-
free case to obtain

N , g 2 <X1|5|Xl>
CHIBI¥E) =mZA Y A <P>[2U WPk =y
hd fperrd <‘Pl|ﬁr|¢’l>]
B()UR(P)],y ~o"r P 2
+ 2 IBOT P e 2 (122)

(one-electron spin-dependent operator, open shells).

Just as in the spin-free case, Eq. (122) can be written as a sum of closed-
and open-shell contributions according to Eq. (111).

Finally we treat two-electron spin-dependent operators. For the per-
mutations of the form RP, we will require [b(/, m)U*(RP)];; for all / and
m. We distinguish three cases: / and m both paired electrons; / paired,
m unpaired; and both unpaired. When both / and m are paired, b(/, m)
has the general form

Rl e m— ...................... (I, m paired), (123)

SO

(I, m paired). (124)
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The value of b,,(/, m) will depend only upon whether or not / and m refer
to the same pair. Just as in the closed-shell case, we will have b,,(same)
and b, ,(dir), given by Eqgs. (90) and (91). Thus,

[b(!, m)U*(RP)];;» = b, ,(same)U?(P) (I, m in same pair), (125)

[b(l, m)U*(RP)]; = by (dinT%(P) (I, m in different pairs).  (126)

If neither / nor m are paired, b(/, m) has the block structure

b(l’ m) = | ceeecemrineaas ; ................ (l, m unpaired), (127)

where b(/, m) is given by Eq. (70), using the u electron spin functions.
Then

[b(l, m)U*(RP)]; = [b(I, m)U*(P)],; (/, m unpaired). (128)

If [ is paired and m is unpaired, b(/, m) does not depend upon /. By direct
application of Eq. (70), we find, writing b;(dir; m) for b;,(/, m):

bi(dir; m) = 1[(O(o)x(a))| £,(m, )| B (e)x(e))>
+ {BOy0)p(s) | £,(m, )| ©(0)B(0)>]
(I paired, m unpaired), (129)

where ©(6) and O (o) refer to the system of 4 unpaired spins. Equation
(129) only describes the elements of b(/, m) for spin functions of the
assumed amount of spin pairing, but the block structure of U*(RP) makes
this the only part of b(/, m) which is needed to evaluate [b(/, m)U*(RP));;..
When we consider permutations @, ,RP we need to use b(/, m) only for
I = p, m =v. Accordingly, we consider [b(/, m)U*(Q, ,RP)];;:, which we
require for two cases: / and m in different pairs, or / paired, m unpaired.
Using the representation property of U*, we begin the evaluation by
writing
[b(l, mUXQ, wRP)];r = [{b(l, m)U*(Q, )} U*(RP)];.  (130)
Because of the block structure of U*(RP), we need [b(/, m)U*(Q,,)];;
only for spin functions i and j with the assumed amount of pairing.
Taking first the case /, m in different pairs, [b(/, m)U*(Q,,)];; has,
independently of / and m, the value b,,(exch)d,;;, with b,,(exch) given in
Eq. (93). This leads to
[b(l, m)U*(Q, ,,RP)];;- = by,(exch)U%(P) (I, m in different pairs).
(131)
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If / is paired and m is unpaired, [b(/, mYU*(Q, ,)};; is independent of /.

Writing b;,(exch; m) for [b(/, m)U*(Q, ,)];;, direct evaluation leads to
bij(exch; m) = —3[(B(@)x(e)) | £,(m, )0, | © (0)x(a))>

+ (©(0)(0)| £,(m, Q| @ (6)B(6))>]
(I paired, m unpaired). (132)

Starting from Eq. (69), we may use the techniques of the preceding
section and the formulas just developed to obtain

(P BIYPEY =nl2PAY N(P)
PeP

0o — 1 2byy(exch)xtm | £, | 2 2D
x U:: P) 11 . :n r
[,Z L, Ui AT ORI

2b; (dir; M) @m | 6.1 1 Opm)
(P

(2b1 (D) | 601 20 Am' > )

+ 2b;(exch; My i0m| 6. | @pmti>
ul x> Pm| Pomp

<(Pl(pmll Jr I (pPl(pIPm> (1 33)
@i | @p P | Oy

(two-electron spin-dependent operator, open shells).

The upper limit of the j sum, d, is the number of u electron spin functions
©,(0). The last term of Eq. (133) is to be omitted if » = 1. Equation (133)
may be regarded as a sum of closed-shell, open-shell, and interaction con-
tributions, according to Eq. (115). The spin-dependent open-shell-closed-
shell interaction, (¥,’| # | WL >, is computed from

u a ___
B = Qo AT NPT T 5 UTP)

=1m
2b;(dirs M) P | 0| Xd' @
+ 2b(exch; mKy@m | &, | @pmti>
Kl 1 X | @ pm?
(4 spin-dependent).

(134)

E. Examples of Spin-Dependent Operators
The current interest in quantities such as the spin density has prompted
many calculations of spin-dependent properties. Let us look at some
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examples which show that the methods we have described can be applied
to spin-dependent operators without undue difficulties.

First, let’s take the operator for the spin density p, the z component of
which at the point r, is essentially

Pz =Z;, o(r; ~ 1o)7,(ay),

where &(r) is the Dirac delta function. This is clearly a one-electron
operator with

4(ry, 6;) = o(r, — 1o)s,(6)), (135)

or
£(x;) = d(r; — o), (136)
£,(6)) = 9,(a). (137)

A discussion of spin density calculations has recently been given by
McLachlan (1960).

If we apply the operator p, to a closed-shell system, according to Eq.
(87), we get zero because the spin-dependent coefficient b,, given by
Eq. (89) vanishes. A similar result obtains for the spin density components
p, and p,. This is of course the behavior we expect for a closed-shell
system.

Suppose now that we consider an open-shell case with the aid of Eq.
(122). Dropping the vanishing closed-shell term, and using Eq. (136) for
4., we have

o (1) pro)

138
ALY (138)

Pl lpl Wiy = nl2? APZ“EA'(P)IZ1 [b(HU*(P)]s
Further simplification depends upon the particular spin state. For a
radical described by a single-configuration wave function with a single
unpaired electron of spin a, v = 1, P contains only the identity permuta-
tion, and there is only one spin state, so i =i’ = 1. For the z component
of the spin density, [b(/)U*(P)),, = h/2. This leads to the obvious result

h
CH L [ D = n 12745 [ 94(Ko) % (139)

Since [b())U*(P)],, vanishes for p, and p,, these components do not
contribute to the spin density.
Take next a triplet state with two unpaired electrons and M, = 1. There
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is again one spin function. For p,, [B()U*(2)],, = #/2, B(YU*(P; )iy =
—h/2, for either electron (/ = 1 or 2). Thus

h
CHt o | ¥ = n!2PA§ @21 922101(ro)|* + {11 @1 )10x(ro)|?

— P21 0100, ([X)02(ro0) — @1 | 9250:*(x)@ (x5)]. (140)

On the other hand, if M, =0, for p,, [B()U*(P)};, = O for all / and P, so
that (¥,' | p,| ¥, vanishes.

A less trivial example is provided by a doublet state with three unpaired
electrons, as would arise in an open-shell study of the Li atom. Using
spin functions

0,(0) = \/—15 (afa — Pax), (141)
0,(c) = —1_6 QQaaf — afo — Paa), (142)

the matrices b(J) for p, are

o L o L i 0
(1) = 1 V3| gt V3| gyt
Ml 2 2l 2 o P
N N 3
(143)

These matrices may be multiplied by the U*(P), available for example in
Kotani et al. (1955). Then the use of Eq. (138) requires only the values of
wave functions and overlap integrals.

A second spin-dependent operator of some importance is that arising
in the Fermi contact contribution to nuclear spin coupling. Some calcula-
tions of this operator have been presented by Karplus and Anderson (1959).
Here we have essentially the two-electron operator

4(¥y, Ty 61,6,,) = $[0(r; — Ry)O(r,, — Ry) + 0(x; — Ry)O(r,, — Ryl * 9,
(144)

with R, and R, being the positions of the nuclei whose spin coupling is
under discussion. The spin-dependent part of this operator can be written
in terms of permutations, with

2
£ ) = 5+ 9= (20 = 1. (145)
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Using Eq. (70) to define b(/, m), we note that the permutation @, ,, operates
on the same functions as were used to define the matrices V and U. With
the aid of this observation, we find

hZ
b(l, m) = —— [2U%Q;,m) +1]. (146)
Then, using matrix multiplication and group properties,
’— 2
b/, mU*(P) = — 7 [2U%(@,.xP) + UX(P)]. (147)

The closed-shell contributions to the spin coupling operator may also
be obtained from Eq. (145). Evaluating the expressions in Eqs. (91) and
93),

by ((dir) =0, (148)
b, (exch) = —3#?/8. (149)

These values indicate that a closed-shell state has no direct contribution
to the contact interaction, but there may be a nonvanishing exchange
contribution.

For open-shellclosed-shell contact interactions we need b;;(dir; m)
and b;,(exch; m), given in Egs. (129) and (132). Our first step in obtaining
these quantities is to note that

{O(0)a(s))| Ol @j(“)a(o'l)) + (O (0)p(a)] (O |@j(°')ﬁ(°'l)> = 5.',', (150)

where O (6) and © (o) are spin functions for the unpaired spins, m refers
to one of the unpaired spins, and / refers to a paired spin, so that ¢, is not
one of the spins included in the argument of ®,(s). To verify Eq. (150),
regard © (o) as expanded into terms each of which is a string of « and
spin functions. If a term contains «(e,,), it contributes only to the first
scalar product in Eq. (150); if a term contains f(s,,), it contributes only
to the second scalar product. The sum of all these contributions is just
{®(0) |©(6)>, which is J,;;, as claimed.

Now we use Eq. (145) to aid in evaluating Eqs. (129) and (132). Noting
that Q,,,0,,, = I, we obtain the result

b;(dir; m) =0, (151)
b,(exch; m) = —(3h%/8)5;;. (152)
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The results are independent of the unpaired spin functions for electron m.
Using Eqs. (147), (148), (149), (151), and (152), Eq. (133) yields

2
<‘l’k"|.@|‘l";:z> = — -f-l— n12FA Z A'(P)
8 Pe®P
[ ( , [Xl*(RI)XM*(RZ)X::,(RI)XI,(RZ)
+ 1 Rt R D R (R))]
3U* P
P\& 2, Gt > 1S

[6*R )@, (R)Ppm(R)Y'(R2) )

llM"ﬂ

+ 1 R0, *R )P pm(R)1 (R)]
1 AP | Pomy

m-—1

Z;mv@m+uwl

m

"Mw

l

+ 0 (R2)0, (R )Op(R)@pn(R})
<‘P1 | (P;’I><(pm I (p;’m>

0 R )P, R)Pp(R)Pp(R2)
X ) (153)

Equation (153) can be greatly simplified if certain conditions are met.
Taking k and k' as the same configuration, assuming no doubly occupied
orbital is appreciable at both R, and R,, and assuming that, among the
singly occupied orbitals, only orbital / is appreciable at R, and only
orbital m is appreciable at R,, we get

2

. . h
VS| 2> = ——8n!2PA Y. A'(P)

PePim

@R @RI
(@i 0P| Pm)

x [2U3(Q1.nP) + US(P)] (154)

In Eq. (154), B, refers to the set of permutations in which / and m are
kept fixed. The conditions leading to Eq. (154) are often approximately
met in valence bond calculations.

The spin-dependent factor in Eq. (154) predicts a nonzero contact
interaction even if spin functions i and i’ do not pair electrons / and m.
Notice, however, that, if P is the identity permutation, the factor in Eq.
(154) becomes 2U}} (Q, ) + ;. If either electron / or electron m is paired
to some other electron, this factor vanishes [cf. Eq. (100)]. Thus, spin
functions which pair electrons / or m, but not to each other, only have
contact interactions of exchange type. Such interactions will often be small,
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IV. Single-Configuration Methods

A. Spin-Projected Determinants

Because of the relative ease of interpretation of functions which are
based on a single product of one-electron orbitals, considerable develop-
ment has been given to methods which result in the determination of a
more or less optimum set of such orbitals. The better known of these
methods employ wave functions which are made by antisymmetrizing a
product of spin orbitals each of which consists of an ordinary spatial
orbital and either an « or a f spin function. Letting Z,(r) stand for a pro-
duct of spatial orbitals and ©(s) stand for a product of o and g spin
functions, such a spin orbital product is of the form Z,(r)@,(s), and the
antisymmetrized wave function is of the form

W(r, 0) = A Z,(r)Oy(0). (155)

Since a wave function of the type given in Eq. (155) can be written as a
determinant, it is frequently called a determinantal wave function. Unless
a determinantal wave function is of as nearly as possible completely
closed-shell type, it will not be an eigenfunction of 2. Since an eigen-
function of &2 is to be preferred from many points of view, it is natural
to consider how one might, starting from a form such as Eq. (155),
generate its components with particular values of S. Formally, this may
be done using an operator ¢, which projects the function ¥ onto the
function space of given S. Projection operator techniques have been exten-
sively developed, particularly by Lowdin (1955a), who has supplied an
explicit expression for @ and has pioneered in its use in practical problems.
One of the aims of this section will be to relate the work of Léwdin and
his colleagues to the approach followed in the earlier sections of this
chapter. That there is a connection is apparent, because the techniques
already developed permit the description of the most general wave function
based on an orbital product.

A second motivation for studying the projector @; is that its use will
permit us to employ orthogonalization of orbitals to a far greater extent
than was possible in the context of the most general set of wave functions
derivable from a given spatial orbital product. We gain the orthogonaliza-
tion at a price, however, because in order to get it we must use, in place
of a complete set of spin functions ©,(s), i =1, ... d, the single spin
function generated by the projector @,. To see that this is so, notice that
any orthogonalization of orbitals which we might obtain in Zy(r) is of no
use to us unless the projector @, commutes with o/ and depends upon the
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spin coordinates only. Otherwise application of @ will destroy the ortho-
gonality. But the only projector @, with enough permutational symmetry
to commute with & is that which projects onto the whole subspace of
given S and M,. The irreducibility of the representation V(P) guarantees
the nonexistence of smaller subspaces of the necessary symmetry.

We construct the projector ¢, with the aid of the representation matrices
V(P) for the desired values of S and M, We first observe that a basis
function for this representation may be made from ®y(s) by forming
Y o Vi(P)2,0,(6), using any values of i and j such that the summation
does not vanish. However, a formulation of this sort will not have sufficient
symmetry to yield the projector onto the entire subspace of given S and
M, unless the coefficients possess invariance with respect to the basis used
to make the matrices V(P). The only applicable linear invariant is the
trace of the matrix V(P), which we accordingly use to define a projector

d d
s= ; ;V;';(P)ﬂ,. (156)

This approach has similarities to that of Percus and Rotenberg (1962).
The operator adjoint to @; may be obtained by replacing 2, by ;! and
by taking the complex coefficient of its coefficient. Since Vi(P) = V(P "),
we find that 0, is self-adjoint:

ot =0, (157)
To verify that @, is a projector, compute 0,> = 0,'0,. This is
d 2 d d _
0.1=(5) I & L ypvi@e:s, (158)
n!/ pPQi=1j=1
Replacing Q by PQ, and expanding V}(PQ) =Y, Vi(P)V,( Q).
d 2 d
07 =(5) 5, 3 WewaevE@a. (159)
B} PQ k=1

Applying the group representation orthogonality theorem, Eq. (30), the
P summation yields

d d
(Dsz =— Z Z V:':(Q)-@a' = ms' (160)
n! Qg i=1
Equation (160) shows that @ is idempotent, the key property of a pro-

jector.
Next we verify that @, commutes with /. We write

4
0.4 = Lz Y Y eVi(P)2,2,2,. (161)
(nY) p0 =1
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Then rewrite 2,2, as 2,(2;'%,9,), after which replace P by QPQ™!.
This leads to
d d
O = —;, Y &Vi(QPQ 12,92, (162)
(n!)” Fo =1
But the trace of QPQ ™! is the same as the trace of P, so that the right side
of Eq. (162) may be identified as &0, proving that @, and .&/ commute.
Note that the argument just given shows that @, commutes with each
individual permutation 2 as well as with o

0,2 = 90,. (163)

Now let us show that @, projects an eigenfunction of &% and &, corre-
sponding to the representation V(P). Let ©(s) stand for an arbitrary spin
function and let ®,(o) stand for an eigenfunction corresponding to some
value of S and M, not necessarily the same as that corresponding to V(P).
We consider the component of ¢,@(¢) along the function ®,(s). If this
component is nonzero only for functions ®,(c) with a single S and a
single M, 0, will have projected a pure spin state. Accordingly, look at

— — d d
(0, 0,0) = (0,0, ©) = ﬁ; :Z,l ViPX2,06,1©).  (164)

Now 2,0,(s) will be given by an expression of the form appearing in
Eq. (9), ;
2,0,(0) = _ZIV,-;‘(P)@,-(G), (165)
=

where © (o) is of the same S and M, as ©,(s), and V(P) describes coeffi-
cients belonging to the same irreducible representation as V(P) if and only
if both V(P) and V(P) refer to the same S and M,. Substituting Eq. (165)
into Eq. (164),

— d d 4 _
®il00)==T 3 ¥ VAPViPXB;10).  (166)

Summing over P, the group representation orthogonality theorem indicates
a zero result unless Vj’}“(P) and V;(P) refer to the same representation,
thereby proving that @, projects the .S and M, values corresponding to V.

If ®,(o) has the S and M, values corresponding to V, it is the function
we have called ©,(¢). The P summation in Eq. (166) then gives, using
Eq. (30),

(0,00 = (0,0, k=1,..d. (167)
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Equation (167) shows that @ projects onto the entire subspace of chosen
S and M,.

Now that the essential properties of @, are established, let us see how we
can take advantage of them. Applying @, to both sides of Eq. (155), we
find that the commutation of ¢, and & makes 0 ,\V(r, 6) an eigenfunction
of #? and &,, provided that ©®,(c¢) has a component of the chosen S
and M,. But, keeping 0, to the left of .7, we may alternatively make linear
transformations among the orbitals of Z,(r) to achieve some orthogonality.
If we only mix in this way orbitals with the same spin functions, we may
make all the a spin orbitals mutually orthogonal, all the f spin orbitals
mutually orthogonal, and each « spin orbital orthogonal to all except at
most one f spin orbital. These transformations have been discussed, for
example, by Amos and Hall (1961) and by Lowdin (1962), and are des-
cribed in detail in Appendix A to this chapter. If we use / and i’ to refer
to & spin and f spin orbitals, respectively, the orthogonalization procedures
yield, after normalizing the resulting functions,

i1y =<i'J'> = oy (168)
il = 2dij. (169)

Here |4;| <1, and the orbitals can be chosen so as to make 0< 4;< 1.

1t is of course possible to use ¢, in conjunction with spin functions more
complicated than products of « and f functions. But in such a case it is
not easy to introduce an optimum orbital orthogonalization.

B. Matrix Elements for Spin-Projected Determinants

To use spin-projected determinantal functions it is necessary to be able
to calculate matrix elements of relevant operators. Discussions of the
overlap matrix and spin-free operators were obtained by the projection-
operator methods of Léwdin by Pauncz et al. (1962) in their studies of the
alternant molecular orbital method. The results were generalized further
by Pauncz (1962). Spin-dependent coefficients appearing in the develop-
ment were worked out by those authors, by Harris (1962), by Sasaki and
Ohno (1963), and by Smith (1964). For certain applications, particularly
to spin-dependent operators, it is convenient to form an explicitly spin-
dependent density matrix. The first-order density matrix of a spin-
projected determinant has been found and discussed in detail by Har-
riman (1964).

We take a spin-projected n-electron determinantal function

Y(r, 6) = 0, E(r)O,(0), (170)
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where ©q(o) consists of n, a factors followed by n, B factors, with
n, + ng = n. Starting with Eq. (170), we form the matrix element of an
operator #. Using the self-adjointness and commutation properties of
0, and o/

CH(r, 6) | 2 (r, 0)) = (Eo(r)O(0) | 080, | Eo(r)Oo(0)y.  (171)

Considering first spin-free operators, we separate the spatial and spin
coordinates of Eq. (171}, obtaining

CH(r, 0)| B (v, 0)) = (n)™! %C(Q)(Eo(r)léf,@l?:o(r)). (172)

The coefficients C(Q) depend upon Oy(o) and the chosen S and M, and
are given by

C(Q) = £9{O(0) | 20| Oy(0)>. (173)

In obtaining Eq. (173) we used the fact that ¢, and 2 commute.
Certain properties of the C(Q) may be verified by inserting the definition
of 0,. Doing so, replacing P by Q~'P, we have

d d
C@ =% ; _Zl VIHQ™'PXOo|2,00). (174)

Since O4(0o) is a simple product of « and § spin functions, (®, | #,04)
is zero or unity, depending upon whether or not 2 exchanges any « and
B functions. We therefore write

d
c(Q) =5‘l—, gy, 2. VHQT'P), (175)
n. "pepi=1
where R is the set of all permutations which leave ©y(c) invariant. Now
notice that if two permutations 2 and 2’ are related by 2’ = 2’2, with
P'e B, then Y pVi([Q'17'P) =),V H(Q 7' P), 50 £ C(Q") = £,C(Q). Since
the permutations in § do not interchange « and f functions in ©,, per-
mutations 2 and 2’ must interchange equal numbers of a-f pairs.
This means we can divide the group of all permutations 2 into subsets
(which in fact are cosets defined by ) according to the number of « and
B spin functions which they interchange. Permutations 2 interchanging
k o-f pairs will all have C(Q) values which can be written

C(Q) = g,Cy (176)
(Q interchanges k o-f pairs in ©,y(6)).
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The C, have the values (Smith, 1964)

-1
€ o 45+ S—ZM( 5 b J(s M)( S+ M, ) S+S
ZS+n+2 J S—M,—j n+j—k

(ne = ny). (177)

We shall occasionally have a need to refer simultaneously to coefficients
C, for various values of S, M,, and n. When it is necessary to identify
these variables, we write C,(S, M|, n). Coefficients C, for contiguous values
of S, M, and »n are related by recurrence formulas, some of which are
given in Appendix B. We note here that Eq. (177) may be used to obtain
values when n, < n, through the relation

Cu(S, My, n) = C(S, —M,, n). (178)

We are now ready to proceed further with the matrix element expression
of Eq. (172). Consider first the case that & is the identity operator. Then
Eq. (172) describes the overlap matrix:

YY) = (n!)"g C(QAQ), (179)
where
A(Q) = il=_ll ilgi. (180)
For a one-electron operator, Eq. (172) becomes
1 ¢
KBy = ()71 ¥, T C@AQ S, as)
while for a two-electron operator,
n m—1 l ﬁ
@y =) Y T Ca@ gt (15

KHapimlgny’

Equations (179)-(182) simplify considerably if we make use of the orbital
orthogonality described in Section A. To start, notice that the only per-
mutations Q for which A(Q) does not vanish are those which interchange
only corresponding « spin and f spin orbitals. Letting R be the set of all
such permutations, we see that in Eqs. (179) and (181) we may restrict Q
to ReR, while in Eq. (182) the contributing permutations are R and
Q,.R, where @,  is any single interchange not included in R.

If a permutation R € R interchanges electrons / and i, A(Q) will contain
from these two electrons the quantity |4;|?; all electrons which are not
interchanged contribute a unit factor to A(R). Thus, characterizing R by
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a set of / to be interchanged, which we denote {i}., we have
AR) = [T 14 (183)
{itr
If we now sum A(R) for all permutations R in which the same number,
k, of a-f spin pairs are interchanged, we get
A=Y TT 1412 (184)
{&y i
(sum over {/} with & interchanges).
The value of ¢, for k interchanges is (—1)*. Therefore, combining Egs.
(176), (179), and (184), the overlap matrix element becomes

VWD = @)t f (—D*CA* (2 ny). (185)
k=0

We proceed next to the integrals for one-electron spin-free operators.
It is convenient to adopt some further notational conventions. First, the
o spin orbitals will be denoted by unprimed numbers or symbols running
from 1 to n,, while f spin orbitals will be denoted either by primed symbols
running from 1 to ng or by unprimed symbols running from n, + 1 to n.
This allows us to write sums over all n orbitals compactly without giving
up an easy identification of corresponding orbitals with opposite spins.
Second, we shall continue to use R to refer to the set of permutations
which make interchanges only within corresponding pairs of orbitals, but
we shall use R, or R,,, to refer to the members of R which do not permute
the electrons referred to by subscripts. Similarly, we shall use A¥ or A%,
to identify overlap products defined as in Eq. (184), but with the summation
carried out only over interchanges not involving the electrons referred to
by the subscripts. Third, we shall not explicitly show the range of sum-
mations over k, the number of interchanged «-f pairs, but shall under-
stand that the range of these summations includes all & values for which
Ak, Ak, or A%, factors appearing in the sum are meaningful.

We now use the conventions of the foregoing paragraph to simplify
Eq. (181), writing separately the permutations not involving / (these per-
mutations are in R,), and those involving / (these are in Q,; R)):

" £l
VIB1¥y = ()Y T C(R) AR LD
DI s

n

+()? fl ¥ CQRAR)

9 [(l' | DA + K| 4] l>]
SHDENTS

(n, > ng). (186)
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We apply Eqgs. (168), (169), and (176):
CPIB1Y)=@m)7! ";1 ; (=D CAKI 411y

ng
+ (n!)"lZl Zk:(_l)k+lck+l AFTAFUN 1Y + A< 611)]
(n,=np) (187)
(one-electron spin-free operator).

Next consider two-electron spin-free operators. We proceed as in the
one-electron operator discussion, separating the contributing permutations
into the fOllOWil’lg sets: 92lm’ Ql,l’mlma Qm,m'mlm’ Ql,l’Qm,m'mlm’ Ql,mmlm’
Ql,le,l’mlm’ Ql,QO,m"‘RIm’ Ql,le,l’Qm,m'mlm' Belng CarerI to ChOOSC
summation limits for / and m so as to enumerate each operator contribu-
tion and each permutation exactly once, we find after some tedious but

not difficult manipulation

Ny

m—1
V|B|Y) = Zz ‘ZI D [Im|¢|Im)y — {Im| £ ml)]

ng m—1

+ Y Y DKM 6| my — (I'm’ | £ m'I)]
m=2 I=1
ney ng

+ 3 Y [Dhm'|6]Im"y + DLLm' | 6| m'I)]
=1 m=1

n  ng
+ Z Z D,l,,,[/l,,,*(<lm 1£]Im"> — dm|é|m'D) + ¢.c.]
1=t m=1

ng m—1
+ S S DA AAKIm| 6 I'm"y — {m| 6| m'I'S)
m=2 1
+ WA ¥ (DRI m| 6| Im"y + DL'm| 61 m' ) + c.c.]
(n,=>n;) (188)

I=

(two-electron spin-free operator).

In Eq. (188), “c.c.” stands for ““complex conjugate,” and the coefficients
DR, D},, and D%, are defined as follows:

Di, = ()1 Y. (= 1)*CiAL,, (189)
k

Dllm=(n!)_12(—1)k+lck+1A;(m? (190)
k

Dy = ()7 Y (=) 2Ch 0L, (191)
k
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In the special case n, = n; and all 4; equal, Eqgs. (187)-(191) reduce to
much more compact expressions. These expressions, and further detail on
the processes involved in generating equations like Egs. (187) and (188),
are to be found in the work of Pauncz er al. (1962) and Pauncz (1962).
The functions A, A/, and A}, may be conveniently evaluated by a method
described by Harriman (1964).

We pass now to spin-dependent operators. Starting from Eq. (171), we
see that the separation into spatial and spin coordinates will depend on
the form assumed for the operator #. Taking first a one-electron operator,
we have

C¥(r, 0) [ B ¥(r, 6)) = (n)™! ‘IL% C(l, Q)CENM) | 4D 2] Eo(r)d, (192)

where
C(l, Q) = £g{O(0) | O, ,(1)20, | Oy(0)). (193)

The assumed orbital orthogonality allows us to restrict the permuta-
tions 2 in Eq. (192) to interchanges of corresponding orbitals. We dis-
tinguish two types of 2: those which include an interchange involving the
argument of #,, and those which do not. In our previous notation, these
types of 2 are of the form Q, /R, and R,. Just as for the spin-free case,
within permutations of the same type the value of C(/, Q) depends only
upon the number of interchanges. This may be seen by noticing that all
permutations commute with @, that interchanges not involving / commute
with #.,(/), and that any interchange not involving / can be converted
into any other by permutations under which ©®gy(e) remains invariant.
Further, we note that C(/, Q) depends upon / only to the extent that /
refers to an « or a 8 spin in @4(s). Combining these arguments we write,
for the case that / refers to an o spin in ©y(6):

C(l, Q) = oCilo) (194)
(Q interchanges k a- f pairs in @,(6) and does not involve /);
C(l, Q) = ggCulap) (195)

(Q interchanges k a- f§ pairs in @y(e) plus that involving /).

When / refers to a § spin in Oy(s), Egs. (194) and (195) can be replaced
by corresponding equations involving coefficients we denote by C,(ff) and
C,(Bx). However, these coefficients are not all independent, because
6,(DQ, = Q,,£,(), and therefore

Ci(fa) = Ci(af). (196)
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Introducing Eqs. (194)-(196), we proceed to the evaluation of Eq. (192).
Straightforward manipulation leads to

Y| B|¥) =@ El Zk: (=D Cua)A 1] 4,1 1)

n

+ )7 3T (-0 CEDAKT 411

+ )7 3 Y (D CEBATA 411
A1) D)= np) (197)

(one-electron spin-dependent operator).

Evaluation of the coefficients C(ax), C(88), and C,(«f) is described in
Appendix B. These coefficients are expressible in terms of the spin pro-
jection coefficients introduced in Eqs. (176) and (177), and also depend
upon matrix elements of the one-electron spin operator #,. As shown in
the appendix, the coefficients have the values

@S+ 1S+ M)
28?2

M,
o) = Cu(S, My b = 2 | (S, M) -

X C(S — 4, M, — %, n— 1)]1)_, (198)

(2S + 1)(S — M)
252

M
CulBB) = Cu(S, Moy b, — = [ck(s, M, n) —

X CS — 4, My+3,n— 1)]b-, (199)

Cu(ap) = 3[Culax) + CBP)] — C(S, My, n — 2)4, (200)

with b, defined as (Ka|4,|a)> +<{B|6,|B))/2 and b_ as (Ka|&,|ad—
{B1£,1B>)/2. In Egs. (198)—(200), any C; coefficients involving impos-
sible combinations of arguments are to be taken as vanishing sufficiently
strongly that the terms in which they appear may be set to zero.

As an example of the application of Egs. (197)~(200), take # to be the
spin density operator, so that £, = 8(r — ry), and £, = 4,. Then, for the
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important special case M, =S, Egs. (198)-(200) reduce to the simpler
expressions

L (n\ (=SS + 1)(2S + n + 2k + 4)

o) = h(k) S+D@S+n—20@S+nt2y D
_ _p(re)Tt _(=DISCRS+ 1)

hh = h(k) S+D2S+n+2)’ (202)
LAY (—1*S@S + )k + 1)

Ciop) = 2h(k) S+1DRS+n—-2kQ2S+n+2)’ (203)

Equation (197) can then be written

hAS(2S + 1) Ny n\"!
¥ = a k 2 _ 12
Y| 2|Y¥> 2AS + D(n, + D! ’;1 . (k) A [I‘Pd |y

k+1

+(FEp)aer = %otor~ gted].  @od
where it is to be understood that ¢,. is to be taken as zero if / > n,;. Equa-
tion (204) shows that electrons in closed shells do not contribute to the
spin density, because for such electrons ¢, = ¢, and 4, =2* =1, and
the terms on the right side of Eq. (204) then vanish. If S = 4, describing
a doublet state, and all but one of the electrons are in closed shells, Eq.
(204) reduces to the well-known result given in Eq. (139) (note that the
result there given is unnormalized). This reduction is easily verified after
dropping all terms of the / summation except /=n,, and noting that

Al = M I: 1). On the other hand, if there are several electrons outside of

closed shells, Eq. (204) shows that the correct spin density is not obtained
simply by taking the sum of individually computed spin densities of the
various orbitals.

We next proceed to examine two-electron spin-dependent operators.
The expectation values are given by

(H(r, 0) | 2| ¥(r, 0))

n m-—1

=(n!)"mZ=:2 ’; ] C(l, m, Q)Eo(r) | £(1, m)2| Eg(r)), (205)

with
C(l, m, Q) = £9{Oq(0) | O,¢,(1, m)20,| O(0)). (206)
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Just as for the two-electron spin-free operators, the permutations con-
tributing to Eq. (205) are restricted to those which cause at most a single
interchange of noncorresponding spatial functions.

By the arguments already given when discussing one-electron spin-
dependent operators, we reduce the various C(/, m, Q) to expressions
which depend upon the number & of a-f interchanges not involving /
or m, and upon the details of Q only insofar as they apply to the spin
pairs involving / and m. The various types of permutations Q and spins
referred to by / and m [in ©y(e6)] result in seven sets of coefficients, which
occur according to the scheme indicated in Table 1. Letting 1 and 2 stand

TABLE |

CoerrICIENTs C(I, m, Q)/&,, As DEFINED IN EqQ. (206), FOR
PERMUTATIONS OF THE TYPES INDICATED IN WHICH k a-f
PAIRS ARE INTERCHANGED, NOT INCLUDING / OR m*

Permutation lis o lis a lis B

mis « misf misf
Rim Ci(aooer) Ci(eBaf) C«(BBBB)
Ql.l’mlm Ck(aaaB) Ck(ﬁﬁlga) Ck(/gﬁlgd)
Qo Rim Ci(axafl) Claararf) C(BBBx)
Ql,l’Qm,m'mlm Ck(“aﬁﬁ) Cyy l(dﬁ/ga) Ck(“aﬁﬁ)
Ql.mmlm Ci(ooocer) Ck(dﬂlgd) Ck(,BﬂﬁIg)
Ql.le,I’mlm Ck(aaaﬁ) Ck(lgﬁlga) Ck(ﬂﬁ,sa)
Q1. G Rim ClaaeefB) Ci(aaaf) Cu(BRB)

Ql,le.l’Qm.m'mlm Ck(aaﬁ}g) Cis 1(05,30113) Ck(““ﬁﬁ)

* Columns indicate whether / and m refer to o or B spins in Gy(c).

for the spins appearing in 4,, and 3 and 4 for the spins paired with 1 and
2, respectively, and letting Q, be the permutation interchanging & a- § pairs
not involving the electrons 1, 2, 3, 4, the coefficients in Table I have the
following meaning:

Ci(aao) = {(1)a(2)B(3)B(4) ---] O,8,(1, 2)Q, 05| a(N(2)B(3)B(4) -+,
(207)

Ci(oaaff) = <(Du(BGIBA) -1 O5,(1, 2)Qu0, | a( DB(2)A3)B(A) -+,
(208)

Cu(aafiB) = {uD(DB3)B(4) -+ 06,1, 2)0,0, | B(1)F(2)a(3)e(4) -+,
(209)
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Ci(afaf) = <a(D)B(2)u(3)B(4) | 0,4,(1, 2)Q,0, | e 1)B(2)(3)B(4) -« (>
210)

Ci(aBfo) = Ca(DBIB3)u(4) -+ O0s6,(1,2)Qu0; | B(A(2)B(3)x(4) -+,
Q1)

Cu(BBBa) = {B(B((3)(4) -] O£,(1, 2)Qu 0, | (1) B(2)B(3)x(4) -+ >,
212)

Cu(BBBB) = BMB)x(3)x(4) -+ 06 ,(1, 2)Q,0, | BDF(2)a(3)ax(4) -+ >.
Q13)

In Eqgs. (207)-(213), the dots indicate the remainder of @y(s), taken in
unpermuted order.

We now reduce the general expression given in Eq. (205), making use
of Table I. The result is

Ro

m—1
YIBI¥) =} I;Df’m(aa)[ﬂmlé’,l Im) — (Im| £, |ml}]

m=2
ng m—1
" Zz t; DL (BRI m' | £,1I'm"y — {I'm" | 6,1m'I')]

> Zl[bf’m(“/’)ﬂm’ |4,11m"y + Dh(=)XIm'| 6,] m'I)]
+ f % Dl (ao)[A,*(Im | 6, Im">={m | £, |m'I) + c.c.]
i=1 1

+ ,i m"ZplDll.n(ﬁﬁ)[lm*(<l'm L1 I'm"
= I'm|é,Im'1)) + c.c]
DR+ VA A CIm | 4,1 Ty
1 = Im|4,|m'1)) +cc]
+ mn_zﬁz ':_i: LA, X (D2 (=YX I'm| &, |Im"

+DL(H)XIm|é, | m'D) +ce] (ng=np) (214)

ng m-—
+ X
m=2 |l=

(two-electron spin-dependent operator).
The coefficients appearing in Eq. (214) have the values:

Do) = (n)™" Y (= 1)*A}, Cilaooa), (215)
3
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D, (BB) = (n)~" Z( D*ALCUBBBP), (216)
Dip(af) = (n)~! Z( DAL Culapap), (217)
Di(=) =@H™* ;(—1)"“A5‘mck(aﬁﬁa), (218)
Dl (aa) = (n!)~! ;(—l)HlAf,,,Ck(aaaﬁ), (219)
Din(BB) = (n)~! Z (=D AL CUBBB), (220)
Di(+) = (m)~! Z( D 2ALCulan ), (221)
Dlm('—)=(n!)—1;( 1" 2A0Cy+ 1), (222)
Di(+)=(n)™" Zk: (=D AL Cr s (aBap). (223)

The C, coefficients defined in Eqs. (207)-(213) are evaluated as described
in Appendix B. They have the values

(S+M)S— M, + M2
S¥S + 1)?

(S + MYXS — M)S + M, — 1)
S%(2S — 1)

C o) = Ciloor) — = [ C(S,M,—1,n-2)

CiS—1,M,— 1,n—2)

L(S—M, + D2(S — M, + 2)(S + M, + 1)
(S + 1)2(2S + 3)?

x C{S+1,M,—1,n— 2)], (224)

M,

b
Cu(waaf) = HCurr(a2) + Caf)] + [M (S(S +1)

)c,,(s M,n—2)
S + M,

—S-M s)(S(zs

)CAS—LM;n—b
S—M,+1

S+ M+ 1)((s TS +3)

YW6+LMm—ﬁ}
(225)
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b, M,
Cu@aBB) = Cus 1(a) + = [(S(S - 1)) CUS, My n —2)
(S - sz) "
—mck@— I,M,n—2)

S+ 1> — M2

Cu(apep) = [ Cula) + Ci(BP) + b,Cu(S, My, n — 2)]

(2 Y es w2

SS+1)
+ (Z:?_S ) CdS —1, M, n—2)
(g:—g:—zs_iﬁ;)zck(s + 1, M, n— 2)], (227)
Cu(appa) = Ci(afaf) — (b, + b)CW(S, M, n —2), (228)
CulpBpe) = HCs ) + Cuep)] — 2 [ M (S(SM+ ) G M=
+(S+Ms)(5(2s Ml)) CAS—1, =M, n—2)
—(S—M,+ 1)(%)%5(5 +1, —M,n— 2)],

(229)

[(S M)S + M, + DM ?

TG CuS, M, +1,n—2)

C(BBBB) = CBP) —

5225 — 1)?

C{S—1,M,+1,n—2)

LM, FDAS+ M, +2)(S— M, + 1)
(S + D228 + 3)?

X CS+ 1, M, +1,n— 2)]. (230)
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In Eqs. (224)-(230),
by = (Caa| 4, |ao) +<BB 4,1 BBY)/2,
b_ =(ox| 4, aay — (BB, | BBY)/2,
b,=b, —apl|é,|ap) — af|é,| Bu),
and

b, = Capl b, lof> — CaBlb,|pay —b,.

When Ci(aa), C(fB), and C,(xf) appear in these equations, they are
to be evaluated using the present meaning of 4, and b_. Finally, the
new symbols C;’ and C; are defined as

Ci(S, My,n—2)=(k + 1)CS, M, —1,n ~2)

N (g+Ms—k _2)Ck+1(S, M,—1,n~2),

Ci(S, M, n—2)=(k + 1)k + 2)C(S, M, — 1,n - 2)

+2(k+2)(g+Ms— k—z)cm(s, M,—1,n-2)

n n
+(§+Ms—k—2)(§+Ms—k—3)
X Ck+2(Sa Ms_lan—z).

Appendix A. Orthogonalization Procedures

As indicated in the main text, it is possible to partially orthogonalize
open-shell orbitals without altering the over-all wave function. Let us
assume we start from two spatial configurations E,(r) and E,.(r), defined
as in Eq. (74), but with bars over the orbital symbols, e.g., ¥;, ¥, @i» @i’
to indicate orbitals prior to orthogonalization. We outline a series of steps
whereby

(1) the doubly occupied orbitals of E,(r) are orthogonalized to those of
=, (r), except possibly for corresponding orbitals;

(2) the singly occupied orbitals of Z,(r) are orthogonalized as much as
possible to the doubly occupied orbitals of E;(r);
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(3) the singly occupied orbitals of Z,.(r) are orthogonalized as much as
possible to the doubly occupied orbitals of Z,(r).

As we shall see, we cannot orthogonalize the singly occupied orbitals of
Z.(r) to a doubly occupied orbital of Z,.(r) unless the doubly occupied
orbital has a nonvanishing overlap with the corresponding orbital of
Z,(r). The same remark of course applies to the singly occupied orbitals
of E,.(r).

To start, take any doubly occupied orbital of Z,. If it is orthogonal
to all doubly occupied orbitals of E,., set it aside. If not, select any doubly
occupied orbital of Z,. to which it is not orthogonal, and designate these
orbitals y, and y,". Then orthogonalize all the remaining orbitals of
Z, to x, by adding to them suitable multiples of y,’, and orthogonalize all
the remaining orbitals of &, to x,” by adding to them suitable multiples
of x,. Since the contributions added are all from doubly occupied orbitals,
the operations described here do not alter the wave function.

Next look among the (modified) doubly occupied orbitals of Z, (exclud-
ing x,) for another doubly occupied orbital which overlaps a (modified)
doubly occupied orbital of =,.. If such orbitals exist, designate them y,
and x,’, orthogonalize all orbitals of =,  (except x,” and y,’) to x, by
addition of a suitable multiple of y,’, and orthogonalize all orbitals of
Z, (except x, and x,) to x,” by addition of a suitable multiple of y,. These
orthogonalizations do not alter the wave function, nor do they destroy
the previously achieved orthogonalities to y, or yx,’.

Proceeding with further (modified) doubly occupied orbitals in this way,
we finally arrive at a situation where every doubly occupied orbital of
Z, 1s either orthogonal to all doubly occupied orbitals of Z,. or has been
orthogonalized to all but one doubly occupied orbital of E,, and in
addition to all singly occupied orbitals of Z,.. A corresponding statement
applies to each doubly occupied orbital of Z,.. Note that we have no
mechanism for orthogonalizing the singly occupied orbitals of E,. to a
doubly occupied orbital of =, unless there is a doubly occupied orbital of
=, which can be used to bring about the orthogonalization. If the doubly
occupied orbital of =, is orthogonal to all doubly occupied orbitals of
=, no such doubly occupied orbital of =, exists.

Another orthogonalization problem arises in connection with spin-
projected single-determinantal wave functions. Here there are », a spin
orbitals and n, B spin orbitals, originally with arbitrary overlap integrals
between them. Linear transformations among the « spin orbitals alone, or
among the B spin orbitals alone, leave the wave function invariant, but
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we may not make linear combinations mixing orbitals of « and § spin. We
require a procedure which will yield the partial orthogonalization indicated
by Eqgs. (168) and (169). The method we describe here is that set forth by
Lowdin (1962).

Let us start by orthogonalizing the a spin orbitals among themselves by
any convenient method. We do likewise for the f spin orbitals. We denote
these orthogonalized sets @,, @, ..., and @,, @5, ..., with primes indicat-
ing orbitals of f spin. These orthogonalized sets are to some extent
arbitrary, as the orthogonalization is preserved under unitary transforma-
tions. We let C =(c;;) and C’ = (c;;) stand for such transformations to
orbitals ¢,, ¢,, ..., and ¢, @,, ..., with

0= Z i@, (231)
J

i = Z C}i(ﬁj'- (232)
7

Our remaining problem is to find unitary transformations C and C’ to
orbitals satisfying Eq. (169), which in the present notation is

{o;l ‘Pj') = Aiéij' (233)

Equation (168) is satisfied by virtue of the earlier orthogonalization of «
spin and f spin orbitals separately.

We let S;; =<{p;|p;> be the n, x ny rectangular matrix describing
the overlap of the arbitrarily orthogonalized @; and &;. Then, using
Eqgs. (231) and (232), the condition given in Eq. (233) can be written

CISC’' = A, (234

where A is a diagonal matrix with (unknown) elements A;. Because C and
C’ are both unitary, the Hermitean adjoint of Eq. (234) is

CISIC = A*. (235)

Multiplying each side of Eq. (234) on the right by the corresponding side
of Eq. (235),

CSS'C = AA* (236)
or
(SSHC = C(AA*), (237)

which is an eigenvalue equation in standard form, with eigenvalues |4;|2
and eigenvectors which are columns of C. Once we have C we may get C’
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from Eq. (234). If any A; vanish, C’ will not be determined unambiguously
and there will be a manifold of satisfactory choices.

Appendix B. Coefficients for Spin Projections

Using the explicit formula of Eq. (177), the integral formulation given
by Smith (1964), relations involving hypergeometric functions, or tech-
niques similar to those described below, a number of recurrence relations
among the coefficients C,(S, M, n) may be derived. For compactness in
notation we shall in this appendix write M for M,. Some of the recurrence
relations needed in connection with the present discussion are the following:

Ck+1(sa M, n) = Ck(S’ M, n) - Ck(S’ M,n— 2)9 (238)
S—-M+1 S+M
(mz—)ck(sw,M—%,n—m( > )ck(s~%,M—%,n—1)

=CdS, M, n), (239)

(S+M+1

S—-M
7512 )C,‘(S+e},M+%,n—1)+( )Ck(S—%,M+%,n—1)

28
= Cy(S, M, n), (240)

(S ;—SM) C(S — 4, M—14,n—1)— (S ;SM)Ck(S o Manao1)
(2§M )Ck(S M,n—2), (241)
- (221;4;21)(:"(5*%’1”“%’" -+ (2M— I)Ck(S—%,M—%,n—l)

= Ck(Sa M, n) - Ck(S’ M - 1, n)’ (242)

2S +1 25 + 1
(emp)es + M= n—n+ (S5=)o(s =4 M~ 1.n =D
=CuS, M,n)+ C(S,M —1,n), (243)
—2M -2k +2
Coma($, M)+ (22 os, M,
n+2M — 2k

=C_ (S, M—-1,n)+ ( )Ck(S, M—1,n), (244)

2k
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S+M-—-k n+2M -2k
(_——25 T )Ck(S, M, n) — (——4—S-+2—)Ck+1(5, M, n)
S+M+1
‘( +2 )Ck(“%’M +hn—1). (249)

Equation (238) has been previously given by Harriman (1964).

We first consider the coefficients C,(ax), C,(88), and Cy(af) introduced
in Egs. (194) and (195). Letting 1 and 1’ refer to an «- f spin pair, these
coefficients may be written explicitly as

Cu(o2) = Ca(DP(L') -+ | O5" 6,(1)QuOs" | (DALY -5, (246)
Cu(BB) = <B(Dal1") -+ O™ £,(1)QuOs " | B(D)a(1') -5, (24T)
Ci(@p) = Ca(DP(L’) -+ | O5"£,(1DQy05 " | B(1)o(17) -5, (248)

Here Q, is an interchange of k a-f pairs not involving 1 or 1’, and the
dots indicate the remainder of ®4(6) in unpermuted order. We write 04" to
focus attention on the fact that it is a projector for an n-spin system
producing a state of total spin S.

We proceed by recognizing that @g" is the projection onto the entire
n-spin subspace of total spin S. Introducing a basis of spin eigenfunctions
for the complete n-spin space, we may accordingly write 04" as a partial
resolution of the identity:

Os" = 3. |84:)<O3,l, (249)

where in @g; i numbers the basis functions, while S and » identify the
total spin and number of electrons. Because @y(s), and its permutations
appearing in Eq. (248), have the definite eigenvalue M for &,, only the
©5,; with &, eigenvalue M need be included in Eq. (249) if it is to be used
in Eqs. (246)—(248). With this observation, Eqs. (246)—(248) may be
written

Cilo) = ; (DBA’) -+ | Of,p,iP<O8 1, | £(1)Qs | OF 41 >

X O pp,ir [ (DAY -5, (250)

Ci(BB) =}, <B(Da(l’) -+ | OF 41, ><OF a,i | £,(1)Qi | OF 0>
X (O, | B(D(1) -3, (251)
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Ck(“ﬂ) = Z <°‘(1)ﬁ(1l) Ieg,M,i><®§,M,i | ﬂa(l)Qk I ®g,M,i'>
X {OF p | (1) =), (252)
While Egs. (250)-(252) are valid with any choice of basis characterized
by S and M, they are more easily simplified by a judicious choice. Qur
choice is to use the geneological construction in which ©f ,, ; is related to

basis functions for (n—1)-spin systems. A complete basis for the set of
©5,),; may be chosen to consist of the functions

; S—M+1 S+M+1 o
O5mi=— [ _a(1)O53 .+\/—ﬁ(1)®" i
S.M, \/ ZS+2 ( S+iM +, 2S+2 S+4,M+4,
(253)

together with (if S # 0) the functions

- S+ M S-M
M= 1)O%- i+ 1HOSC ;o (254
S,M,i \/ 25 a(1)O5- «;M % \/ 7S B(1)O5- *M+«} (254)

Here the (# — 1)-spin functions have as arguments all the » spins except
1, and it is assumed that the labeling i is internally consistent, so that spin
raising or lowering operators connect functions of the same i. The range
of i in Eqgs. (253) and (254) is determined by the dimensionality of the
subspaces for the (n — 1)-spin functions.

Consider now what happens when Eqgs. (253) or (254) are inserted into
Egs. (250)-(252). Where we have {a(1)B(1")--- [ ©F,,;>, only the term
of Eq. (253) or (254) involving a(1) will give a nonzero contribution, so
that, for Eq. (253), we get

\/S_Zsﬁ?f_l BAY 1O mos -

In {p(Da(l’)-- | (-)Q,M,,), on the other hand, the only nonzero con-
tribution from Eq. (253) or (254) is from the term with f(1).

In the middle scalar product of Egs. (250)-(252), of the form
{OF 41.i | £,(1) 0, 1 ©F 41>, similar simplifications are possible. Here we
can factor out the contributions involving spin 1, which appears separately
in Egs. (253) and (254) This leaves us with an (n — 1)-spin expression of the
general form (@ ;| Qx| ©4%~ y-.i>. Expressions of this type will vanish
unless both spin functlons have the same S and M values, due to the fact
that permutations commute with &2 and &,.

The considerations of the two preceding paragraphs enable us to bring
Eq. (250) to the form
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S—M+1 o
Cylaa) = (_—25 - ) Y CB) | O% 3 mo s>
S—M+1 )
[( 25+2 )< 21651 0COF - 14| Qul OF - 3.0
S+M+1 i N
R )<ﬂ|£.,|ﬂ><®;+;,m%,i|Qk|@s+;,M+*,i,>]

S
X (@31 oy | A1) - (+ )Z<ﬁ(1) 1O o

x[(s'z*s )<a|f @3O3 a1 el O3Zh wmy i

+(S M)(ﬁlﬁlﬁx@ Zime sl Okl OF *MH”)]

x OFZim-gur | BL) . (255)

Corresponding expressions obtain for C,(8f) and C,(af).
Next we note that because @g;;,M_ 4.i and ©F3] y 4, ; are correspond-
ing functions under &, and & _, the matrix elements

{Os% +<}M %¢|le®s+%M .00 and <®S+<}M+-}l|Qk'®S+«}M+{:>
are equal. We thereupon rewrite Eq. (255) as

S—M+1)
28 +2

x (O3 +;-M ;;le|®S+<}M 3—1><®S+-}M 4.0 [ B(1) >
(P )altela + (e )< 14,15
+ (G5 )§<ﬁ(1) P

X <®g:-1},M—-},i 1 Okl Og‘:;,M—%.i'><®§:;-,M—4},i' [B(1) -

[ (5

At this point the process of introducing the expansion of Eq.(249) may be
reversed, whereupon the first double summation in Eq. (256) will be recog-

Cy(a) = ( T CB) O -y

ll

e ALADY S
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nized as { (1) --- |@§+1}Qk05+,‘r |B(1)--->whichis C(S + 3, M — §,n — 1),
while the second double summation is C(S — 4, M — L, n — 1). Thus,

o) = (P oga ) + 1M = 4on = 0] (5 <l o>
+(aaa )J1p |+ (o e — g M= dn =)
<[ (G Jetantn> + (T Jep1418>], (s7)

With the aid of the recurrence formulas already given, Eq. (257) can be
rearranged to the form given at Eq. (198). A similar approach gives
C,(BP) as the expression appearing at Eq. (199).

To obtain Eq. (200) for C,(xf) is a bit more interesting. At the stage
corresponding to Eq. (256), we have

_ (S MF1\S+M+1 Nt
Culap) = \/( = )( s )§<ﬂ(1) 1025, o)

X COF in-11] Ol O a4 )< O5 s g l(1)) >

< (et et + (S'Z*S—"fr;”)ww,lm]

S+M\(S—M
* \/(%)( ),Z CBAY -+ 1OF 3 pr- 4,00
X (O pmgi| Okl OFZ p 4 D<ORTY gl A(1) o>

x [(S+M)<alt’ |a>+(S;SM)<W,|B>]. (258)

Notice that the M values are not right for identifying the double sum-
mations as for C,(aa). But if we write

1
PO s (259)
hJS—M+DS+M+1) RN

n—1 —
®S+4},M+{‘,l'/ -

and then write

<®S+-}M +,0 [F_|a(l)---> for <=¢+®§;;.M—i,i'|“(l')"‘>,
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we may perform the sums over / and i’ in Eq. (258) to get (after some
rearrangement, noting that Q, and 0§;] commute and that @3:} is

idempotent):

25 +2

1
ceh) = - (55- o

JeB) 105230, - 1) 3] b = (555 )b-
+ 535 PO 185301 -3 be + T 0] 60

Further reduction of Eq. (260) is afforded by considering the effect
of &#_. Since & . is a sum of s_ operators for the individual spins,
& |a(1l") -+ > will result in a sum of #, terms in each of which a different
single « spin has been changed to f§ and a factor # appended. If we now
apply Q, to each of these n, terms, we find that in k + 1 cases the net
effect is to produce a spin product differing by k «- § interchanges from
{B(1")---|, while the remaining (n, — k — 1) terms result in a spin product
differing from { (1")---| by k + 1 interchanges. Thus, for example,

BA) -] 0573 - Ja(1) -+
= h(k + DB - | 05350 | BAY) > + Bi(n, — k = 1)
X CBUY -+ 10535 Qua 1 | BAT') -+ (261)

The terms on the right side of Eq. (261) are now C, coefficients for n — 1
spins and an &, eigenvalue M — 1, so

Y -+ 105330 & (1) >
=wk+1DC(S+3,M—-L4,n—1)+h(n,—k—-1)
XCrot(S+E,M—4,n-1). (262)
Inserting expressions such as Eq. (262) into Eq. (260), we get

2S +2

+ (g —k—=1DCe(S+3M—4%,n— 1)]:b+ - (S—A:—l)b_]

Cyap) = — ( )[(k FDCS+ 3 M=, n—1)

1
+ (ZS)[(k +1DC(S -4, M—-4,n-1)

+ (g —k—1DC(S—3, M—4,n— 1)]—b+ +%b_]. (263)

Equation (263) can be reduced to the form appearing as Eq. (200).
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Procedures similar to those already outlined in this appendix serve to
treat the coefficients arising for two-electron spin-dependent operators,
listed in Eq. (207)-(213). However, because £, now depends upon two
spins, it is convenient to relate the n-spin basis functions to those for
n — 2 spins. There are four different sets of such basis functions (three if
S < I) together spanning the n-spin subspace of given § and M. They are

i [S+MXS—M+1)
®S,M,i_'

D@12,
2S(S + 1) U250+,

M
1DB2) + FA)OLE;
+\/ZS(S+ («(1)B(2) + p(1)x(2))OF

(S—MYS+M+1) g yp0gn2 64
+\/ G D) B(BQR)OF M+ 1, (264)

m2 1
®s,§4,i—7§(d(1)ﬁ(2) B(DA2))O5 375 265)

S—M+DS—-M+2)
(2S + 2)(25 + 3)

@g',?w,i = a(1)a (2)®s+1 M—1,

S—M+DS+M+
(25 + 2)(25 + 3)

\/(S+M+1)(S+M+2)
(2S5 + 2)(2S + 3)

D ((1)p@) + (120572 v

BMBYOFIE b+ 1.0 (266)

S+MS+M-—

1)
2525 = 1) (1)a(2)®s 1,M~1,i

(S + M)S - M)
\/ 25028 - @(DB2) + PNx(2)OF= T i

S-MES-M-1 T
+ \/ sas—1)  POPDOLuwe i (267)

Use of Egs. (264)-(267), with the techniques already described, suffices
to yield all the coefficient formulas in Eq. (224)-(230), excepting Eq. (226)
for Ci(aafif). In obtaining C,(aaff), the equations parallel to Eq. (260)
involve terms such as A~ 2 B(3)B(4)---| 02~ 20F _ 2| a(3)(4)--->, where
the notation is as described at Egs. (207)-(213). The application of & _,
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to |a(3)a(4) -+ > produces a factor 242 and in,(n, — 1) terms, each con-
taining a different combination of two 8 spins in place of « spins. After
applying Q,, we find that 1(k + 1)(k + 2) of these terms have spin order-
ings differing by & a- finterchanges from { (3)f(4) --- |, (k + 2)(n, — k — 2)
terms differ by & + linterchanges, and $(n, — k — 2)(n, — k —3) termsdiffer
by k + 2 interchanges. Hence,

o BB 1050, 2 aad)

=(k+ 1)k +2)C(S, M —1,n-2)
+2k+2)(n,—k—-2)Cy (SSM—1,n-2)
+(n,—k—2)n, —k —3)Cp (S, M—1, n—2). (268)

With the aid of expressions such as Eq. (268), we obtain Eq. (226).
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I. Introduction

This paper presents a critical review of certain features of the non-
additivity problem which have recently become of interest. It faces the
question whether the multibody series [Eq. (35)] has convenient properties
of convergence. Four-body forces are calculated with the use of an oscillator
model for two particular configurations: a regular tetrahedron and a
square. Their sign is in both cases opposite to that of the three-body forces
calculated by Jansen and collaborators. For the tetrahedron they are
small; for the square, at distances equal to the lattice spacing of crystals,
they are of the same order of magnitude as the three-body forces. The
calculations are carried out in the first order of perturbation theory.

Il. Long-Range Forces

The elementary Coulomb interactions from which molecular forces are
compounded have two important properties: they are central and they
are additive. The first implies the absence of torques; the second means
this: When many particles interact, the total force on one is the vector
sum of the forces exerted upon it by all other particles, considered one at

* Work done under Grant AF-AFOSR 843--65.
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130 H. Margenau and J. Stamper

a time. A consequence of this characteristic with respect to the potential
energy V of a system is its pairwise additivity,

i>j
where V;; is the potential energy of particle 7 relative to j. It follows from
these facts that every classical Hamiltonian from which intermolecular
forces are derived has the property of (pairwise) additivity.

When two sets of elementary charges interact it is in general not possible
to find a point within each set about which the other will not produce a
torque; hence the central property is lost for a collection of charges, except
for sets of spherical symmetry. Multipoles, for instance, do not exhibit
central forces.

But the additive property persists as long as all individual charges are
rigidly held in position. Thus the potential energy of three rigid dipoles,
fixed in their orientations, can be computed as the sum of intersystem pair
potentials. However, if only the centers of the dipoles are fixed and the
orientations allowed to adjust themselves for minimum potential energy,
additivity is lost. The relative orientation of two will be altered when a
third is introduced, and the potential energy of the first two will therefore
depend on the position of the third.

In quantum mechanics, the change from additivity of the classical
Hamiltonian to nonadditivity of intermolecular potentials occurs in the
same way: the charges within each molecule readjust their motions in
response to every new molecule entering its force range. The question of
additivity therefore arises naturally; yet it cannot be dealt with in a uniform
way since its aspects are different for the different types of intermolecular
forces.

Some features are apparent from the manner in which these forces are
calculated. Interactions which appear in first-order perturbation theory
are clearly not additive, for they are mean values over functions having
complicated symmetries with respect to intermolecular exchanges, or else
the roots of secular equations. In the second order of perturbation theory,
however, certain notable regularities occur, and these will first be sum-
marized.

The long-range forces between unexcited molecules, i.e., the dispersion
forces and those arising from all higher multiples, are additive in second
order of perturbation theory (Margenau, 1939). This statement has been
questioned by Wojtala (1964), and we shall show below in what sense his
assertions are correct.
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Let there be n molecules, their separations being such that it is proper
to write their state as a product of individual molecule states:

[k> =1k D1ks Do ko

They are subject to the perturbation ¥ =Y, ;¥(ij), (i) denoting all
coordinates pertaining to the ith and jth molecules. We now assume for
V(ij) its multipole expansion (cf. last reference). This obeys the relation

Cheke; | V() [k = SR — Skt — 8k ). e)
The complete second-order perturbation energy is
k\V]k)|?

S [EG) = ()

where {x} denotes the set of quantum numbers x;, ,, ... k, and the E’s
are unperturbed energies. Now

klViey = Z.<k.-k,~|V(i,.1')lK;K,-> [1 d(kye,) @

s#ij

When this is squared and use is made of Eq. (2), only the squares of in-
dividual matrix elements remain and we find

E, =Z[Z, |<kikj|V(U)|Kin>|2 ]

iy Elkey) — Elrc) + E(kj) — E(x;))
The bracketed expression, however, represents the second-order inter-
action between molecules / and j; hence additivity is established.

Wojtala did not expand ¥ in a multipole series; hence his ¥ does not
satisfy Eq. (2). As a result he obtains cross terms which are not present in
the asymptotic expansion. Their meaning will be discussed later in con-
nection with Fig. 1.

Nonadditive contributions from the multipole series first occur in the
third order of perturbation theory. In the literature attention has been
confined for the most part to the dipole-dipole term in a configuration of
three molecules. A qualitative formula for the triple-dipole interaction was
first given by Axilrod and Teller (1943); it was established in detail by
Muto (1943); Axilrod (1951) as well as Midzuno and Kihara (1956) later
published fuller derivations. In developing it here we employ a useful
technique devised by Sinanoglu and applied to this problem by Kestner
and Sinanoglu (1963).

Three atoms, a, b, and ¢, are represented by state functions ¢@,(1),
0,(2), and ¢(3). They are far enough apart so that their charge clouds do

&)

i>j
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not overlap. Interatomic exchanges will therefore be neglected. Each set
of electrons (denoted by a numeral) is fixed to its atom, and summations
over 1, 2, 3 are equivalent to summations over a, b, ¢. The complete
function is the product

¢0 = ‘pa(pb(Pc (6)
Hopo =[Ho(a) + Hy(b) + Ho(0)do = Eoo = [Eq(a) + Eo(b) + Eo(c)]¢o)
7

and we define Hy(a) — Ey(a) = e, so that
Hy—Ey=e¢,+e,+e. ®)

We note that each e acts only on the electron coordinates of the atom
whose subscript it carries.
The first-order perturbation is

Hl = Vab + Vac + Vbc (9)
and we mean by V,, the dipole-dipole energy which has the form
e? r,'Rr,'R
Vap = g (ra'rb -3 %) (9a)

provided er, and er, are the dipole moments of the electrons in ¢ and b,
and R is the intermolecular vector between ¢ and b.
The third-order perturbation energy (Dalgarno, 1961) may be written

Ey={¢,|H, — E;| ;). (10

Since the first-order energy E, = {($o|H,|¢o > =0, E; is simply the
perturbation H; averaged over the first-order state function ¢,. We
compute the latter as follows.

It is well-known (cf. last reference) that ¢, satisfies in general the
equation

(Ho — Eg)p, = — H o + E|¢o. ()
In our case the last term is absent. Hence in view of Egs. (6), (8), and (9):
¢1 = _(ea + € + ec)_l(Vab + Vac + Vbc)¢a¢b(pc' (12)

It is understood that the reciprocals of the e operators, undefined as they
stand, take on meaning when inverted or expanded. We consider first the
contribution to ¢, which comes from V,,, and we define the new operator

Mc = (ea + eb)_lec' (13)
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In terms of it,
OV = —(ea+ &+ €)” Var@upppe = —(1 + M)~ e, + )™ V0,050,
= (1 =M, + M2 Y, + ) Var0.050,.
At this point we observe that, because e,¢, = 0,
M. =0. (14)

Furthermore, ¢, commutes with (e, + e,) ™' V,,¢,0, and may therefore be
written after the first parenthesis in the expression for ¢%, where it causes
every power of M_ to disappear. Hence

L = @ty (15)
provided
—Ugp = (en + eb)_1 Vab(pa(pb’ (16)

The usefulness of Eq. (15) arises from the manner in which ¢% factors
into a function of the coordinates of atom ¢ alone (¢,) and a pair function
involving a and b.

In dealing with the contributions of V,, and V,, we introduce operators

M, = (ea + ec)_leb
Ma = (eb + ec)_lea

and proceed similarly. Two other pair functions, u,, and u,., appear, and
they are constructed in analogy with (16). Thus one obtains

d)l = UpcPq + Uec P + Ugp P (17)

and the u functions satisfy the inhomogeneous differential equations

(ea + eb)uab = - Vab(pa(pb’ (18)
etc.
Next, (17) is to be inserted in Eq. (10),
E3 =<¢1 |(Vab + Vbc + Vac)¢l>' (19)

There are twenty-seven terms when E, is expanded. Each contains, aside
from atomic state functions ¢, two u factors and one V factor. The first,
for instance, is

<ubc(pa | Vabubccpa> . (20)

It vanishes when the integration over atom a is carried out [cf. Eq. (2)].



134 H. Margeanu and ]. Stamper

If, following Sinanoglu, we represent individual brackets by graphs, using
solid lines for u links and dotted lines for ¥ links between the atoms,
element (20) corresponds to

All elements of this type, i.e., with diagrams having two solid lines between
one pair of atoms and a dotted line extending to the third atom, vanish
for the reason just given.

Another bracket has the form {u,.@,|V,Mp@.>. It corresponds to

Qe

and vanishes upon integration over b or ¢. So do all elements of this type.
A third type is exemplified by {u,, 0. | Vatta.@p)- Its diagram is
¢

a b
It is zero because @, and u,, are orthogonal with respect to integration
over the coordinates of c.
We are thus left with six matrix elements of the form

They are
E3 = 2<uab(pcl Vacubc(pa> + 2<uab(pc| Vbcuac(Pb) + 2<uac¢bl Vab“br:‘Pa)‘ (21)
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The u functions, which must be obtained as solutions of (18), are most
simply constructed as expansions involving @,, ¢,, and their excited states.
If, writing @,*, ¢@,* for the latter, we put

Ugp = @@y + ; a;,0. 04"
m
and substitute in (18), we find after the usual integrations
@z = — |V |003/(A + A)

with the excited-state energies A,* = E,* — E,°, A)* = E,* — E,°.
The first integral in (21), which we now evaluate, involves the factor

00 | Vap | App {pv | ¥ | 00D
* dt,. = L a <
fuabubc Tp Do P +}.§ Aa}. + Abu Abu + Acv

and

00| ¥y | A1 2 20| Vo |0V )< pav | V3 | 00 >

V =
<uacq’cl acubc(pa> % (Aa). + Abu)(Abu + Acv) (22)

With suitable permutations of subscripts we obtain the other terms in
Eq. (21). In evaluating the summations we follow Kihara (1958). V,, is
expressed in the form

Vab =ps* Tab.pb (23)

which is equivalent to (9a) provided p denotes the dipole moment operator
of an atom and T, the dyadic (1 — 3e,e,,)/R2,. The dots signify ordinary
dot products between vectors, 1 is the unit dyadic, and e,, the unit vector
pointing from a to b.

Note the following rules for dyadics, 4, B. In writing them we employ
dyadic notation on the left and tensor notation on the right of the equa-
tions:

(A'B)ij = ;AMBU

A:B = ZA)'“BA“
Ap

1'4 =4

1:4 = Tr A.

If x and y are vectors, we have x* Ay = xy: 4.
Now the summations in Eq. (22) include those over ““magnetic” quantum
numbers, which are equivalent to rotations in space (correspond to an
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irreducible representation of the rotation group). Hence a dyadic like

2401pa [ A3<A| pa 10,

the sum extending over the space quantum numbers, can at once be

replaced by 3 0| po. | A (A | pax [0D1.
Thus we find

< UgeDe | Vacubc(pa > =

¥ | <01 Pax 1A 1210 P [£D 12140 | pex | ¥ |2
Auv (Aal + Abu)(Ab“ + Acv)

x Trace (T, Ty T (24)

For the trace one obtains
Tr(Tab . Tbc ' Tcn) =3 ( Rab Rbc Rac ) -3 { 1-3 + 3 [(eab : eac)z + (eab : ebc)2
+ (ebc ' eac)z] - 9(eab ) eac)(eab ' ebc)(ebc ) eac) } .

The dot products can be expressed in terms of the inner angles of the
triangle abc:

cos 0, = —e, e, etc.,
and
cos? 0, + cos? B, + cos* 8, = 1 — 2 cos 8, cos 8, cos 8,.
On using these relations we find
Tr(T,y Ty T.o) = 3(R,R,.R,.) " 3(3 cos 0, cos B, cos 0, + 1).

There now remains the calculation of the two last terms of Eq. (21). This
merely duplicates the foregoing procedure and leads again to (24), but with
properly modified denominators. The final result is therefore:

__6(3cos B, cos B, cos 0, + 1)
N R3,RR;,

C

XAZ [01Pax | 4D 12IK01Poc | 1) 1210 | pex | v 12
uv

X {[(Aal + Ab“)(Ab” + Acv)]_l + [(Aal + Ab")(Aal + Acv)]_ !
+[(A + A + A7 25)

The first factor, containing the 6’s, determines the sign of the nonadditive

Ey
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contribution to the triple-dipole effect; it is positive when every 8 < 117°,
negative if one 0 > 126°.

A simple result holds for isotropic oscillators, where A,* = av,8,, (since
p connects the ground state with the first excited state only) and the
polarizability P, =%<0|p,? |0>/hv,. In this case Eq. (25) reduces to

(v, + vy + vV vy, 3cosf,cosB,cos0,+ 1

P.P,P,
b R3R.R3,

S LT T e

(26)

In Fig. 1 we have plotted the two three-body effects, £, and the com-
plicated result of Wojtala, for three hydrogen atoms in an equilateral
triangle configuration. Ordinates represent the ratio of three-body to two-
body energies, abscissas are lengths of the triangle sides. The third curve

1.0—

Esy
91— Eg
(triple-dipole effect)

Fig. | Long-range, three-body effects in hydrogen.

is the overlap integral, A2 =e¢"2’(1 + p + p?/3)%, p =R/ay. It was in-
cluded to show that the nonadditive second-order effect is confined to the
region where A is appreciable. Here, however, neglect of intermolecular
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electron exchange, i.e., the exclusion principle, is no longer legitimate.
Hence the results of Wojtala are physically not very meaningful, and their
lesson is to remind us that large nonadditive effects occur at small dis-
tances of separation where states of the separable form employed so far
are inadequate.

The triple-dipole effect, too, is of no interest at intermolecular distances
where A is large; it may be seen, however, that its range is longer. At inter-
mediate distances, therefore, it is worth consideration. Indeed Graben
and Present (1962) have applied Axilrod’s formulas in a calculation of the
third virial coefficient for Ne, Ar, Kr, and Xe, obtaining better agreement
with experimental values than is afforded by additive van der Waals forces
alone. In another study Kestner and Sinanoglu (1963) have calculated
“effective” dispersion forces between two molecules embedded in a non-
polar medium. They show, using the triple-dipole interaction between
two molecules and their nearer solvent neighbors, that pair potentials are
reduced by three-body effects as much as 329/ (in carbon tetrachloride).
Dispersion forces between (lateral base) pairs of atoms in a DNA double
helix decrease by about 28 %, when the four adjacent bases of each pair,
which have large polarizabilities, are included as third bodies in the
calculation. How these forces are further modified by solvents is discussed
by Sinanoglu et al. (1964). Higher orders of perturbation theory beyond
the third, based on the dipole-dipole interaction alone, have been com-
puted with the use of the oscillator model by Bade (1957) and applied to
a linear lattice by Bade and Kirkwood (1957) and by Zwanzig (1963).
An extension of this work to include the effects of distant perturbers was
made by Doniach (1963). Finally we record a publication by Ayres and
Tredgold (1956) in which the three-body asymptotic interaction up to the
dipole-dipole-quadrupole term is examined.

These three-body effects contribute strongly to physical adsorption,
where the third body is the solid. Sinanoglu and Pitzer (1960), McLachlan
(1964), and Mavroyannis (1963) have considered various aspects of this
problem. Experimental evidence here is in accord with a large three-body
contribution (Johnson and Klein, 1964; Barker and Everett, 1962; Sams
et al., 1962; Steele and Kebbekus, 1965). The application of all these
results involves regions of intermolecular distances in which overlap
cannot be neglected with confidence. Thus, while quantitative conclusions
represent important indications of the nonadditivity of even long-range
effects, they do not tell the entire story and must not be trusted in detail.
Hence we turn now to the calculation of first-order effects at small separa-
tions, using properly antisymmetrized electron wave functions.
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lll. Short-Range, Three-Body Forces

In dealing with multiple interactions it becomes essential to use a con-
venient and nonredundant notation. No confusion will arise if we use
the letters a, b, and ¢ in two senses: as the points at which the nuclei of the
three atoms are situated and as atomic orbitals constructed about these
points. When signifying the latter they will usually carry arguments
specifying the electron occupying the orbital, e.g., a(1). Furthermore, to

simplify writing the Hamiltonian, we abbreviate
2 2 2
c =a;, ‘= B, etc, and £
Fai Tyj ¥ij
Here r,; is the distance between a and electron i, r;; that between electrons
iandj.

In the following we shall encounter a variety of elementary exchange
integrals, which can be classified into two-center and three-center integrals,
with a possible subdivision into one-electron and two-electron classes.
These can be labeled perspicuously in a manner proposed for the more

complicated four-center problem (Margenau, 1943), viz.,

o2
(aBc) Efa*(l)r c(1) dr,
b1

= Pij- 27N

2

(abpbc) = ja*(l)b*(2):— b(1)e(2) dr, dr,p, ete.
12
Ass usual, the overlap integral is denoted by

A, = (ab) = J‘a*(l)b(l) dt,.

As to symmetry, we note that

(aBe) = (cfa)

(aab) = (apb)

(abpbc) = (bbpac) = (acpbb) = (bepab) = (bapcb)
provided the orbitals are real.
All one-center integrals, like (axa) and (bfb), are of course equal and
independent of the position of the nuclei. All two-center integrals,
(aPa), (apb), (abpab), and (abpba)

occur in the pair interaction; they are well-known from the Heitler—
London theory of H,. Three-center integrals fall into three classes,
characterized by

(afe), (acpbc), (acpch).
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Our knowledge concerning these integrals is still incomplete. They are
discussed by Slater (1963) and in greater detail elsewhere (Alder et al.,
1962).

The Hamiltonian for three interacting, one-electron atoms is

H=H0+V.

We suppose that Hy,= H, + H, + H_,, Ha(l) = Ea(l), etc. Then, as
before,

V= Vab + Vac + Vbc
Vi =€RG' +pa— 0y — By

(28)
V=R 4+ p3—as—v
Vee =Ryt + py3—f3 — 72
The normalized, unperturbed state of the triplet is
Wo = V3l — 8ue) 2l a(1)B(2)c(3) (29)
where &/ is the antisymmetrizing operator and
Bape = ALy + AL + A}, — 2AA, A, (30)

Straightforward substitution of (28) and (29) and use of our symmetry
rules leads to
(O|H |0) — 3Ey = *Ry! + (1 = 8,,)  {(AL + A}, — 2)(aBa)

+ 2(Aab - AacAbc)(aﬂb)

+(Aac - AabAbc)(aﬂc) + (Abc - AabAm:)(bac)

+(abpab) — (aapbb) + A, [(abpbc) — (abpch)]

+ Ay f(aapbc) — (abpac)l}+ -+ + - @31)
The two sets of terms not written are constructed from those displayed
by interchanging @ with ¢ and a with 9, then b with ¢ and # with y. Here
Ey =E,= E, = E, represents the energy of a hydrogen atom. If atom ¢

is removed to infinity, every term involving ¢ in this expression drops out
and we find

e2

Ey = T (1 — AZ)™'{—2(apa) + 2A,,(apb) + (abpab) —(aapbb)} (32)

which is the repulsive Heitler-London energy between the two atoms.
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The specific three-body contribution over and above the energy of pairs
is

<0'11|0>_E'a_E‘lJ_E‘c_E‘ab_'Eac_'Eb.':E abc* (33)
Thus the total energy is
O|H|O)=FE=E,+E,+ E .+ Ey+ E, .+ E, + E,,. (34)

It is clearly of interest to know whether this series can be extended and,
if so, whether it converges. For instance, one might suppose that the total
energy of » interacting atoms can be written as a series

E=YE+YEs+ Y Egt -+ By, (35)
r r<s r<s<t

in which the sums have progressively smaller values. Very little is known

about this at the present time, but we shall return to this problem below.

The evaluation of Eq. (31) for specific configurations of H atoms,
though not difficult, has not been carried out to our knowledge.! While
it represents a possible mode of interaction of three H atoms, namely,
that in which all electron spins are parallel, experimental data are lacking.
The effect is interesting for He, however, and Rosen was the first to perform
a calculation analogous to the above for six electrons attached to three
He nuclei (Rosen, 1953). His result can be written in fairly simple form,
as follows.

Let ¥,, ¥,, and . be antisymmetric functions for atomic helium, each
composed of two atomic orbitals. Write &/ for the interatomic anti-
symmetrizer, ) A(—l)‘“"P,lnb, between atoms a and b. (The P, , are all
permutations of electrons between a and b.) Similarly, &/ is the triatomic
antisymmetrizing operator. Further, introduce

Sab = <l//alpb ‘ dabl//awb>’ ‘//a‘pblpc =Y
Sabc = <\P l 'Mabﬂp>9 S=1+ Sab + Sac + Sbc + Sabc
H =¥ | HoAt™ )
Q, =<¥|(Vap + Vo) ¥>
Oy =¥ |(Vap + Vi) ¥>
Qc =<lP | (Vac + Vbc)\P>

1 McGinnies and Jansen (1956, p. 1301) examine a simplified version of (33) in which
atoms a and b are close together, but ¢ is far enough away to permit a multipole
expansion,



142 H. Margenau and ]. Stamper

Then
Each =H+ 0.+ 0+ 0. — 5abc(Ea + E, + E . +E,+E,+ Ebc)
_(Sac + Sbr:)Eab - (Sab + Sbc)Eac - (Sab + Sac)Ebc' (36)

The quantities H and Q break up into elementary exchange integrals of
the type discussed, most but not all of which have been tabulated.

Rosen evaluated Eq. (36) for two configurations, an equilateral triangle
and three atoms equally spaced on a line. For the ratio of triple to pair-
wise interactions he finds (for ZR > 3ay)

Eabc -0.33 : .
— 8% = _1.15e” %33RasFRactRucdlao  (equilateral triangle) (37
E. +E. 1E. (eq gle) (37)

= +9.8¢70-66(Ras*Ract Ruc)/a0 (Jinear array). (38)

The triangular configuration has maximum overlap, and it is therefore
not surprising that (37) is larger than (38) for interatomic distances where
nonadditivity matters. Unexpected is the change of sign. It looks as if in
the triangular disposition the electrons enjoyed enough freedom to weaken
the demands of the Pauli principle, which causes repulsion in the forces
between pairs. The linear arrangement, on the contrary, offers no such
freedom, in fact increases the repulsion to a small extent. It is also note-
worthy that the sign of the nonadditive component coming from the pres-
ent, first-order interactions agrees with that of the triple-dipole effect:
it, too, is negative for 8 = 60°, positive for 6 = 180°,

The problem of three He atoms was also investigated by Shostak (1955)
who employed molecular orbitals (linear combination of atomic orbitals)
in his calculation. He evaluated results only for Rosen’s linear configura-
tion, where molecular orbitals are likely to yield better precision. While in
general agreement with Rosen’s conclusions, his method gives larger
nonadditive effects—at the shortest distances considered—by almost
a factor 2.

Three-body interactions were studied in connection with crystal prop-
erties in a well-known publication by Léwdin (1948),'* who found in
them the cause of departures from Cauchy’s relations (between the elastic
constants of crystals). Starting from a complete many-body Hamiltonian
he arrives at terms corresponding to nonadditive, three-body interactions
which account for his interesting findings. His results, though obtained
by an approach that is somewhat foreign to the methods employed in

s Later work suggested by these investigations, but using a macroscopic model
(polarizabilities) may be found in Linderberg (1964), Linderberg and Bystrand (1964).
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this article, are analogous to the three-body interactions discussed in the
sequel. A careful comparison, which would be illuminating, has apparently
not been made.

More recently McGinnies and Jansen (1956) seized upon many-body
interactions to explain a renowned paradox in crystal structure theory.
An illuminating account of it is given in a recent review (Jansen, 1965).
The facts to be explained are these.?

Among the rare gas elements only He crystallizes in a hexagonal lattice;
all other form face-centered cubic crystals. Pair potentials, computed in
the usual way or derived semiempirically, always favor the hexagonal
lattice. That is to say, the hexagonal configuration invariably produces the
lowest value for the Gibbs free energy at 0°K. Thus the behavior of He
seems regular, but that of the heavier rare gases anomalous. The effect
computed by Rosen for He increases the stability of the hexagonal lattice
and therefore provides little hope of accounting for the crystal forms of
Ne, Ar, Kr, and Xe. To certify this expectation Jansen (1965) and
Zimering (1965) performed a first-order calculation of the kind outlined
above for three H atoms, but with the following modifications for the sake
of feasibility and application to heavier (spherical) atoms. Instead of the
full shell of electrons in each atom they assume one to be effective in
bringing about the interaction. This leads to Egs. (31) and (32). In evaluat-
ing the integrals which appear there Jansen uses not hydrogen functions
but Gaussian exponentials, i.e., simple harmonic oscillator functions of
the form

a(l) — ﬁS/Zn—3/4e—Bzr,2,|/2 (39)

for they permit all integrals to be expressed in a simple form. The para-
meter B is obtained by fitting a formula for the dispersion forces, computed
with function (39), to the empirical van der Waals potential. Since this
model is useful in this and other respects we list Jansen’s expressions for
the integrals that appear:

Introducing F(x?) = 2¢2//nx f : e~ “du = e*erf (x)/x one finds for the other
integrals

2 The actual situation may be more complex than is suggested below. See an important
note by Meyer er al. (1965).
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(aBa) = BF(B>R},
(aob) = Aab.BF(BzbeM)
(bac) = A, .BF(B*R?

abc

(aBc) = A, BF(B*R3=

bac.

\/2(abpab) = BF(B*R},2)
2

= 2e 202 12
/2(aapbb) = —= Be™ B ke “0)

Jr
\/2(abpac) = A, .BF(B*R;2)
\/2(abpeb) = A, BF(B*Riz)2)
\/2(aapbe) = AyA . BF(B*R}.;5)
J2(abpbc) = AyA, BF(B*RZ5).

Here R,5; denotes the distance from a to the midpoint of the line joining
b and c.

Our account of Jansen’s calculation differs from his version in these
respects. Instead of computing (0| H)0> — 3E4 he claims to calculate
{0]¥|0>, which he obtains by adding (0| V,, |0 to the two permuted
expressions. The form of V,, is given in Eq. (28). Now, as shown in a
forthcoming publication (Margenau, 1966), (0} V,,|0> when properly
computed is without meaning, for it does not go to zero when R, be-
comes large. Neither do (0| V,.|0) nor (0| V,.|0). Evidently, therefore,
the meaning of these terms must have been changed somewhere in the
calculation (e.g., use of &V instead of V in computing <0|V|0)> would
have removed the finite part at R—o0). At any rate, the result given by
Jansen is indeed (0| H|0> — 3Ey, and is correct. The use of oscillator
functions, whose eigenvalues are not Ey, introduces further complications
from the point of view of perturbation theory. But the procedure dis-
cussed seems very difficult to improve.

We have also noted elsewhere (Margenau and Rosen, 1953) that
questions as to the meaning of intermolecular potentials arise when
Hypo # Eyg@y. They emerge here. The quantity calculated with the use of
oscillator functions is the one denoted by ¥ in the reference above.

Figure 2 illustrates magnitude and angular dependence of the three-
body effect under study. The curves are drawn for the isosceles triangle,
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the distances being those appropriate for solid argon and xenon, and
fractional energies are plotted as functions of the opening, @, of the
triangle. Between 6 = 60° and 6~ 110° the nonadditive contribution
is negative, at larger angles it is positive; the situation found by Rosen
is reproduced.

0.2
0.l Xenon
2 Argon
w
ol +
5 s of
ww
+
o
L]
w
-0}
-0.2 -
-0.3
60 120 180
8 (degrees)

Fig. 2 First-order, three-body effects in argon and neon crystals.

When applying this theory to the crystal problem it is evidently neces-
sary to accept Eq. (35), supposing that terms beyond the third on the right
can be neglected. Thus, in examining the stability of different lattices,
Jansen selects a central atom and first, computes all pairwise interactions
with its nearest neighbors (},<E,,); then he constructs all possible tri-
angles involving the central atom and two nearest neighbors and calculates
Y E,,,. When this is done it becomes quite clear that the hexagonal close-
packed configuration is the stable one.?

3 The reasoning is this. The Gibbs free energy is G= U — TS + PV, U being the
crystal energy. The comparison involves no volume changes; hence PV drops out.
T can be put equal to zero if the crystal structure examined is the same as it is at absolute
zero. Indications are that this is true. Thus G becomes U. But U consists of two parts:
the static crystal energy and the zero point energy of its constituents., On this last,
careful calculations, mentioned in Jansen (1965), exist suggesting that it cannot cause
the difference between the two structures. Hence Jansen holds that part of U which
comes from all static interactions responsible for the lattice type.
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Hence the paradox remains. Let us recall, however, that the main forces
which hold a rare gas crystal together are those calculated in second
order. Indeed at interatomic distances prevailing in a lattice the attractive
second-order energies are greater, in absolute value, than the first-order
exchange forces. Jansen and Zimering (1963; Jansen, 1963, 1964) there-
fore investigate the second-order exchange effect arising in the interaction
of three model atoms whose charges are distributed in accordance with (39).

They apply perturbation theory in the usual way, writing

= —(E)T'[K01 V310> —<0| Ve 1057,

<O| Vabc|l><'l| Vabc|0>
E, - E;

E2,abc = Z'
P

replacing (E, — E;)~! by some undefined average E~*. This suffers from
lack of meaning, as before. It appears that what Jansen and Zimering
actually calculate is

—(E)"'KO|(H — E,)*|0>—<O|H — E,|0)%] (40

where E, =lim,  E=E,+ E, + E,. This formula can be justified as
follows.

Perturbation theory depends on the availability of a ¢, which is an
eigenfunction of some Hamiltonian H,, preferably, in this case, of
H,+ H, + H_. An antisymmetrized set of atomic orbitals like (29) is far
from satisfying these requirements, nor does it yield <O|H, + H, + H,|0)
= E, + E, + E_. Hence the best one can do is to employ the method of
linear variation functions, assuming the trial function to be

& = ¢o + cd;. (42)

Concerning ¢, we suppose (a) that it is orthogonal to ¢4, and (b) that ¢,
and ¢, together form a complete set. This, of course, is never true, but is
equivalent to the Unsold approximation, i.e., to replacing every (E, — E;) ™!
by E~L.

Choice of (42) leads to the condition for E:

Hoo— E  Ho,

=0.
Hyo Hy —E

We may neglect the dependence of H,, — E upon the R and write H,, — E
EE. Then E=Hoo—E—I'H()llz:HOO—E_I[(HZ)OO—HS()], Sil’lce
|Hool? + |Hyol® = (H?)oo. Therefore the van der Waals energy
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(H*)oo — Ho

E—E_ =<(0|H—E_|0>— 5

We recognize the first expression on the right as the first-order energy,
Eq. (31). Hence the “‘second-order” term is

(H)oo — H3o

E = —
2,abc E

and this is identical with Eq. [41].

The calculation of (H?),, is lengthy and requires electronic computa-
tion. Details are found in the work of Jansen (1964), Lombardi and Jansen
(1964), and Zimering (1965). They remove the uncertainty with respect to
the value of E by forming the ratio E, ,./E9 4, the denominator being
the long-range, additive van der Waals energy, E, ,, + E; o0 + E; 5, 85
given by London’s formula. The latter also contains an unknown energy
difference; it is taken to be equal to the present E and therefore both drop
out of the calculation. The result for E, 4,0/E3 ;. is amazingly similar to
the curves of Fig. 2. In Fig. 3 we plot this ratio together with E, 4,./E? s
(which is the ordinate of Fig. 2) for argon. The triangle is again an isosceles,
and the value of BR has been chosen as 2.4, which corresponds to the
lattice spacing of solid argon.

0.l —
o 1 | i //q//’—j_—_—I___
E,/E;
E/EL
-0
-0.2 ! | L | L J
60 90 120 150
8 (degrees)

Fig. 3 First- and second-order, three-body effects in argon crystals.

Jansen and his collaborators perform extensive calculations of this type
for all the triangles involving nearest neighbors which are encountered in
rare gas crystals, both for the hexagonal and for the face-centered cubic
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configuration. Upon their results, which are typified by Fig. 3, they base
the following remarkable conclusions.

First-order and second-order ratios (Fig. 3) are practically the same
when plotted as functions of . Since EY ,,. is negative while E,° is positive,
first-order nonadditive effects increase repulsion and second-order effects
reduce it where both ratios are positive. While the precise manner of
compounding the two effects is subject to ambiguities, it is nevertheless
clear that in the region of the van der Waals minimum E,° is numerically
about twice as large as E,°; hence the second-order correction, which
introduces predominantly attraction, carries twice the weight of the first.
The consequences flowing from the analysis of E, ,,. must therefore be
reversed, and the net result is that, because of the second-order three-body
interactions, rare gas crystals favor the face-centered cubic configuration.

This leaves He as the sole offender. In this case, however, one can see
from Rosen’s and Shostak’s calculation that third-order effects are minimal,
for the spacing of atoms is wide and the atoms are small. Jansen shows
that for large BR the ratio of (E, ,, + E; g5c)/E S, becomes small. Hence
the three-body correction seems insufficient to make the fcc configuration
the stabler one for He.

Having thus regularized the anomalies* of the rare gas crystals he turns
his attention to the alkali halides and indicates how similar considerations
produce gratifying agreement with observations. Their detailed presenta-
tion is beyond the scope of this article.

In view of these successes, a closer scrutiny of the basis on which the
many-body theory rests becomes essential. In the next section, therefore,
we present some new calculations designed to throw light on the con-
vergence of the expansion of F as a series of multiparticle terms, Eq. (35).
We shall extend previous treatments to include four-atom interactions
In a manner similar to Jansen’s, a determination of the nonadditive four-
body components will be made to see if, perchance, it remains smaller
than the three-body component. For obvious practical reasons the cal-
culation of four-body forces will be restricted to one order of perturbation
theory, the first. The fact that the “second-order contribution” to three-
body forces is, as we have seen, even greater than the first at distances near
the lattice parameter may seem disturbing. Nevertheless it is interesting
to know what happens within one consistent scheme of computation, and
our results do become physically meaningful at small values of R, where
first-order exchange forces always predominate.

4 It might be noted, however, that the observations on which the foregoing reasoning
is based require further scrutiny in view of the findings of Meyer et al. (1965).
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IV. Short-Range, Four-Body Forces

To the three atoms considered in the previous section we add a fourth,
locate it at d and describe it by the orbital d(4). The total Hamiltonian is

H=HLO)+H2Q+HGB) + HM@®A + V2, )+ V, .3, )+ V.4, 1)
+ V3, 2) + V(4. 2) + V4, 3) 43)

where the V are defined in a manner analogous to Eq. (28) and H(i)d(i) =
E,d(i). The normalized state function is, in the notation of Eq. (29),

¥, =\/ 310~ S A DHQN) (44)
where

Oapea =1 —f a(1)b(2)c(3)d(4)f a(1)b(2)c(3)d(4) dx

= (AL + AL+ AL+ A) + AL+ A2) — (ALAL + AZAL +ALAL)

_2(AabAacAbc + AabAadAbd + AacAadAcd + AbcAbdAcd)

+ 2(AabAacAbdAcd + AabAadAbcAcd + AacAndAbcAbd)- (45)
A clear understanding of the meaning of the terms in Eq. (35) is necessary;
hence we insert a few further comments. Let the total energy of n inter-
acting bodies of the same kind be E(n); we shall denote by E®(n) the
a-body component of E(n). E™(n) derives its meaning only from E(x) and
cannot be separately defined. We label the bodies a, b, ¢, ... n and under-
stand that indices like 7, j, k take on values from @ to n. One may then write

E() = E,= B, = - E,
where E, etc., are the energies of the isolated bodies,
EM(n) = nEY(1) = nE,

) 1
E®(2) = Ey, E®(n) = 27 _;.Eij
g

1
E®Q)=E,., E®m== Y E;,etc
i
Then

E(n) = E®(n). (46)

a=

In the four-body case
E@) =4E,+}) E;j+% Y Eyj+ Epeq “7)
i#j i#tj+k
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The total interaction energy may be written as
E@4)—4E,=<0|H|0> — 4E,.
Use of (43) leads to

E@)—4E, = (1 — 8,07 " fa(l)b(2)0(3)d(4)d {Va(2, D + Vo3, D)
+Vel4, 1) + V3, (3, 2) + V34, 2) + Veou(4, 3)]

x a(1)b(2)c(3)d(4)} d. (48)
We now abbreviate

(1= 8™ f a(b(2)e)dA) A [V a(2,1)a(1)b(2)c(3)d(4)] dt =v,p,c4.  (49)

This expression remains unchanged by an interchange of the variables of
integration 3 and 4, which has the same effect as an interchange of ¢ and d.
Hence v, ., is independent of the order of ¢ and d and is sufficiently
characterized as v,,. Nevertheless, to indicate that v, .4 is the interaction
between a and b in the presence of two other atoms we will retain the full
notation. From vy, .4 the other five terms in (48) are obtained by permuta-
tions of a, b, ¢, and d, together with a, B, y, and 8. We write

E(4) - 4Ea = (Uab,cd +Uac,bd +vad,bc +vbc,ad + vbd,ac +vcd.ab)' (50)

Direct evaluation yields

2
baea= 7= + (1= Supcd) 7 {=201 ~4(AZ + AZ + AL + AL + 20,

" (et = Bucbsa — Do D] o)
+ 2[Asp — ApcAoe — ApaBos + Acd(BacBpa + ApcAgy — Acy )1 (ad)
+ [Ase — AasBpe — AiBoi + Apas(BapAca + AggBye — Agepg)l(afc)

+ [Ae — AppBe — ApaBeg + Bud(BapAca + AgcBpg — Agyhyc)] (bocc)
+ [Aps — DopAas — DpcBos + Ag(BapBey + Ay — AgcDpg)] (bad)
+ [Aos — AupBpa — BocBoy + DDAy + AgcBpg — Agghy.)] (aBd)
+ (1— Al)[(abpab) — (aapbb)] + (Ay.— AnsA.p) [(abpbe) — (abpcb)]

+ (Ape — ApaBca)l(aapbe) — (abpac))
+ (Aps — ApAc) [(aapbd) — (abpad)]
+ (Aus — AucA)[(abpbd) — (abpdb)]
+ (AucBpa — Auaby)[(abped) — (abpde)]}.  (51)
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Three-body effects have already been computed; they are given by Eq.
(31). The one term written there on the right [with J,,. given by Eq. (30)]
is v, .. The two-body interaction is represented by Eq. (32), which in the
present notation would read v,,.
Clearly, E‘®)(4) is
E(Z)(4) =E,+ E, + Ey+ Ey + Epg + Egy. (52)
Since E,, = v,, etc., we find from (50) and (52) that
E®)4) + E®(4) = E(4) — 4E, — E®(4)
= (Vab,ca = Vab) + Wac,ba — Vac) + Wad,pc — Vad)
+ Opc,a0 = Use) + Usaae — Upa) + (Ceaap — Vea)  (53)
while
E(3)(4) = Eabc+ Eabd + Eacd + Ebcd
Eabc = (Uab,c - Uab) + (Uac,b - vac) + (ch,a - vbc)’ etc. (54)

We consider two specific configurations, (@) the regular tetrahedron and
(b) the square.

A. The Regular Tetrahedron
From symmetry, all parenthetical expressions of Eq. (53) are equal and
have the value

4A
Vi = o = 3 | ~A@89) — Aa) + (1 + 8) @)
1+A

+ 1—A

[(abpab) — (aapbb)] + [(abpbc) — (abpcb)]}.

(55)

A
1-A
In writing Eq. (55) use has been made of the following equalities, each
deriving from symmetry considerations:

Ap =8 =8y=0=Ayy=Ay=A
(aBe) = (buc) = (bod) = (apd)

(abpbc) = (aapbc) = (aapbd) = (abpbd)
(abpcb) = (abpac) = (abpad) = (abpdb).
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Similarly, all E;; are equal, as are the three parentheses in each. In
particular

2A

A=A +2d) —A(afa) — Alaab) + (1 + A) (afc)

vab,c — Uy =

+

[(abpab) — (aapbb)] + ll-l_—i [(abpbc) — (abpcb)]}.

(56)

A
1-A

Comparison shows that the contents of the curly brackets in (55) and (56)
are the same. If we call them A we arrive at the simple formulas

24A4

D) + B0 = (1— A1 +34) S
and
24AA4
B = (1= ARY(1 +24)° (58)
Hence
4
E94) A 59)

EG4) 1+3A

Several conclusions can be drawn from Eq. (59).

(1) Since E® is negative, E“’ must be positive, like £?), and increase
the repulsive exchange forces.

(2) The magnitude of E®/E® is } at R=0 and decreases mono-
tonically as the atoms are separated. Thisisin accord with physical intuition:
the importance on n-body effects relative to (n — 1)-body effects should
diminish as each atom becomes less effective in influencing the (n — 1)-atom
interaction.

(3) The ratio E®/E® depends only on the overlap of the atomic wave
function. This, of course, is a fortunate peculiarity of the regular tetra-
hedron and cannot be expected for other configurations.

(4) We have calculated four-body interactions using antisymmetrized
state functions; Wojtala (1964) has shown that they also exist when
exclusion is not respected. He calculated E‘®(3) and E®)(3), as already
noted, but also [E‘®(4) + EY(4)]/E®(4) for a regular tetrahedron, and
has presented these in the form of graphs. This permits us to make the
following comparisons. Let

E®(3)

E®(4) + E¥(4) _
E(2)(3) -

o = D®-
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Since E®(4) = 4E®(3) and E?X(4) = 2ED(3), we find

(4)(4
D(R) = 2C(R)[1 +—§W)%a—;]
whence

E%(4) _ D(R)

E®@)  2C(R)

Now, study of Wojtala’s curves shows that, while D and C reach apprec-
iable magnitudes (in regions, to be sure, where exchange cannot be
neglected!), D is always near 2C, so that in view of our last equation the
ratio of four-body to three-body interactions in the case of a regular
tetrahedron without exchange is practically zero. Hence we conclude that
exchange forces are responsible for four-body effects.

It is tempting to examine what bearing our results have upon Jansen’s
work. Clearly, they do not affect it directly because his crucial conclusions
are based upon second-order effects, which we shrink from attacking. But
it is easy to make comparisons within the first order provided we adopt
Gaussian wave functions. This leads to the integrals tabulated in Egs.
(40) plus one four-center integral,

2 p2

B*RE -
/2 (abped) = BAMA,,‘,F(T), (60)

R3; 53 meaning the distance between the midpoints of g¢ and 4. For our
tetrahedron, of course, we do not need this result and rely on formula (59)
with A = exp —(3B?R?). Choosing the proper values of BR for argon,
krypton, and xenon we obtain Table 1.

TABLE |
Rare BR E(3) E@(4)
gas crystal E®@3)|g_g0° E®4)
Argon 2.40 —0.200 —0.1385
Krypton 2.10 -0.21 —0.1663
Xenon 1.99 —0.214 —0.1757

The second column contains values read from the curves given by Jansen
and Zimering. When the total interaction energy of the regular tetrahedron
is computed, and written in the form of (47),

E4) — 4E, = E®P@) + E¥(@) + E4(4)
=EX@)[1 + &5 + &),
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we obtain for the three crystals the values given in Table II.

TABLE 11
Rare gas crystal £ €4
Argon —0.40 +0.055
Krypton —0.42 +0.070
Xenon —0.43 +0.075

The appearance of rapid convergence here may be deceptive. Four-body
forces are, in this instance, computed for a single tetrahedron, which
contains four triangles (and therefore four terms contributing to &;) but
only one E,, ;. In a crystal, where a domain of interacting atoms comprises

something like one atom plus its nearest neighbors, ¢; has (;) and g, (Z)

terms, and these numbers are comparable for n=x 12. It is very likely,
therefore, that Table II overestimates the rate of convergence for a large
aggregate of atoms. It will also be seen that the story is quite different for
the square, to which we now turn.

B. The Square

The atoms comprising the squareare labeled as shown in Fig. 4, Symbols
have the same meaning as before but the distances are different.

d R c
R R
a R b
Fig. 4.

The departure from pairwise additivity is once again given by Eq. (53),
which, in view of the symmetry properties inherent in Fig. 4, takes the form

EP@) + EP(4) = 4(vpp, 00 — V) + 2(Vac,0a = Vac)- (61)

In the evaluation of (v, .4 — v,) use is made of the following equalities:
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Aab = Abc = Acd = Aad =A

Aac = Abd = Az
(aBe) = (bud)
(bac) = (apd) (62)

(abpbc) = (abpcb)
(aapbc) — (abpac) = (abpbd) — (abpdb)
(abped) — (abpde) = — A*[(abpab) — (aapbb)).

Here, specific appeal is made to the Gaussian character of the atomic
orbitals. Thus, our treatment of the square represents a straightforward
extension of the three-atom formalism, but lacks exact applicability to
hydrogen. From Eq. (62) we find that

2A

Vi = o = | ~ M) + A%(aab) — A (afe) + (b

[(aapbc) — (abpac)]}.
(63)
Obtaining the proper expression for v, ;, requires an interchange of b

and f with ¢ and y, respectively. Specifically,
2

A 1
+ I_—Az[(abpab) — (aaphb)] + Az

+ (1 = 8apea) {21 —3(A2 + A+ A+ AL+ 24,
o X [Apg — BpcBoa — A D1 (aya)

+ 20A0 — BpcBay — AoiDog + Bua(BpAcy + ApBas — Apadoo)] (@are)
+[Am — AsAse — AsgBps + AcdlBacBpa + AsaBse — AupAcs)l(ayh)
+[Ape — Aschap — DegBpy + Apf(AocBpg + AgpAcy — Agyhy)](bxc)
+[Ai — Agehag — ApeBpg + Au(Bochyg + DogBye — Ay (cxd)
+[Baa — Asehcs — AunApy + Ap(ArcDyy + Appoy — Aggs)](ayd)
+(1 = Af)l(acpac) — (aapee)] + (Ay, — Bauabyd)l(acpeb) — (acpbe)]

+ (B — AciAsa)l(aapceb) — (acpab)]
+ (Acq — ApeAya)l(aaped) — (acpad)]

+ Ay — ApAy)llacped) — (acpde)]
+(AwBes — Asihpo)[(acpbd) — (acpdb)]}. (64)

Vac,bd =
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Similarly,

2
Vs = 7=+ (1= ) "H[ =2 + B + BL1@r0) + 2[A,c — Auhycl(ae)

+ [Anb - AacAbc](ayb) + [Abc - AacAab](bac) + [(acl’ac) - (aapcc)]

‘ + Agl(acpeb) — (acpbe)l + Ay [(aapch) — (acpab)]}. (65)
an
Vge = I%j: + (1 — AZ)™'{—2(aya) + 24, (axc) + [(acpac) — (aapcc)]}. (66)
From the relations
(ayb) = (bac) = (cad) = (ayd)
(acpcb) — (acpbc) = (aapced) — (acpad)
= (acpcd) — (acpdc) = (aapcb) — (acpab)
= (aapbc) — (abpac)  (67)

one finds that

4A A
Vac,pd — Vge = = Az)z{_ 1+ A

>(aya) — _ITAP (aac) + (bac)

+ ﬁt [(acpac) — (aapcc)] + ﬁ [(aapbc) — (abpac)]}.
(68)
Hence, in view of (63) and (68), (61) reads

E(3)(4) + E(4)(4) = (I—EA—AZ)—Z {——A(aﬁa) — ﬁ(aya) + Az(adb)

_ l—sz(aac) — A(ac) + 2bac)
A

iy [(abpab) — (aapbb)]
2

+ T4z l(@apbe) — (abpac)]

+ ﬁ [acpac) — (aapce)]}. (69)
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Clearly, all E;;, are equal, so that
ECN4) = 4E,, (70)
= 8(Vab,c — Vap) + Hacp — tac)- ()
Equations (31) and (32), together with Egs. (62), provide that

A A
Vab,e — Vap =T_A? {—A(afa) + (bac) + T—A? ((abpab) — (aapbb)]

+ l—_1A5 {(aapbc) — (abpac)]}. (72)

while Egs. (65-67) yield

2A A A
Uac,b — Vg = 1 — Az - 1 T Az (aya) -~ 'i—+p (ddC) + (botc)

A 1
+ T-A% [(acpac) — (aapce)] + T-a2 [(aapbc) — (abpac)]; .

(73)
Hence, (71) becomes

A A
E®)(4) = - —A(apa) — T AE (aya) — T A2 (aoc) + 2(bxc)
A 2
+ T-A2 [(abpad) — (aapbb)] + T-AZ {(aapbc) — (abpac)]
A
+ 1A% [(acpac) — (aapco)]l; . (74)

In view of (74), it is apparent that (69) can be written as follows:

I
1 —A?

E®) + A*(aab) — A(apfe)]

E®(4) + EY4) = '(—1%5[

or
2 2

e O 4 [Aah) — @Al (09)

(1 —A%?
(aab) = ABF(BZRZ) = 28" erf (51})

E®@) =
We have

4 R 2

ﬁAzez (BR)
= erf|—=

"R J2/

(aBc) = A2BF (?)
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Thus,
8e?  AZ BR 1 BR
Eo@ _ A | RI-A [erf(T) 5 (J_i)] 6
E®@)  1-A [E‘3’(3)] E®4)
E(Z)(3)

where on the right we have replaced E®(4) by 2[E®(3)/E®(3)]E®(4).

It is not difficult to calculate E®)(4) for each of the heavy rare gases
and, once again, Jansen’s results for E®)(3)/E®)(3) may be utilized. The
results are presented in Table III.

TABLE I
Rare BR E®(3) E™®(4)
gas crystal E®3)| 4_00- E®G)
Argon 2.40 —0.075 —0.9438
Krypton 2.10 —0.075 —1.031
Xenon 1.99 —0.075 —1.198

If, as before, we put E(4) — 4E, = E‘P(4)(1 +¢5 +¢,), Table IV results.

TABLE IV
Rare e e
gas crystal 3 4
Argon —0.150 +0.142
Krypton —0.150 +0.155
Xenon —0.150 +0.180

The outcome is somewhat unexpected and disturbing, for it shows that
for a square configuration four-body forces may outweigh three-body
forces. How this affects applications, such as those reviewed in this article,
is at present difficult to foresee, chiefly because our calculation was per-
formed only in first order of perturbation theory. Extension in two direc-
tions is needed to resolve these issues : other configurations must be included,
and second-order effects require investigation. Unfortunately, both of
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these tasks are time consuming. But it is worth knowing that thoughtless
use of the multibody series, Eq. (46), is fraught with risks.

Our first-order results are not wholly without physical meaning. For as
R decreases, first-order effects predominate. Hence the failure of the
multibody series for very closely packed atoms is already clear.

The total departure from additivity, (E®) — E®)/E®, is about 2% for
the square configuration, but 359, for the regular tetrahedron, where the
arrangement is more compact. The sign of E® remains positive for both
configurations, opposing the three-body effects.

V. Conclusions

In conclusion the following points may well be recalled concerning the
role of many-body forces.

(1) For dense states of matter they are quite important, may even be
crucial in determining structure.

(2) There is no conclusive evidence to show that the multibody series,
Eq. (35), has convenient features of rapid convergence.

(3) Relevant calculations are at present based for the most part on simple
state functions, i.e., on one-electron oscillator functions. This introduces
errors which have not been estimated.
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I. General Introduction

In principle two main methods can be used to predict the chemical
reactivity of molecules, the collision theory and the transition state theory.
The theoretical basis of the collision theory is certainly much more
satisfactory than the basis of the transition state theory. But the collision
theory leads to very tedious calculations, and for this reason its practical

* This paper is based on my courses of lectures delivered during the last Inter-
national Summer Institute in Menton (July, 1965) and during the International Summer
Institute organized in August, 1965, by Professor Lowdin in Uppsala.
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interest is presently limited to the field of small molecules. An interesting
survey of this topic which also contains very significant original contribu-
tions has been written by D. A. Micha [Acta Universitatis Upsaliensis,
Abstracts of Uppsala Dissertations in Science, No. 63 (1965)]. On the
contrary, the transition theory has been used extensively to predict the
chemical reactivity of both small and large molecules. This is why we shall
use only this theory in the present paper.

The basis of the transition state theory is described in Section II, for the
case of small molecules. It is known that following this way the constant
rate of a chemical reaction appears to be the product of an equilibrium con-
stant and of the rate of decomposition of the intermediate complex. Section
111 is devoted to the calculation of equilibrium constants. Many examples
are given including conformational equilibria, oxydo-reduction potential,
and base strength. The role of the various factors involved (delocalized
bond energy, steric hindrance, solvent effect, etc.) is analyzed. In the last
section various examples of calculation of rate constants are outlined.
These discussions are concerned with Walden inversion, substitutions on a
carbon atom belonging to an aromatic ring, and photochemical reactions.

Il. Basis of the Theory

A. Introduction
It is usual to distinguish between three kinds of chemical reactions:

(a) those which are obtained under the effect of simple heating; we can call
these thermochemical reactions (by heating, we understand an increase
of the temperature above 0°K);

(b) the reactions which are produced by the effect of an electric field
(electrochemical reaction); and

(¢) those which result from the effect of radiations (radiochemical reactions)
as in the case of photochemical processes.

We shall be only concerned with the first and the last group of reactions.
In any case the medium can be homogeneous or heterogencous. We shall
not discuss the case of heterogeneous medium because the application of
the wave mechanical methods to such a case remains extremely difficult.

For this reason we shall take examples of reactions taking place in the
liquid or gaseous phase. But, even in this case, the phenomenon can be
partially heterogencous. The walls of the vessel which contains the reagents
can play a very important role. The role of the vessel walls can be detected
by studying the effect of the change of the nature of the walls on the rate of



Quantum Theory of Chemical Reactivity 163

the reaction and the variation of this rate as a function of the ratio between
the surface and the volume of the apparatus.

The thermal decomposition of methyl ether (Pease, 1937) is an example
of a reaction which has a rate which depends on the ratio:

vessel surface
vessel volume

On the other hand, the rate of oxidation of hydrocarbons (E. R. Bell
et al. 1949)in the presence of hydrogen bromide depends on the nature of
the vessel walls.

Such phenomena prove that a part of the reactions considered take place
on the wall.! It is only when the two tests are negative that the reaction can
be really considered to be homogeneous.

But even in this case we must recall that a chemical reaction is an
extremely complex phenomenon. Even if the purification of the reagent
has been carefully performed small amounts of impurities remain and
these impurities can play an important role in the observed reactions.

It has been noticed, for example, that very small amounts of copper or
iron have a very strong effect on the oxidation of ascorbic acid (Weiss-
berg et al., 1943).

Furthermore, the “inert” gas may contribute significantly to some
chemical reactions. It is known that an addition of argon, for example, can
modify the kinetic mechanism of a reaction in giving the necessary third
body for the recombination of two free radicals. The solvents are in some
cases of such importance that they must be considered as real reagents. It
is believed, for example, that the Grignard reagent, which is symbolized by
the formula R—Mg—X, contains, in fact, molecules as:

OEt,

R X
S
M Mg:
N
OEt, :

where the solvent OFEt, is included (Rochow et al., 1957).
Finally, the real kinetic mechanism is usually much more complex than

suggested by the usual chemical equation.
The photochemical combination of hydrogen and chlorine:

OEt,

H, + Cl, »>2CIH,

! The wall effect is analyzed in Semenov (1958).
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results from a set of elementary processes such as (Rollefson and Burton,
1939):
Cl, +hw—-Cl+Cl
Cl+ H,~»>CIH+H
H+Cl;->CIH+ Cl
Cl + Cl + third body — Cl, + third body
H + H + third body — H. + third body
Cl + O (impurity) - ClO,

The main purpose of quantum chemistry is the a priori calculation of the
rate constant of such elementary processes. This problem remains a
difficult one because even an “elementary” process of a chemical reaction
is a complex phenomenon. We must recall that very often a given molecule
has various conformations. This is, for example, due to the fact that along a
given simple bond the rotation is not completely free. Various stable
positions exist and this leads to various rotation isomers. The introduction
in a chemical medium of a molecule such as

R1 Rz
\\ </R
R;—>C—C{—R;

Z4BAN

corresponds, in fact, to the introduction of a large number of conforma-
tional isomers. A chemical species symbolized by a classical formula is in
fact a population of various isomers. Furthermore, each conformation
possesses various vibration, rotation, or libration and translation energies,
and the percentage of molecules at a given energy level depends on the
temperature.

Therefore, at a given temperature the same chemical species is repre-
sented by various conformations and each conformation by molecules
having different energies. Finally, a chemical species corresponds to a
double population of molecules (population of conformations, population of
energy levels) and an elementary process of a chemical reaction results
from collisions between various chemical species.

B. Rate Constant of a Bimolecular Process

1. The Transition State Theory
In gas phase the elementary processes are mainly bimolecular processes:

A+B>C+D+E+-.
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Therefore the discussion will be focused on this kind of phenomenon. Two
alternative approaches can be used: the collision theory and the transition
state theory. The transition state theory is more convenient if wave
mechanical calculations have to be performed. Therefore we shall be con-
cerned only with this theory.

Let & be the rate constant of a bimolecular process:

A+B*>C+D+E+ .. )

Following the transition state theory (Glasstone et al., 1941) it is supposed
that during the collision between a molecule A and a molecule B a certain
complex M is formed. This complex M is called the intermediate complex.
Furthermore it is assumed that a particular conformation of the complex,
the transition state M*, is in thermodynamical equilibrium with the
reagents:

Ky Kt
A+B= M C D+ -, )
We must add that if the reaction is reversible it would be necessary to
take account of the process:
M* < C+D. 3)

In such a case the following discussion will only be valid at the beginning
of the reaction, that is to say when the concentrations of the final products
are negligible. We can write

A o = kiANB @
and also
v =K [M*]. &)
Therefore,
IM?]
ot
K AT ©

The ratio [M*]/[A][B] can be considered to be a measure of the equilibrium
constant between M*, A, and B if the process

M}>C+D

is not too fast. The limitation of this assumption has been discussed by
various authors (Fowler and Guggenheim, 1939; Zwolinski and Eyring,
1947), If this is true we can write

k = k*K*, (7
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2. The Calculation of K*

The knowledge of k is obtained by the calculation of the two terms
k* and K*. We shall discuss first the calculation of K*.

Let us consider the equilibrium:

ASB. ®)
The Boltzmann law tells us that the number N;, of molecules possessing a
certain given energy &;, is proportional to:
Dia e-EiA/lT
if ¥ denotes the Boltzmann constant and p,, the “a priori” probability of
the corresponding state. Therefore the concentration [A] can be written as:

Z Nia Z apia e~ AT

_ i _ 1
[A] = ——= 7 ; ©)

V being the volume containing the molecules A.
Therefore with obvious notations:

ijB e_BJB/ZT
_J
K= ZpiA e aalxT’
i
Usually this expression is transformed in order to introduce the ground
state energies £y, and gy of the molecules. It is written:
ijB e~ (eim—eon)/xT
K=J e~ (eoB—20A)/xT 1
me e~ (Bia—coa)/xT '
i

If we use the notations:
fa= me e~ ia—e0a)xT (12)
)

fo=Y e mmrowT (13)
J

(10)

AS = EOB - 80A
the final expression of K is:

k=12 s, (14)
A

By extension it is readily seen that:

K'= j{_“? et xT (15)
A/B
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where
Agt = gopz — (804 + Eop)- (16)

Aét is called the potential barrier and the f’s are the partition functions.

3. The Calculation of k*

The calculation of the constant rate of decomposition of the inter-
mediate complex is much more delicate,

The calculation has been done assuming that during the collision the
electronic energy of the complex can be represented by a curve like those of
Fig. 1 and that the transition state corresponds to a maximum of the
electronic energy. This assumption seems reasonable because when the

€

A+B

C+D+...

Fig. |

electronic energy becomes higher the other kinds of energy (for example,
the kinetic energy of the nuclei) must become smaller in such a way that
the lifetime of the corresponding conformation becomes higher; a thermo-
dynamical equilibrium becomes possible.

If now we assume that every complex reaching the top of the barrier
proceeds to decomposition we are led to the expression (Eyring, 1935a,b,
1938):

e XT
kt = = a7

But in fact there is a possibility that some of the complexes will be turned
back to the initial state after having passed through the transition state. To

take account of this possibility the second member of Eq. (17) has to be
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multiplied by a factor  called the transmission coefficient. Furthermore we
must not forget the runneling effect which allows a certain leakage through
the potential barrier, For this reason a factor (1 + #) must be introduced.
Finally Eq. (17) becomes

T
k= (1 +1) "7 (18)
and, taking account of Eq. (15), Eq. (7) can be written as:
XT fMt —Ae¥/xT
k=l + )= = ~4/*, (19)
1 B fufs

This is a very important expression which shows that the constant rate of
a bimolecular process in a gas phase at a given temperature depends on
four factors:

(a) the transmission coefficient,

(b) the tunnel effect (1 + 1),

(¢) the ratio of the partition functions f = fy:/fa /s,
(d) the potential barrier Aet.

4. The Case of the Reaction: H + H, - H, + H
Let us consider a reaction like the para-ortho hydrogen conversion:

H + Hy(pars) = Hacorny + H (20)
or similar exchange reactions as:
H+D, -DH-+D
D+H, >DH+H }))
H-+DH->H,+D.

The most difficult step in the theory is the calculation of the potential
barrier Ae?.

Following the Born—-Oppenheimer approximation we must calculate the
electronic energy of a system made of three electrons in the field of the
three nuclei H,, H,, H; as a function U(r,, r,, ) of the angle 6 and of the
interatomic distances r, and r, (Fig. 2). To obtain accurate energies it is
necessary to use very elaborate wave functions and the calculations be-
come very tedious. For this reason various semiempirical methods have
been introduced. Eyring and Polanyi (1930; Eyring, 1931, 1932a,b) take as
a starting point the London (1929) equation:

Ur;, 12, 0)= 0 = JH@ - B + B -9 + =91 (22)
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H1 Ty H 2
e T -
~
~
~
\\/ S
N
9 \\rz
~
~
~
~
~
N
N
wHs
Fig. 2

which derived from the valence bond treatment and gives an approxi-
mate electronic energy of the intermediate complex H;. In this
equation Q denotes the coulombic integral and «, B, and y the
various exchange integrals. The coulombic integral is approximated by
using the equation:

0=0,+0,+0; (23)

where Q,, Q,, and @, denote, respectively, the coulombic integrals
associated with H,H,, H,H;, and H,H,.

It is readily seen from Eq. (22) that for given values of r, and r, the most
stable configuration of H; is the linear one. As we are interested in the
transition state of H; which is a relatively stable state, the discussion will
be focused on the linear configurations of the complex.

Now the electronic energy of an hydrogen molecule is given by:

Uin=0,+a (24)

in the same approximation and the variation of Uyy as a function of r, is
known from experimental data. Furthermore it is assumed that the ratio
p between a coulombic integral and the total binding energy is a constant.
For a given value of this constant p it becomes easy to evaluate 0, and
a, and, therefore, Q,, Q,, f, and y. Figure 3 shows the result of the cor-
responding calculation based on a assumed 149, coulombic energy:

(p = 0.14).

Two valleys representing H + Hj,,.) and H, .0, + H, Tespectively, are
clearly seen. They are separated by a shallow basin at the top of the energy
pass. The height of the gap at the top of barrier through which the system
has to pass before classical reaction can occur is at about 14 kcal per mole.
Therefore the contribution to Ae* of the electronic energy is of 14 kcal.
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Unhappily this value very much depends on the constant p. It becomes of
7 kcal/mole if p = 0.20.

Another semiempirical approach has been proposed by Sato (1955a,b)
which leads to similar results.

Various nonempirical calculations also have been made (Snow and
Eyring, 1957; Kimball and Trulio, 1958; Lippincott and Leifer, 1958;
Shavitt, 1959). Shavitt calculated a wave function built on a basis made of
six ls orbitals (two for each hydrogen atom possessing two different
exponents). The configuration interaction treatment is used and all possible
configurations are introduced (i.e. thirty-four configurations when r; =r,
and sixty when r, # r,). The contribution Ae,} of the electronic energy to
the potential barrier is found to be of 15.4 kcal/mole.

To obtain the potential barrier itself we must add a term Ae,* represent-
ing the difference in the vibrational energy between the transition state
H,* and the initial products. Table I gives an estimation of Ag,*. Small
variations appear in passing from one reaction to another; therefore this
term contributes to the isofopic effect.

Taking account of the symmetry of the electronic energy surface (Fig. 3)
it is reasonable to take the value 4 for the transmission coefficient.
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TABLE | TABLE Il
Reagents  Aeg,* (kcal/mole) T(K) 1+¢
H+ H, 0.87 295 52
D+ D, 0.61 500 2.5
H-+ DH 0.89 1000 1.2
D+ HD 0.72

The tunnel effect has been computed by Weston (1959) on the basis of
the Sato (1955a,b) method with the Bell approximation (R. P. Bell, 1959).
Table II contains some results.

Shavitt (1959) has used the Wigner (1932) and Eckart (1930) theory of
the tunnel effect. Table III contains the corresponding results. The result

TABLE 11}

Reagents T(°K) 1+41¢ 1+1¢
(Wigner) (Eckart)

H+H, 200 5 180
1000 1.1 1.2

D+ D, 200 3 13
1000 1.1 1.1

depends on the way used to calculate 1 + 7. However, one conclusion does
appear. The tunnel effect is certainly not negligible at low temperature and
does contribute to the isotopic effect.

To obtain a complete expression of the rate constant & we need to
calculate the partition functions ratio f= fy;:/fafs. This calculation is
described in detail in Glasstone et al. (1941). As usual it is assumed that
a partition function for a given molecule can be approximated by a
product of factors: translational partition function, vibrational partition
function, and rotational partition function:

fM =fMthver' (25)
A translational function for a molecule in a volume v is:
2mmyT)32
Sue = (——h’i v. (26)
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For one mode of vibration we can introduce a vibrational partition func-
tion such as:

1
Jvo = =T -

@7

For a linear molecule a convenient expression of a rotational partition
function is:

_g8n’nT
e K

S (28)
I being the moment of inertia, g the degeneracy due to the nuclear spin and
the electronic angular momentum, and ¢ the symmetry number, i.e., the
number of indistinguishable orientations of the molecule as a result of
rotation.

The final expression of the rate constant of the reaction

H+H,~*>H,+H (29)
is:

Ou0u, Iu,t Iuys (mH3*)3/2 h*
k=(1+10n 372 173
aHg* gHgHZ IHZ mHmHz (27[) (XT)
(- e'("”HZ/"T))e_“”T

(1 _ e—hvs/xT)(l _ e—hvd,/xT)Z * (30)
In this equation v, and v, are the vibration frequencies associated with
the transition state H,?,
Table IV makes it possible to compare the values of k computed with the
help of Eq. (30) (Eyring approximation: p = 0.2) and the experimental
data (Greib and Harteck, 1931).

TABLE IV

k(cm?3 mole ~! sec 1)

Reagents 300°K 1000°K

H + H,, calc. 7.3 x 107 1.5x 102

obs. 9 x 107 2 x 1012
D + D,, calc. 3 x 107 0.76 x 1012
obs. — 1.2 x 1012

H + HD, calc. 2.2 x 107 0.52 x 1012
obs. — 0.68 x 102
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The striking agreement between the theory and the experiment is
certainly fortuitous but it shows that it is possible to select a reasonable
value for the constant p which allows a good representation of the varia-
tion of the rate constant as a function of the temperature and a convenient
explanation of the isotopic effect. The basis of the theory seems to be
satisfactory.

5. The Case of the Reaction: H +H —»H,

The simple combination of two hydrogen atoms, a priori, appears as a
very strange case. If we plot the electronic energy ¢, as a function of a
parameter x representing the advance of the reaction a curve like that
represented by an unbroken line on Fig. 4 is obtained. There is no maxi-
mum on this curve and it seems very difficult to define a transition state.
But, in fact, the line on Fig. 4 corresponds to a “central collision.” There

“e

Fig. 4

are also other possibilities, for which the complex possesses a certain
rotational energy & related with a certain rotational quantum number K
as in Eq. (31):

2

h
= - 31
ex = KK+ D (31
where:
I=pr?,

 being the reduced mass and r the interatomic distance. This energy must
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be taken into account and if it is added to ¢, the dotted line of Fig. 4 is
obtained and a maximum appears which permits us to define a transition
state and therefore a certain potential barrier which depends on K and
remains usually very small.

It is easy to see that to take account of all possible values of K we must
replace the usual term e ~4**/*T by the summation:

K=
Y (2K + 1) g7 AT,
K=0

We are led to:

K=o
k=(1+t)nEfM‘ Y (2K + 1)e-4etiaT (32)

h fafs k=0
and finally to (Eyring et al., 1935):

1T Qumy,:xT)*? hgy,: *2 —Aegt
k=(1+p== 2 2 2K + De™8ex¥xT_ (33
( i’ h (27TmH)CT)3 Iu9uOu, KZO( ) (33)

At normal temperature this equation leads to
k=3(1 + t)n 10'* cm® mole ! sec™!. (34)

Furthermore as the potential barriers are small k¥ does not depend very
much on the temperature. On the other hand, as these barriers are thick
the tunnel effect will be small and can be neglected.

Therefore the value of k in Eq. (34) appears to be great in comparison
with the values obtained for the first reaction studied (Table 1V). But,
before giving such a conclusion, we must estimate the transmission
coefficient 5. The difference in the ground state energy between H + H
and H, is of about 100 kcal/mole. During the collision this energy becomes
vibrational energy and the reaction cannot take place before the loss of
this energy by radiation. The lifetime for this radiative process has been
estimated to be of the order of magnitude of 1 second. The time of a
vibration has been estimated to 10™'* second. Therefore the transmission
coeflicient will satisfy the equation:

n #1074 (35)
n has a very small value and Eq. (34) becomes:
k =3 cm?® mole™! sec™? (36)

which corresponds finally to a very slow rate.

Contrary to what happens in the case of a reaction such as
H + Hz “’Hz + H
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where the role of the potential barrier is important and the role of the
transmission coefficient negligible, the role of the potential barrier is
.negligible for a reaction such as

H+H->H,

but the role of the transmission coefficient is essential.

C. Rate Constant of a Trimolecular Process

The transmission coefficient is small in many bimolecular processes
between free radicals. This is one of the reasons why some trimolecular
processes become important in spite of the low probability of three-body
collisions.

As an example of the trimolecular process we shall briefly discuss the case
of the reaction between the nitric oxide, NO, and a halogen, hydrogen, or
oxygen, X,:

2NO + X, -> 2NOX. (37

The transition state theory can be applied to the study of such a process.
We can write:

A+B+C5M!>D+E+ - (38)
and the expression of the rate constant becomes:
k=n(l+1) "h—T- Kffbf_fc e~ AetAT, (39)
In the special case of the reaction (Gershinowitz and Eyring, 1935)%:
2NO + 0,—+%—+2NO0,
we are easily led to the equation:
4 (27zm‘)§T)3/2 8n%(8n3ABC)V3(yT)32

h3et

h
3 (2nmT)*'* 3 (8nily
AT R

hs

k=n1+1

11
_ p—hvi/xT\—1
VR (Uil Mg S (40)
I‘I(l _ e—hv"/xT)—l

2 As another mechanism has been proposed now for this reaction the following
discussion can be considered as a formal example.
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The notations become obvious if we define i to denote the reagents,
the transition state, and [ ] the products of the various partition functions
involved. Equation (40) can be written as:

3
_ p—hw/xTy—-1 b4
d Llk }:[(1 e ) T7/2 =_A76. (41)

I‘[(l — e—hvt/xT)—l
The slope of the straight line which must be obtained in plotting the log
of the bracket as a function of 1/T is a direct measurement of Ae*. The

experimental results show that the potential barrier is negligible in such a
way that Eq. (41) becomes

— -Zz 11[ (1 _ e—hv:/zT)
9:

d(1/T)

3.2 x 107
% (cm®)? mole 2sec™!  (42)

because the tunnel effect appears to be negligible and the transmission
coefficient approaches unity.

The partition functions are the more important factor in this case and the
theory indicates that the rate constant must be a decreasing function of the

temperature. This surprising behavior has been observed by Briner et al.
(1924).

D. Rate Constant of a Monomolecular Process
The monomolecular processes are not very common. Their treatment
using the transition state theory is rather delicate. The step:

NO,Cl->NO, + Cl (43)

of the decomposition of the nitryl chloride will be taken as an example. In
fact a monomolecular process usually follows a bimolecular one. A
molecule like NO,Cl does not dissociate spontaneously if it is in its
ground state. The dissociation will occur after a collision. Symbolically
we can write:

k
A+A A" +A (44)
(where the asterisk denotes a vibrational excited state of the molecule), and
k2

A*—>B+C. 45)

Step (44) is called the activation process. Usually a deactivation process:
A*+ A—A+A (46)

o

must also be considered.
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When the activated molecule is in equilibrium with the reagents we can
write:

k(A = k,[A*] + k,'[A*][A]. 47
Therefore the rate of the reaction becomes:
d[B] kiky[AT?
— =k, [A¥] = —————. 48
dt [A%] k, + k,'[A] “8)

Equation (48) permits us to conclude that the apparent order of the
reaction will depend on [A), that is to say on the pressure of the gas. If we
want to study such a reaction using the transition state theory we can
consider A* as the transition state, the reaction being the breaking of the
bond under the effect of the vibrations. Let us take as an example the case
where

ki’ [A]> k. (49)
Equation (48) becomes:

d[B] _ kiky[A]
dt k,

(50)

and Eq. (47) can be written:
k(AT = k,'[A*][A]. (5D

Furthermore, if the total reaction is written as:

ASBYC, (52)
the rate constant k is given by
d[B]
—— =k[A]. 53
@ k[A] (53)

Taking account of Eqgs. (50) and (51) it is readily obtained that:

i = ke _ [AY]
k' [A] 2
xT f,.
— p(1 + £) == AL gmaetiaT, (54)
h fA

Other theories have been proposed to study the monomolecular processes
[see, for example, Slater (1959) and Hall and Levine (1966)].
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Ill. Equilibrium Constants

A. Introduction

We saw [Eq. (7)] that a rate constant is a product of two equilibrium
constants. Before studying the calculation of the rate constants of some
reactions involving large molecules it is therefore normal to study some
equilibria between such molecules. Let us consider an equilibrium like:

A+B=2C+D+ . (55)
We have already established that:
fAfB -A
K =222 AT (56)
foD vt
where:
Ag = €gc + €op + '+ — Ega — EoB- 57

Now for a large molecule a ground state energy g,; may be divided into
various parts:

(a) the vibrational energy g, corresponding to the zero point energy;

(b) the energy ¢, associated with the localized bonds and the atomic cores;

(¢) the energy ¢, associated with the delocalized bonds taking account of
the interaction of these bonds with the cores and the localized bonds;

(d) the energy &,, corresponding to the interaction between nonbonded
atoms including the steric effect.

With the obvious notation we can write:

Ae = Ag, + Ag; + Agy + Ae,y, (58)
which leads to
SaSs ( Ag, + Ag + Agy + Ae,,,,)
K= exp| — . (59)
Jfo P AT

Very often the reaction takes place in a solvent and we must introduce a
solvent effect. We shall describe an approximate manner to take account of
this phenomenon. We shall add a term Ag, to the second member of Eq.
(58) representing the difference in the solvation energies between the final
and the initial products of the equilibrated reaction. But, as the solvation
energy of a molecule depends on the temperature, we shall write this
term as:

Ae(T).
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Furthermore, an index s will be put on each partition function to recall
that this function can be considerably affected by the solvent. Finally
Eq. (59) becomes:

£fs exp (_ Ae, + Ag; + Agy + Ae,, + Ass(T))
S’ xT .

It turns out that an equilibrium constant wsually depends on six terms:

K= (60)

(a) the ratio of the partition function

N
SR

(b) the vibrational energy change Ae,;

(c¢) the localized bond energy change Ag;;

(d) the delocalized bond energy change As,;

(¢) the nonbonded atoms energy change As,,;
(f) the solvation energy change Ae(T).

Js

Furthermore we must recall that we have implicitly admitted that each
chemical species was represented by only one conformation. To underline
the possible importance of the conformations in a problem of chemical
equilibrium we shall first of all study an example of conformational
equilibrium.

B. An Example of Conformational Equilibrium; Role of Ag,,: Sign of the

Cotton Effect>

It is well-known that many media transmit the two circularly polarized
components of plane polarized light with unequal velocity. In addition
there occurs unequal absorption of left and right circularly polarized light.
The combined phenomenon is known as the Cotton effect. The measure-
ment of the rotatory dispersion is the most common way to study the
Cotton effect, Figure 5 represents a typical result of such a measurement. It
is seen that the molecular rotation which is negative for the short wave-
lengths becomes positive for the large ones. In that case it is said that the
Cotton effect is positive. But the reverse can happen; then the Cotton
effect is said to be negative.

The Cotton effect of a given chemical species depends on its conforma-
tion. Therefore the study of the Cotton effect of a chemical gives important

3 For a more complete analysis of this phenomenon see Djerassi (1960).
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Molecular rotation

>

Fig. 5

information about the nature of the main conformations it contains. As an
example of this point we shall discuss the case of some cyclanones.

In this family of compounds the sign of the Cotton effect is given by a
semiempirical rule: the octant rule. As seen in Fig. 6, the molecule is
divided into eight octants by means of three planes, the carbonyl group
being the reference point. In fact Fig. 6 only shows explicitly four octants,
but there are of course four other octants symmetric to the former, with
respect to the plane Ps.

The octant rule states that: (a) substituents lying in the planes P, and P,

PZ
44
-
Ly ,”’ :
/
1
/ ! R,
—r—— U -
LR
,/,’ : P, + —_
Lo o ! L, R,
s R, [ P -
’ \, A H :
e S - ! ' t
’ ,"‘,f] 1 1 1
s iyl ! H
/ il ! i
‘ o Yl 1L, A Ryt
V v
4
;
7
/
/
/
/
’
J/
/ P3 — +

Fig. 6



Quantum Theory of Chemical Reactivity 181

make substantially no contribution to the Cotton effect; (b) atoms that are
situated in the lower right and upper left octants of Fig. 6 make a positive
contribution; (¢) atoms that are situated in the lower left and upper right
octants of the same figure make a negative contribution.

As a specific example let us take the case of 3-methylcyclopentanone:

CH,
_ 7
N
N S

¥

Figure 7 shows some of the possible conformations of this molecule and
for each conformation the sign of its contribution to the Cotton effect
following the octant rule. As some conformations contribute a negative
sign and others a positive sign it is impossible to predict the sign of the
resulting Cotton effect without a more refined analysis based on the study
of the equilibrium which occurs between the various conformations. The
equilibrium constant K corresponding to two of them, let us say A and B,
is given by Eq. (60) which here becomes:

A A A Ae(T
K =£’.‘ exp(— +As + Ag + Agy + Acy, + As )). (61)
/e xT
O @

CH,

N° 5 N° 6 @

CH,

5)@71

§
!

CH,

9.6 10.2 10.4
Fig. 7
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In the molecule under consideration there are no delocalized bonds:
Ag, =0, (62)

and, as the various conformations contain the same localized bonds, it is
normal to assume that:

A, = 0. (63)

Of the four factors remaining in Eq. (61) it is reasonable to think that
Ag,;, will be the most important because the distances between nonbonded
atoms vary in passing from one given conformation to another. This is why
Ouannes (1964) has proposed that an equilibrium constant like X could be
represented by the approximate equation:

K = emdemlaT, (64)

Therefore, to know the concentrations of the various conformations
involved at a given temperature we are led to the calculation of the various
Enpr

Ouannés has calculated these energies in considering:

(a) the Baeyer strain energy;
(b) the twisting energy;
(c) the other interactions between nonbonded atoms.

The Baeyer strain energy &g can be estimated by the equation:
ep = ko(0 — 6,)* (65)

where 0 is the actual angle between two CC bonds and 6, the “normal”
angle which is believed to be 109°.47 for a tetrahedral carbon atom and
116°.3 for a trigonal one. Quannés has taken for k, the empirical value of
0.0175 kcal/mole.

The energy of twisting a single CC bond is obtained in considering each
bond of the pentagon as a substituted derivative of ethane and in introduc-
ing the usual function which describes the energy of twisting as a function
of ¢, the angle of twist in the theory of the internal rotation potential
barrier.

The other interactions between nonbonded atoms are introduced by
using the Hill (1948) equation:

2:25r%6

&np = 8.28103ge7/0-0736r" _ Eaat (66)
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It is obvious that in this equation the first term represents the effect of
Pauli exclusion forces and the second is associated with the dispersion
forces. ¢ is a coefficient which depends on the pair of atoms studied and
r* denotes the sum of the Van der Waals radii of the corresponding atoms.

The energies computed in this manner are seen in Fig. 7 below each
conformation. They are given in kilocalories per mole. The conformations
are classified in order of decreasing stability. It turns out that at the
equilibrium the concentrations of the conformations contributing a posi-
tive sign will be greater than the concentrations of the conformations
contributing a negative sign. We can anticipate that the resulting Cotton
effect will be positive. This is, in fact, true.

To reach a more convincing conclusion it would be necessary to know
the quantitative contribution of a given conformation to the Cotton effect.
But this cannot be easily done and Ouannés’ paper contains other examples
showing that the above semiquantitative treatment is yet still useful.

C. An Example of the Role of A¢,;: the Biradicaloid Character of Conjugated
Molecules

Many molecules which have a singlet ground state possess a triplet state
not far away. At ordinary temperature the ground state is in equilibrium
with the excited states but generally the population of the triplet state
remains small and the molecules appear to be diamagnetic. But in certain
cases, the first triplet is so close to the ground state that the population of
the triplet state becomes significant and the substance becomes paramag-
netic. In that case the molecule is said to be a biradicaloid. Then, we are led
to the study of the equilibrium:

A=A (67)
if Ag denotes the ground state and Ay the first triplet state. Again, the
equilibrium constant X can be written as:

Jar exp(—Ae" + Ag; + Agy + Ag,y, + Ass(T))
1T '

K= (68)

As

Let us consider the family of the paraquinodimethanes which contain
many biradicaloids such as:
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For such a molecule the geometry of the skeleton of the first triplet state
probably does not greatly differ from the geometry of the ground state.
Therefore it is normal to neglect Ag,, Ag, and Ag,, in comparison with
Ae, which is expected to be the main part of the energy difference between
the two electronic states under consideration. As no important distribution
of charge appears in this alternant hydrocarbon we can assume that the
solvation energy change Ae(T) is small. A convenient approximation for
K will be:
K =j:"—T e~ AexT (69)
Ag
If now we consider a set of analogous compounds for which the ratio of
the partition functions is expected to be of about the same order of magni-
tude we can anticipate a relation between K and Ae,.
Table V shows such a relation, the equilibrium constant K increasing as

TABLE V

Quinodimethanes Agy Magnetic susceptibility
(in B units)  (in 2% benzene solution)

>CO< 0.31 Very small and negative®
Ph Ph
P{IC‘<:>_<:>_ Fh 0.15 Very small and negative*
4 e

Ph P 008 264 at 293°C’
}:—O—Q—O»c\ 82+ 2 at 353°C

Ph Ph
0.04 4444 at293°CP

P\h /Ph
Ph Ph

7 E. Muller and Muller Rodloff (1935) and E. Muller and Hertel (1943, 1944).
% E. Muller and Pfanz (1941).

Ae, decreases. For the quinodimethane derivatives considered in this table
the values of Ae; have been computed using the simple Hiickel approxima-
tion. In this approximation Ag, is simply twice the absolute value of the
energy of the highest bonding orbital.
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D. An Example of the Role of Ag,(7): the Half Wave Potential of Polaro-
graphic Reduction of Alternant Hydrocarbons
Oxidation-reduction potentials are often closely related to equilibrium
constants. It is, for example, supposed that the electrolytic reduction of
alternant hydrocarbons can be represented as follows:

R+ e =R~
R-+e —>R2- (70)
R2-+ H,0->RH; + 0%~

if R represents the hydrocarbon and e~ an electron.

Based on this hypothesis a delicate discussion permits us to establish a
precise theoretical relation between the polarographic half wave potential
obtained for these hydrocarbons in using the dropping mercury electrode
method and the various properties of the hydrocarbons considered.

There is no room here for a complete analysis of the question. The reader
is referred to a recent survey of this topic written by Jano (1965) which
contains various improvements. Key references are given in this paper.

We shall restrict ourselves to saying that it is possible to conclude that,
taking account of an equation like (60), the half wave potential £!/2 can be
written as:

E'2 = A - Ae(T)+ - (1)

if A denotes the electron affinity of the hydrocarbon. Many authors
(Maccoll, 1949; Pullman et al., 1950; Watson and Matsen, 1950; Lyons,
1950) have discussed the relations between E'/2 and 4. The most recent and
sophisticated treatment is probably due to Chalvet and Jano (1964). As
very few electron affinities are experimentally known, Chalvet and Jano
have computed these properties in using the Pariser-Parr-Pople approxi-
mation in a way similar to the one followed by Hoyland and Goodman
(1962).

Figure 8 shows the result of these studies. Various straight lines are
obtained, one for each set of compounds possessing the same geometrical
shape. For example, the first curve (Nos. 1 to 4) corresponds to the acenes
(naphthalene, anthracene, tetracene, pentacene), and the second curve
(Nos. 5 to 8) corresponds to the phenes (phenanthrene, 1,2-benzonaph-
thacene, 1,2-benzopentacene).

The effect of Aey(T) on E'/? has been underlined by Matsen (1956) and
Hedges and Matsen (1958). Unfortunately the calculation of AE, is not
easy. The solvation energy of a molecule can be divided into at least three
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parts: the cavitation energy ¢, associated with the hole that the molecule
creates in the solvent, the orientation term ¢, due to the fact the molecule
changes the average orientations of the molecules of the solvent, and the

-Ey,
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17 +
1.6
1.6
14 -
13 b
12 +
1 -
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0.8
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Fig. 8

interaction term &; due to the average intermolecular forces which appear
between the soluted molecule and the partially oriented molecules of the
solvent. Therefore we can write:

Ag, = Ag, + Agg, + Acg;. (72)

In the present case, since the hole due to a hydrocarbon is probably very
similar to the hole corresponding to its negative ion, we can neglect
Ag,,. Furthermore we shall assume that in going from a given aromatic
hydrocarbon to another the variation of Agg; is larger than the variation of
Acg,. Therefore the discussion will be focused on the estimation of Agg;. This
interaction itself appears to be the sum of various contributions. We
usually have to consider:

the part &, due to the dispersion forces;

the term g, associated with the isotropic interaction between electric
charges and dipole moments; and

the part ¢, due to the anisotropic interactions like those created by
hydrogen bonds.

It is obvious that in the present case Ag;; will be the more important term
because the distribution of the electronic charges changes very much
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during the ionization of the hydrocarbon, the other interactions being less
altered. The term Ag,;; can be estimated from the formula (Born, 1920;
Hoijtink et al., 1956):

Agsii = _Az%

(1 -1/D) (73)
2r;;
where the Qs are the apparent charge of each atom, and where r;; denotes
the distance between the atom i and the atom j except when i and j are
identical. In this later case r; represents a certain empirical effective radius.
Furthermore D is an effective dielectric constant of the solvent. The
application of this simple formula shows that Aeg; is of the order of
magnitude of an electron volt and that, furthermore, Agy; depends on
the size of hydrocarbon studied. For example it is found that Aeg; is of
about 2 eV in the case of benzene and of only about 1 eV for anthracene.

Equation (71) can be written as:

E'2 — A= Ae(T)+ - (74)
or:

EI/Z—A =A85ii+ vee (75)
if Ag,;; is considered to be the most important part of Ag,. To test this

relation Chalvet and Jano (1964) have plotted E'/?2 — 4 as a function of
Ac;; estimated from Eq. (74). Figure 9 shows that an excellent straight line
is obtained. Therefore Ae,;; effectively appears to be the most important
term in the second member of Eq. (75).

E. A More Complex Problem: Base Strength
The acid-base equilibrium can be written as:

BH*S B+ H*. (76)

The antilogarithm of X is called pg . The larger the value of py_ the less
the ion is dissociated and the greater is the strength of the base. Let us
concentrate our attention on the particular case of some aza derivatives
of alternant hydrocarbon such as pyridine, quinoline, acridine, etc., and
their amino derivatives.

From Eq. (60) it is concluded that the px, must obey the equation

f5'fae  Ag, + Agy + Agy + Agyy, + Ae(T)
px, =log——+ .
Seu+ 1T

(7N

Of the six factors which determine the py, the change in the delocalized
bond energy Ag, has been considered to be the most important because the
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geometry of the delocalized bond varies to a large extent from a molecule
like pyridine to another like acridine (Ploquin, 1948 ; Daudel, 1948 ; Daudel
and Chalvet, 1949; Chalvet et al., 1954; Longuet-Higgins, 1950; Elliot and
Mason, 1959).

When the py_is plotted as a function of Ag, as in Elliott and Mason’s
paper (1959), for example, a rough relation is observed, in such a way that
the knowledge of Ag, permits the prediction of the py with a precision of
only +1. In some particular cases the precision is even worse. In order to
see if this lack of precision is due to the nature of the approximation used
in the calculation of Ag, this term has been evaluated for the same molecules
using five different approximations of the LCAO-MO method (Bunel
et al., 1961 ; Chalvet et al., 1962; Peradejordi, 1963).

It turns out that the precision of the prediction of the py is not improved
in passing from rough = electronic wave functions to more elaborate ones.
Figure 10 corresponds to the best calculation, the self-consistent field
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method being used in the Pariser-Parr-Pople approximation to calculate
separately the © energy of molecules and positive ions.

It is seen that the points corresponding to the set of compounds derived
from a given skeleton (pyridine, isoquinoline, quinoline, or acridine) lie
along a given straight line.

9

a 1 S >

1l 12 .3 14 1.5
AE_(Pariser ond Parr)
Fig. 10

As in the case of the oxidation-reduction potentials we can anticipate
that at least another important factor must be considered.

The role of the solvent effect has been discussed in detail by Chalvet
et al. (1962). The situation is rather similar to that in the case of the
oxidation-reduction potentials and it appears that the main term in
Agg is Acgg;.

Figure 11 shows what happens when the p_ is plotted as a function of
Ag; + Aggy;, Agy;; being derived from Eq. (73).

Twelve points are found at no more than 0.3 units of py from a straight
line. They correspond to compounds belonging to all the families. As
expected, the introduction of Ae,;; destroys the segregation of various
families. This precision is very satisfactory. For this set of compounds, for
which there is a factor of 10,000 between the highest values of K and the
lowest, the theory predicts the constant with an uncertainty of a factor of
only 2.
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Fig. 11

There are also, on Fig. 11, various points which lie near another straight
line. They correspond to molecules containing an amino group NH, in
an ortho or peri position to the nitrogen hetero atom.

Therefore it appears thata special Ae,, term mainly due to the interaction
between the NH, group and the lone pair of the nitrogen hetero atom is
necessary.

In conclusion, we see that Ag,, Ac,, and Ag,, play important roles in the
determination of the py of the molecules under consideration.

F. The Base Strength of Conjugated Molecules in Their Electronic Excited

States

Forster (1950) has observed that, if a base such as 3-aminopyrene is
irradiated by normal light, the excited molecules have acidic properties.
More precisely, Forster studied absorption and fluorescence spectra as a
function of the pH of the solution containing the amino compounds.

Obviously the absorption spectrum gives information about the ground
state of the molecule. The fluorescence spectrum is related to the electronic
excited states. Up to pH 2 the absorption spectra are essentially those of the
ArNH;* ions, whereas the fluorescence spectra correspond to ArNH,.



Quantum Theory of Chemical Reactivity 191

This shows that the molecules in their excited states have less tendency to
add a proton than the ground state molecules. Furthermore, near pH 12
some new bands appear in the fluorescence spectra which can be assigned
to the ArNH™ ions. These ions are probably the result of a reaction
such as:

ArNH, = ArNH -+ H*,

the amino compound acting as an acid. No such bands appear in the
absorption spectra.

To interpret this result, Sandorfy (1951) has calculated the distribution
of the electronic charges in an aromatic amine by the molecular orbital
method, taking account of both the = and the ¢ orbitals. He found that the
nitrogen which is negative in the ground state, becomes positive in the first
electronic excited state, which explains why the molecule becomes an acid.
Other cases have been discussed in the same way (Jaffé et al., 1964).

IV. Rate Constants

A. Introduction

It is now easy to extend Eq. (19) for the study of an elementary process
of a reaction, between large molecules, taking place in a solvent. Equation
(78) is readily obtained:
1T [y . p( Aet + Aet + A} + Aed, + Ass*(T))

k=n(1 + )= - €x
" h fa'fs 1T

(78)

This is a very important equation which shows that the rate constant in
the liquid phase at a given temperature depends on eight factors:

(a) the transmission coefficient #°;

(b) the tunnel effect (1 + £°);

(c) the ratio of the partition function f* = £+ /f.%f°;

(d) the contribution of vibrational energy Ag,* to the potential barrier;

(e) the corresponding contribution of the localized bonds Ag/;

(f) the corresponding contribution of the delocalized bonds Ag}t;

(g9) the contribution of nonbonded atom interaction Aef, to the
potential barrier;

(1) and the corresponding contribution Ae*(T) due to the solvent.

As in the case of the equilibrium constants it is usually impossible to
estimate all these factors. We must restrict ourselves to the calculation of
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relative rates. In this case it happens that for a certain family of molecules
and for similar reactions some factors remain approximately constant.
Therefore the relative rates mainly depend on the others and when we are
able to estimate these factors we can have a clear understanding of the
variation of the chemical reactivity in the family of molecules considered.
In some particularly favorable cases it also becomes possible to predict
the chemical reactivity of molecules for which experimental data are
lacking.

The remaining part of this chapter will be concerned with the discussion
of some examples of this kind.

B. The Walden Inversion; Importance of the Steric Term Ag},

The main problem which arises in calculating a rate constant is to know
the structure of the transition state of the intermediate complex. From this
point of view the Walden inversion is a convenient reaction because we
possess some rather precise information about this transition state. For an
isotopic exchange reaction such as:

R‘ Rl
Br'~+ R;—C—Br — Br—+ Rz—C—Bf‘
R Ry

it has been possible to follow simultaneously the rate of the exchange and
the variation of the rotatory power. From this comparison it appeared
that in many cases each exchange corresponds to one inversion. Therefore
it is assumed that the transition state corresponds to a structure in which
the three bonds CR,, CR,, and CR; are in the same plane, the electric
charge being shared between the two bromine atoms, the two bonds
C—Br possessing the same length (Fig. 12).

Ingold et al. (1948) have measured the relative rates and the activation
energies (following the Arrhenius formula) of a set of reactions of this
kind in acetone or ethyl alcohol. Table VI summarizes some results.

TABLE VI

Nature of

the bromide Methyl Ethyl Propyl Isobutyl Neopentyl

Relative rate (at 55°C) 17.6 1 0.28 0.030 0.0000042
Activation energy 20 21 22.8 26.5
(kcal/mole)
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We know that the activation energy cannot be identified with the
potential barrier, but in the present case where the rate decreases to a large
extent as the activation energy increases we can expect that the variation of
the activation energy is in part due to the variation of the potential barrier,

Now if models are built it is seen that in the transition state some steric
hindrance appears. Thus we are led to the estimation of the term Ag},.
A first step in the estimation of such a term is to make the length of the
bond C---Br™'/? in the transition state precise. As the transition state
corresponds to a point of the reaction path of lower energy on the potential
energy surface, we must calculate the value of the interatomic distance r
between Br and C which corresponds to a relative minimum of the energy.
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Therefore we must express the energy of the intermediate complex as a
function of r. In building this function we can neglect the terms which do
not significantly depend on r.

In passing from the initial state to the transition state the various bonds
CR,, CR,, and CR; must be pushed into the same plane. The corres-
ponding deformation energy does not depend very much on r and can be
neglected. On the other hand, we have to take into consideration:

(a) the repulsion between Br*~!/? and the various atoms of CR,, CR,,
and CR;;
(b) the extension energy of the bond C-.-Br~1/2,

The last energy can be estimated by a Morse equation such as:
Eoxe = D{e—Zﬁ(r-ro) - 2e—ﬂ(r—ro)}. (79)

In this equation D denotes the dissociation energy, », denotes the C—Br
bond length in the initial molecule, and f is given by the equation:

B =0.1227w+/p/ D, (80)

o being the stretching frequency of the C—Br bond and p the reduced
mass.

The repulsion energy between Br
from the sum of
(a) the polarization energy:

~1/2 and another atom can be obtained

_alef2)?
2t

(b) the dispersion energy:
3oa'll’
20+ I’
(c) the term related to the exclusion forces:
be—r/0.345.

o and a’ are the polarizabilities of the atoms involved, I and I’ are the
ionization energies, and b is chosen in such a way that the energy minimum
of the sum of the energies (a), (b), and (¢) corresponds to the sum of the
van der Waals radii of the atoms considered.
The final expression giving the repulsion energy is:
2

<(3)
2 3o’ IT’

rep = — e — 2(1+I')r6 + be—r/0,345‘ (81)
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Ingold et al. have calculated the sum:
8(") = scxt + srep

for various values of r. Figure 13 shows their results. It is seen that the

\ & (P kcal/mole

15 K_/ Neopenty! bromide

10 |—
5 -
Methyl bromide
] 1 r (A)
21 2.2 23 24

Fig. 13

energy minimum is obtained for 2.2 < r < 2.3 and that the corresponding
value of r does not significantly depend on the alkyl bromide considered.

Now it is easy to compute Ae}, from the equation giving &, (r). Table
VII summarizes the results. It appears that as expected Ag}, increases as

TABLE VII
Nature of
the bromide Methyl Ethyl Propyl Isopropyl Neopentyl
Agt, (kcal/mole) 0 0.9 0.9 2.3 12

the activation energy. The steric factor seems to be the main reason for the
slowing down of the rate in passing from the methyl to the neopentyl
bromide.
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C. Substitution on a Carbon Atom Belonging to an Aromatic Ring; Importance
of Ag;?

1. Estimation of Ae;* Following the Wheland Hypothesis

It is now believed that under various experimental conditions the
important reagent of nitration is NO,*, and the important reagent of
methylation is the free radical CH,. Let us denote by ¥ the important
reagent of a substitution taking place on naphthalene, for example; the
Wheland hypothesis (1942) consists of assuming that the rate-determining
step of the reaction can be represented as:

H H H v H Y
H H H H H H
L, =, — O
H H H H H H
H H H H H H

that is to say that in the transition state the perturbed carbon atom becomes
a saturated one which is excluded from the delocalized bond.

If we have to compare the relative rates of a given kind of substitution on
various carbon atoms belonging to the same conjugated hydrocarbon it is
easy to see that Ag,* will be one of the most important factors because this
term depends on the complete geometry of the transition state, On the
other hand, for example, A¢;* which only depends on the neighborhood of
the perturbed carbon is expected not to change very much froma given car-
bon to a similar one because the environments of the various carbon atoms
are similar.

Therefore the discussion will be focused on Ae,;*. Following the Wheland
hypothesis it is easy to calculate Ae;* using the Hiickel approximation, for
example. This energy can be expressed in § units (8 being the standard
resonance integral between two adjacent carbon atoms) and is called the
localization energy of the perturbed carbon atom:

Aet = mB. (82)
N. Muller et al. (1954) have suggested calculating this localization energy
by taking account of the phenomenon of hyperconjugation. Chalvet and
Daudel (1955) have shown that the localization energy calculated when
taking account of the hyperconjugation is roughly proportional to the
localization energy obtained without the introduction of this phenomenon.
We are therefore led to write:

Aegt = nmp, (83)

n being a certain proportionality coefficient.
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The localization energy obtained in this way is rather similar to the
super delocalizability introduced by K. Fukui et al. (1957b).

Obviously Ae,* can be calculated using much more elaborate methods
than the simple Hiickel approximation. F. Fukui et al. (1958) have intro-
duced the Hiickel orbitals in the self-consistent field method with Pariser
and Parr approximation. They found a linear relationship between the
Aej calculated in this way and the Ag,! calculated in using the simple
Hiickel treatment in the case of alternant hydrocarbons. Some discrepan-
cies appeared for nonalternant hydrocarbons. Nesbet (1962) has made an
analogous study, doing all the necessary iterations to obtain the correct
self-consistent field orbitals. He confirmed Fukui’s results for alternant
hydrocarbons. A more complete study of the same problem has been
done by Chalvet et al. (1964) which leads to the same kind of conclusion
and also confirms the Fukui result concerning nonalternant hydrocarbons.

On the other hand, Chalvet and Daudel (1952) have calculated various
delocalization energies with the help of the configuration interaction
method. They also found a rather good relation between their values and
the data obtained in using the Hiickel approximation in the case of
alternant hydrocarbon.

We must also indicate that Dewar has introduced a reactivity number
(1952) which is a certain approximation of the localization energy.

In conclusion we can say that in the case of alternant hydrocarbons all
the usual ways of calculating Ae,} lead to analogous results. The situation
for nonalternant hydrocarbons is not so satisfactory.

As an example of the use of the concept of localization energy Ag,* we
shall study the nitration of phenanthrene. Table VIII makes it possible to
compare the reactivity numbers of the various carbon atoms of phenan-
threne and the percentage of corresponding mononitro compounds
obtained by Schmidt and Heinle (1911). As in simultaneous reactions the

TABLE Vil
Percentage of isomer
Position of Reactivity Schmidt Dewar
the carbon atom number and Heinle and Warford
10 1.80 60 34
1 1.96 — 27
3 2.04 2 25
2 2.18 20 4




198 R. Daudel

percentages of isomers obtained are directly proportional to the rate
constants of the reactions; the percentages should be decreasing functions
of the reactivity number (which is a measure of Ag;* if Ag,* was the only
important term). As no such a relation appears it could be thought that
Ae,} is not the only important term. Dewar was led to another conclusion.
He believed that the Schmidt and Heinle experiment was unreliable.

For this reason, with Warford (Dewar and Warford, 1956) he performed
a new careful experiment. The results also appear in Table VIII. It is now
seen that, as expected, a good decreasing relationship exists between the
reactivity numbers and the percentages of mononitro isomers.

2. Relation between Static and Dynamic Indexes

In order to establish when a relationship between the structure of a
molecule and its chemical reactivity is possible some static indexes
depending only on the initial molecule have been introduced.

For example, Daudel and Pullman (1945) have given (using the valence
bond method) the first precise definition of the free valence number starting
from an idea of Svartholm (1941). The concept of free valence number has
been extended by Coulson to the molecular orbital method (Coulson,
1946).

The free valence F; of a carbon atom belonging to an aromatic ring is
simply the difference between an arbitrary constant C and the sum of the
bond orders p;; of the various CC bonds starting from this carbon atom:

F1=C—‘2PU. (84)
J

A good linear relationship has been observed by Daudel et al. (1950) and
Roux (1950) between the free valence number of a carbon atom of an
alternant hydrocarbon and its localization energy Ae;* (Fig. 14). This
finding has been confirmed by Burkitt et al. (1951).

Assuming that the free valence determines the relative rates of methyla-
tion of the alternant hydrocarbon in some particular experimental condi-
tions, it has been possible to calculate these relative rates. Figure 15 makes
it possible to compare the theoretical results with the experimental data
(Daudel and Chalvet, 1956). The agreement is surprisingly good.

Another concept which can be useful to establish a bridge between the
structure of a molecule and its chemical reactivity is the autopolarizability.
When the Hiickel method is used the autopolarizability of a given atom
belonging to a conjugated system is (Coulson and Longuet-Higgins, 1947):

_%

" da ®3)
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where g is the = electronic charge of the atom and « the corresponding
coulombic integral.

It has been shown that for alternant hydrocarbons there is a good
relationship between the free valence of a given carbon atom and its
autopolarizability. Therefore there is also a satisfactory relationship
between the localization energies and the autopolarizabilities (Daudel
et al., 1950, 1951; Busso et al., 1950).

In conclusion we can say that to introduce the Ag,* associated with a
substitution reaction on an alternant hydrocarbon we have the choice
between various dynamic indexes such as localization energy, super-
delocalizability, and reactivity number, and various static indexes such as
free valence and autopolarizability. Sung et al. (1960) tried to see which are
the best from the practical point of view. They found that it seems better
to use the localization energies (Sung et a/., 1960) than the superdelocaliza-
bility or the static indexes.

Various attempts have been made to establish a relationship between
dynamic and static indexes of nonalternant hydrocarbons and hetero
molecules. The problem is more involved than in the case of alternant
hydrocarbons.

For example, in the case of alternant hydrocarbons it has not been neces-
sary to distinguish between the nature of the reagents because if the
Wheland model is used the differences between two Ae,* which determine
the relative rates do not depend on the nature of the reagent. This is not so
when we are concerned with nonalternant hydrocarbons or hetero molecules
and we must distinguish between radical, nucleophilic, or electrophilic
reagents. For example, if we are concerned with an electrophilic reagent
it is natural to search for a relation between Ae,* and the electronic charge
g of the carbon atom perturbed. In fact only a rough relationship is
observed (Sandorfy et al., 1950; K. Fukui et al., 1957a).

3. The Accuracy of the Wheland Model

As Ag,* is obtained in B units when the Hiickel method is used, compari-
son between the calculated values of the relative rates and the experimental
ones makes it possible to obtain empirical values of nf#. Mason (1958) has
obtained:

nf = —7 keal in the case of methylation,
nf = —16 kcal in the case of nitration.

He was led to the conclusion that the transition state is more similar to the
Wheland model in the case of nitration than in the case of methylation. In
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studying the role of Ag*(T) and particularly its effect on the activation
entropy, Mason (1959) concluded that for a given reaction the lower the
localization energy the more the transition state looks like the Wheland
model.

4, Other Possible Mechanisms

Brown (1959) had observed that if the Wheland model is used it is not
easy to understand why there is no isotopic effect in the case of nitration
but a striking isotopic effect in the case of sulfonation when tritiated
compounds are used.

To explain this fact Brown has suggested the following mechanism for
electrophilic substitution:

E
ArH-l—E*;‘A:;r*—H o
E E
Air*—H =Art.-H aIn
E
Ar* - H+ B=ArE + BH". (1)

It is obvious that if such a mechanism is convenient no isotopic effect will
be observed when step (I) is rate determining, but an isotopic effect will
appear when step (II) is the rate-determining process.

Therefore Brown has assumed that for nitration step (I) is the rate-
determining process. This step corresponds to a charge transfer between
ArH and E*, and Brown has calculated Ag,* using the Mulliken theory of
charge transfer complexes. He obtained a fair relationship between the
relative rates of nitration of some alternant hydrocarbons and the Ae,!
calculated in this way.

Nagakura and Tanaka (1959) have suggested another mechanism. They
assume that the first step of the reaction is an ionization of the molecule:

ArH+ E* - E +4 ArH*.

Then the free radical E reacts on the positive ion ArH*. They have
observed that the atom on which the substitution appears is really the one
which has the highest free valence in the ArH* ion. If the Nagakura and
Tanaka mechanism is convenient it can be anticipated that an electrophilic
substitution will be easier the higher the last occupied orbital of the
hydrocarbon and the lower the first unoccupied orbital of the reagent. This
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is so. Let us compare, for example, benzene and methane. The last occupied
orbital of the first molecule is at —3.74 eV and the corresponding orbital
of the second is at —13 eV. It is much easier to nitrate benzene than
methane. Furthermore in Ag* the first unoccupied orbital is at —7.6 eV
and in NO, " itisat —11eV. NO," leads to real substitutions; Ag* gives
only charge transfer complexes.

5. Relation between Substitution Rate and py
It is well-known that when an alternant hydrocarbon is put in a very
acid medium, such as BF; + HF, it can add a proton:

K
ArH + H* = ArH,*.

The structure of the positive ion ArH,* has been carefully studied
(MacLean et al., 1958). Figure 16 shows, for example, the structure of the

H H H

Fig. 16

ion which corresponds to anthracene. It is obvious that the Ag; which
determines the py of a given hydrocarbon is equal to the Ae,* which
determines the rate of substitution when the Wheland model is used.
Therefore, we can anticipate a linear relationship between, let us say, the
logarithm of the rate of methylation of alternant hydrocarbons and their
Dk This relationship has been found by Mackor et al. (1958).

D. Rate of Photochemical Reactions

1. Introduction

We have previously said that one of the most difficult problems in
studying a chemical reaction is to know the path of the reaction. Obviously
this problem, which is a difficult one in the field of classical chemistry, is
still more difficult when we are concerned with a photochemical reaction.
Furthermore, some authors believe that it is not very convenient to use the
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transition state theory to discuss the reactivity of an excited state (Laidler,
1955).

However, the simple use of static indexes has given useful results even for
substituted or hetero molecules. A priori, it is not easy to understand
why. We saw that even in the case of hetero molecules in their ground state
there is not a fair relationship between, let us say, the electronic charges and
the electrophilic localization energies. We do not know a systematic study
of the same relationship for the excited states of the same molecules but, a
priori, it could be anticipated that the situation is worse. However the
static indexes appear to be useful. The reason for this result lies perhaps
in the fact that for an excited state the potential barrier is usually smaller
than for the ground state. Therefore the transition state seems to be more
similar to the initial state than for a molecule reacting in its ground state.
This could be an explanation why ‘““‘tout se passe comme si” in the case of
an excited state the static indexes, which only depend on the initial state, are
a fair representation of the localization energies which, however, also
depend on the transition state. It seems that the first proposal to use the
static indexes in studying a photochemical problem is due to Pullman and
Daudel (1946). They observed that the distribution of the bond orders and
free valences of cyclopentadiene in its first excited state is completely
different from the same distribution for its ground state. In the same way
Crawford and Coulson (1948) studied the photodimerization of acenaph-
thylene. Later on it was observed (Sandorfy, 1950; Buu Hoi et al., 1951)
that all the free valences of molecules such as anthracene and naphthacene
in their first electronic excited states are greater than those of the cor-
responding ground states, the greatest free valences remaining are those of
the meso carbon atoms. This increase of the free valences could play a role
during the photodimerization and during the photooxidation of the
molecule considered.

On the contrary the bond order of the central bond of stilbene in its first
excited state is smaller than those of the ground state (Buu Hoi et al., 1951).
This phenomenon could be an explanation of the frans — cis photo-
isomerization of stilbene. In the same way Masse (1954) and Bloch-Chaude
and Masse (1955) try to explain the photochromic properties of some
derivatives of pyranospirane.

2. Photochemistry of Nitrobenzene Derivatives

To end this chapter we shall now discuss with more details the photo-
chemistry of some nitrobenzene derivatives.

The distribution of the electronic charges for various electronic states of
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nitrobenzene has been calculated by Fernandez-Alonso (1951). Figure 17
compares these distributions for the ground state and one of the excited
states. A striking difference appears between the two states. In the ground
state the nitro group withdraws electrons from the ortho and para positions

1.00 0.88 %% 1l.es 0.7 o0.00 M 1.m
i

/0 /0
0.96 0N 1,08 2N
\ \

(o) (o]

Ground state Excited state
Fig. 17

and does not alter the electronic charge of the meta position. In the excited
state, on the contrary, the nitro group withdraws electrons mainly from
the meta position, the para position being not significantly perturbed. Five
years later, Havinga et al. (1956) studied the photochemical hydrolysis of
the isomeric nitrophenyl dihydrogen phosphate and also the bisulfate
esters. They observed that the process is most efficient for the meta isomers
suggesting that in excited states of these molecules the nitro group is able to
withdraw electrons from the phenolic phosphate oxygen atom, thus
facilitating heterolytic fission. More recently, Zimmerman (1963)
studied the photochemical behavior of the trityl esters of m-nitrophenol and
p-nitrophenol in aqueous dioxane. They observed that in the dark at
25°C the meta compound is stable and the para compound is slowly
hydrolyzed. Under the effect of light, on the contrary, the quantum
efficiency is much greater for the meta compound (0.062) than for the para
derivative (0.006). Again an interpretation is given if we follow the sugges-
tion of the Fernandez-Alonso calculation: in some excited states of these
molecules the nitro group withdraws electrons from the meta position.
Zimmerman and Somasekhara (1963) have calculated the distribution of
the electronic charges for the ground states and the first excited states of
the considered trityl esters. Table IX contains the electronic charges

TABLE X

OxYGEN ELECTRONIC CHARGES

Ground state Excited state

Meta derivative 1.764 1.279
Para derivative 1.703 1.307
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obtained for the oxygen of the OCep, group. It is clear that, as for the
reactivity, the order of the electronic charges in the excited state is the
reverse of the corresponding order for the ground state.

Y. General Conclusion

We have seen that in the case of small molecules it has been possible to
establish rather complete formulas which, in principle, permit the calcula-
tion of the absolute rates of reactions.

Obviously it is not possible to use such elaborate formulas to discuss
reactions in which large molecules are involved. However, the general
formalism obtained in the case of small molecules has been extended to
more complex reactions in such a way that it has been possible to determine
what are the main factors which are responsible for the chemical reactivity
of such large molecules. The factors are numerous (at least eight for a given
conformation and a given elementary process of a reaction). Fortunately,
however, in certain cases some of these factors are predominant and others
can be neglected. Therefore, rather rough calculations appear to be
helpful when we are able to select the important factors. In the case of
photochemistry, a priori the situation appears to be more difficult. In
fact it turns out that even very rough procedures permit us to predict
correctly new kinds of chemical reactivity. This is encouraging. There is no
doubt that in the near future quantum chemistry will become a very
powerful tool in the interpretation and prediction of the chemical reactivity
of large molecules.
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l. Introduction

During the last twenty years considerable interest has been manifested
in the study of the hydrogen bond. A large number of papers as well as
several books (HadZi and Thompson, 1959; Pimentel and McCllelan,
1960; Sokolov and Tschulanovskii, 1964) have been published. In spite of
this effort the ideas in this field still seem to be conflicting. Even the basic
electronic theory of hydrogen bonding is still discussed although a part at
least of the disagreement comes from the differences in emphasis rather
than from the divergencies in basic concepts. In these circumstances a
critical analysis of the present theory seems useful; the areas in which the
agreement has been reached can be recognized. This will be done in what
follows. It will be concluded that the overwhelming majority of phenomena
connected with hydrogen bonds can be explained if this bond is considered
as describing an interaction in which the electrostatic, charge-migration as
well as the short-range repulsion effects are simultaneously important. The
fundamental similarity between the hydrogen bond and charge-transfer
interactions is emphasized.

209
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Il. Phenomenology of Hydrogen Bonding

The name hydrogen bond is given to a particular type of strong and
specific interaction. The first molecule of the interacting pair, called the
proton donor, contains a strongly polar group AH (e.g., FH, OH, NH, ...)
and the second, called the proton acceptor, a strongly electronegative atom
B (e.g., F, O, N, ...). A hydrogen bond is generally designed by symbols
such as AH---B. If this interaction is strong enough, well-defined molecular
complexes result. Their geometry is often precisely known; two represen-
tative cases are illustrated in Figs. 1(a) and 1(b). The hydrogen bond can be

Oreooen H—O
/ \
F—H—F H—C L—H
o O_l{ ..... O
2,254 o
e 2.73A

(a) (b)

Fig. 1. Two representative systems involvinghydrogen bonds: the ion FHF ~represents
a symmetric bond (a); (HCOOH), represents an asymmetric bond (b).

symmetric or asymmetric depending on whether the proton is located
midway between the terminal atoms or closer to one of them. Symmetric
hydrogen bonds are quite rare, the ion FHF ~ being the classical example
[Fig. 1(a)]. They are very strong: the dissociation energy of FHF~ to
FH + F~ is of the order of 40 kcal/mole although the exact value is
uncertain. In the majority of cases, the hydrogen bonds are asymmetric
[Fig. 1(b)]. In this case energies are of the order of 5-10 kcal/mole and in-
crease when the distance R,y..p decreases; the smaller R,y 5 the larger
R,y. Substitution of deuterium causes the AH.--B bond to expand
(Ubbelohde effect). It is not known whether this comes from the change
of the effective surface! on substitution, or from other sources.

The spectra of molecules with hydrogen bonds exhibit several unusual
features. Their infrared spectra are characterized® by (a) an important
low-frequency shift with respect to those of nonbonded molecules of the
lv AH stretching bands; (b) an increase, with respect to those of non-
bonded molecules, of their integrated intensity ; (¢) their abnormal breadth

! If the electronic state considered is nondegenerate, the influence of the term omitted
in the Born-Oppenheimer approximation can be accounted for by suitably modifying
the Born-Oppenheimer energy surface. This modified surface, called the *‘effective”
energy surface, depends on nuclear mass (BratoZ and Daudel, 1956).

2 Only the most salient features are quoted here,
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and, eventually, complicated structure (Fig. 2). In addition, (¢) new bands
appear associated with the low-frequency bridge vibration. These pertur-

I v(OH )fvee v (OH)oss.
2
8
S
0
2 i
AR
Il
__-/ \‘ ‘Ak_
cm™! 3500 3000 2500

Fig. 2. The infrared spectrum of formic acid in the vOH region (sol. in CCl1,) showing
a complicated structure. The breadth of this band is compared with that of free vOH,

schematically indicated (Bratoz et al., 1956).

bations are astonishingly pronounced when one considers the relative
weakness of hydrogen bond. In the ultraviolet spectra both hypsochromic
and bathochromic shifts are observed depending on whether the hydrogen
bond is stronger in the ground state or in the excited state (Fig. 3). The
n — n* frequencies are generally displaced to the blue and the n — n* fre-

h
E E [
— A
R R
AH---B AH--B

(a) (b)

Fig. 3. AH---B energy curves indicating the origin of the UV frequency shifts.

quencies shift usually, but not invariably, to the red. The presence of a
charge-transfer band has been reported. Finally, in the NMR spectra the
proton signal is displaced to lower field although there are also exceptions

to this rule.
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The role of the theory is to explain, qualitatively at least, the data just
mentioned.

I1l. Classical Theories

A. Introductory Remarks

The early theoretical work on hydrogen bonding is based on the
following argument. The hydrogen atom of the AH---B bond, with its
s orbital, cannot form more than one pure covalent bond. Hydrogen
bond formation must therefore be due to ionic forces. This argument, due
to Pauling (1929), underlies what are now called electrostatic theories of
the hydrogen bond. Two versions of such theories exist: (@) an elementary
version in which the true charge distribution is approximated by a set of
point charges, and (b) an elaborate version in which continuous charge
distributions are considered. The main work is analyzed in what follows.

B. Elementary Electrostatic Theories

These theories have mainly been developed by Bernal and Fowler (1933),
Bauer and Magat (1938), Lennard-Jones and Pople (1951), and Pople
(1951). [See also Bourre-Maladiére (1950), Briegleb (1941, 1944), Coggeshall
(1950), Davies (1947), Harms (1939), Jones et al. (1952), Kasper (1931),
Maladiére and Magat (1947), Maladiére (1948), Moelwyn-Hughes (1938),
Rowlinson (1951), Sack and Prigogine (1941), Schneider (1955), and
Verwey (1941).] Their spirit, and procedures, can conveniently be explained
in the example of OH---O’ systems [Fig. 4(a)].

q=le q=-2eq=le q=-2e q=2¢

0690R 0.361 15008 02904

(a) (b)

Fig. 4. The charge distributions used in the (a) elementary and (b) elaborate electro-
static theories. The black points indicate nuclear charges and the circles the electron
distributions.

Four electrons are explicitly considered, two from the OH bond and two
from the O’ lone pair; all remaining electrons and the nuclei are considered
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as forming the molecular core. The core is represented by three positive
charges located on the nuclei. The electrons are located on the OH..-O’
line in such a way as to give the correct values of the OH bond and the O’
lone pair dipole moments. This choice once made, the interaction energy
is calculated with the help of the simple Coulomb formula. The energy
found in the present case is 6 kcal/mole, a value close to the experimental
value. A similar agreement is reached in several other cases. However the
quality of the results depends critically on the choice of the point charges
and their positions. The electrostatic theories have also been applied, with
success, to the calculation of the AH bond expansion on association, to the
explanation of the low-frequency shifts of the infrared 1v AH stretching
bands, and to the study of a number of other problems. The main con-
clusions are as follows. (a) The electrostatic energy represents an important
component of the hydrogen bond energy. This conclusion is still further
supported by the fact that the experimentally known hydrogen bond
strengths decrease in the same order as the electronegativities of atoms
between which they are formed, i.e., in the order FH---F, OH.--O, NH---N,
etc. (b) The electrostatic forces contribute to the AH bond expansion and
to the 1v AH low-frequency shift on association. In fact, the charge on B
exerts a force on the proton which opposes the force acting on the proton
in the free molecule. The R, distance is thus increased and the stretching
force constant K,y is decreased.?

C. Elaborated Electrostatic Theories

In these theories the charge distribution is represented more carefully,
although not necessarily more successfully, than in the elementary electro-
static theories. In the recent Bader’s paper (1964) the OH..-Q’ systems are
treated by considering all electrons of this system explicitly. The electronic
distribution p,, of the acid species AH is described by that of a united
atom containing Z, + 1 electrons centered on A. Similarly, the electron
distribution pg of the base B is represented by the electron distribution of
an atom centered on B. In addition, there are three nuclei with charges
Z,, 1, and Zg [Fig. 4(b)]. If these distributions are spherical, the resulting
force F, on the proton is easily calculated by the laws of classical electro-
statics. Using the notation of Fig. 4(b) one obtains*:

3 This conclusion has been strongly criticized by Sokolov (1955a). Nevertheless this

criticism seems too severe.
4 The well-known result of the classical electrostatic is used according to which one

R
has, for a spherical charge distribution, fo (cos Op/r2)dr = Qg/R>.
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ov Z, cos 6 Zy cos 0’
Fpm=r —— = — — d d
z aZAH RiH ,[ "Az Pan @t = RHB * I's T e

R2 (ZA QA) - H (ZB QB)’ (1)
where Q,, Qp are the electronic charges contained in the spheres of radii
R,y, Ry centered on A, B. The K,y stretching force constant is obtained
by differentiating F, with respect to z,y. If poy and pg are independent of
Zan, One finds
oV 2 2

5 =53 (Za— 0a) + 53 FE (Zg — Qp) + 4n(pan(H) + pp(H)),
0zau R Riis

()

where p,u(H) and pg(H) are the electron densities of AH and B at the
proton position. These formulas easily explain that the R, distance is
increased and K,y is decreased when a hydrogen bond is formed. Mathe-
matically this can be obtained by putting F, = 0, resolving this equation
for R,y, and inserting R,y into Eq. (2). Physically, the interpretation is
just the same as in the case of the elementary electrostatic theories. The AH
bonding force constants can be studied in a similar way and are found to
be positive. The conclusions of the present theory are thus just the same as
those reached by the elementary electrostatic theories. It is satisfactory,
however, that they have been obtained by using more realistic charge
distributions than those postulated in the elementary electrostatic theories.

Kian=—

D. Critical Survey of Electrostatic Theories

These theories are all based on the hypothesis according to which the
hydrogen bond interaction of AH and B reduces to that of two charge
distributions associated with wunperturbed AH and B.° In reality, the
formation of hydrogen bond perturbs these distributions, e.g., by charge
transfer or exchange transfer; all such distortions are neglected. The
question to decide is whether such simple theories are, or are not, successful.
If they are the hydrogen bond can be said to be ionic.

5 A confusion may arise by using this terminology. In fact, the forces acting on the
nuclei can always be calculatzd by means of laws of classical electrostatics provided the
true charge distribution is known. This is a consequence of a well-known Feynmann-
Hellmann theorem. All nonmagnetic chemical forces are electrostatic in a certain sense.
In the theory of hydrogen bonding, however, this term refers to the forces originating,
not from the true charge density hiding all sorts of quantum mechanical effects, but
from the charge density of unperturbed AH and B.
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With this in mind it can safely be stated that the hydrogen bond is
partially ionic. It should not be concluded, however, that it is entirely
ionic. In fact, a number of data reveal nonionic properties of hydrogen
bonds. Three such pieces of evidence which are particularly important, are
listed here. (@) There is no correlation between hydrogen bond strength
and dipole moment of the base. If the electrostatic forces were the only
forces present, it would be difficult to understand why, for example,
acetonitrile and nitromethane, the dipole moments of which are equal to
3.54 D and 3.94 D, respectively, form with phenol the complexes which are
less stable than the complexes between phenol and dioxane, the latter
having a very small dipole moment of about 0.3 D (Sokolov, 1964).
(b) The AH---B distances are always much smaller than the sum of the
van der Waals radii. Thus strong repulsions arise and the electrostatic
forces are not the only forces present. (¢) The increase of the intensity of
the 1v AH stretching infrared bands is much too large to be accounted for
by the electrostatic theory. The existence of charge-transfer forces seems
likely. These, and a number of similar data, lead to the following conclu-
sion: the electrostatic theories, in spite of their considerable success, are
not entirely satisfactory and must be replaced by more elaborate quantum
mechanical theories.

IV. Quantum Theories; Ground State

A. Introductory Remarks

The need for quantum mechanical theories of hydrogen bonding was
recognized as early as 1947. In this year Sokolov published the first theory
of this type. The later development of the theory was slow because of the
relative complexity of the systems connected with hydrogen bonds; never-
theless, in the last few years, more satisfactory progress has been made.
Roughly speaking, the existing work can be split into three groups which
comprise (@) valence-bond theories, (b) charge-transfer theories, and (c)
SCF-MO and CI theories. These theories are described.

B. Valence-Bond Theories

In this group of theories the VB techniques are applied to study hydrogen-
bonded systems. As this method is not appropriate for detailed non-
empirical calculations, the problem has always been reduced to that of
four electrons, two of the acid AH bond and two of the base B lone pair,
moving in a molecular core. In this way Sokolov (1947, 1952a) and
Coulson-Danielsson (1954b) investigated the systems AH---B and OH---O’
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and Tsubomura (1954) investigated (H,0),. [See also Coulson (1957,
1959), Sokolov (1955a, 1959), and Sokolov and Tschulanovskii (1964).] The
spirit of the method, and the procedures implied, can most easily be
explained on the example of the Coulson-Danielsson paper which is now
described.

In the Coulson-Danielsson paper (1954b) the O—H-.-O’ systems are
considered. The four electrons involved in the hydrogen bond formation
are distributed over the atomic orbitals p,’, #', p,” (Fig. 5).° With the help

o H RY

-~ L) ~7
Rl R 2

<« >

Fig. 5. The orbitals p,’, #’, and p,” involved in an OH---O’ hydrogen bond. The
figure gives also the definition of R,, R,, and Rj;.

of these orbitals, the following wave function @ is constructed to represent
the hydrogen bond:
¢ =Cd + C®y + Cy Py €)
with
Q= Nl{|P1EP2ﬁ2| — | P1hp1D, I},
®, =|p,p,p:P> 1, 4
®yy = Nui{lp P 1hp2 | — |P11_’1h—P2 .

¢ For simplicity, the oxygen orbitals are supposed to be pure p-orbitals. In the original
paper, the effect of hydridization was also investigated.
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Here, the standard notation is used. The vertical bars indicate normalized
determinants, p and 4 indicate the atomic spin orbitals associated with the
orbitals p’ and #’, and the spin «, p and k indicate the atomic spin orbitals
associated with the orbitals p’ and A’ and the spin B, and C}, Cy;, and Cyy
are variational coefficients. The wave function ® contains three components
®,, &, and @, associated with the following three ‘“‘mesomeric struc-
tures™:

@ No—H o’<; an N\o H 0'<; am o H—E)'\.

®, describes a situation in which a covalent bond is formed between O
and H, the lone pair being located on O’. ®,; is similarly describing an
ionic bond between O and H, the lone pair being still located on O'.
Finally, @, represents a situation in which a covalent bond is between
H and O’, the lone pair now on O. The electronic configurations associated
with ®,, ®,, and ®,; are given in Table I. This choice of mesomeric

TABLE |

ELECTRONIC CONFIGURATIONS ASSOCIATED
wiTH @, ®,;, ®,;; AND IN THE VB
THEORY OF HYDROGEN BONDING

D, (pd) ) (p,)?
D, (Pll)z (p.)?
@y, (P1,)2 (h’) (Pz,)

structures is one of fundamental characteristic of the VB theory of
hydrogen bonding. In fact, if ®; and &, describe ionic interactions between
the acid and the base, interactions accounted for by electrostatic theories,
®,,; describes a new phenomenon of quantum mechanical origin. This
new phenomenon is the charge transfer, from O’ to O, conferring to the
hydrogen bond a partially covalent character.

The wave function ® once defined, the techniques of the calculation
must still be briefly discussed. The energy E and the coefficients C;, Cyy, and
Cyy are obtained by solving the secular equation:

HII_ESII Hlll—‘ESllI HI III_ESIIII
HHI - ESII I Hll nm— ESI[ 11 Hll Hr = ESll 11 =0. (5)
Hlll[ - ESII]I Hll n - ESll 11 Hlll n = ESI[I 1
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In this equation, the Hamiltonian matrix H is relative to an effective four-
particle Hamiltonian the form of which does not need to be further
specified; the overlap matrix S is, on the contrary, perfectly well defined.
The calculation is performed as follows. (a) The overlap matrix is calculated
nonempirically using Slater’s orbitals. () The diagonal elements of the
Hamiltonian matrix are calculated semiempirically taking into account
the fact that H; is just the energy of the pure state ®,. H;; is composed of
the following terms: (1) the covalent bond energy expressed by the familiar
Morse formula; (2) the short-range repulsion energy expressed by the
help of the empirical formula Ke™®; (3) the energy associated with
the transfer of an electron from an atom X to an atom Y (Fig. 6); (4)

| N

xy

Fig. 6. The energy implied in an electron transfer between X and Y: Ix is the ioniza-
tion potential of X, Ay is the electroaffinity of Y, and Cxy is the Coulomb attraction of
the two ions created by the charge-transfer process. If X and Y are atoms, Cxy = e?/Rxy.

the polarization energy. In this way and by using the notation of Figs. 5
and 6, the following formulas are easily found:

Hy = D{e~2#(Ri~Ro)_2p=a(Ri~Ropy (6a)

Hyy=1Iy— Ao — Cyo + Ke %1, (6b)
1 o

H — D —2a(Rz—Ro)__2 —a(R2—Ro) I , - A — C ————

i {e e Y+ 1o o 00" "5 (R, +IR)"

(60)

where D, a, K, and b are empirical constants, R, is the equilibrium distance
of free OH, and « is its polarizability. (c) The nondiagonal elements H,; of
the Hamiltonian matrix are determined as follows: (1) H,, is calculated
in such a way that the secular equation constructed on H,;, Hy, Hy 11, and
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St gives the exact value E, for the free OH bond energy; (2) Hyy and
Hy y, are calculated, starting from H, by approximating the charge
distributions p,’h’ and h’p,’ by the well-known Mulliken formula. The
result is:

Hlll = Sl llEO —\/(Hll - ESI l)(Hllll - EOSII ll)s

2
Hllll=\/im SZH[",

1+8,%*-85,2 §
Hum=\/ﬁ : S_j * Hyy.

Here S, = (p," | i") and S, = {p," | h*). If the constants entering into the
matrix elements are conveniently chosen, the matrix elements can be
calculated and the secular equation (5) resolved. The quality of the results
depends critically on the choice of the empirical parameters.

So far we have discussed the Coulson-Danielsson method. The
methods used by Sokolov (1947, 1952a) and Tsubomura (1954) as well as
the method used in another Coulson-Danielsson’s paper (1954a) differ
from that described above in many points.” Nevertheless, the conclusions
reached by all these theories are similar and can be stated as follows. (a) The
forces implied in hydrogen bonding are (1) the electrostatic forces, (2)
short-range repulsion forces, (3) charge-transfer forces, and (4) polarization
forces. (b) The contributions to the hydrogen bond energy arising from
effects (1), (2), and (3) are all of the same order of magnitude, but of
different sign (Table 1I). Often effects (2) and (3) cancel each other which

TABLE Ii
SEMIEMPIRICAL ESTIMATION OF THE ENERGY
CONTRIBUTIONS TO EACH SEPARATE H BonD
IN ICE (KCAL/MOLE)?

(a) Electrostatic +6
(b) Repulsive-dispersion —54
(c) Charge transfer +8
Total +8.6
Experimental +6.1

4 From Coulson (1959).

7 In the Tsubomura paper all matrix elements are calculated nonempirically. In the
second Coulson-Danielsson paper, the bond orders rather than the matrix elements
are empirically estimated.
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explains the success of electrostatic theories. (¢) The amount of charge
transferred from O’ to O is measured by the quantity C%. C%, is found to
be nonnegligible (but small) for short bonds and negligible for long
bonds; thus the long bonds are essentially electrostatic (Tables 11T and

TABLE 111

THe ENERGY E AND THE WEIGHTS CZ, C#, AND C3; AS FUNCTIONS OF THE
DISTANCES Ron AND Rgo.?

Roo. (A) Rou (A)  E (kcal/mole) Cc? Cc? Cé
2.50 0.8 —91 0.88 0.10 0.02

10 —120 0.83 0.13 0.04

1.2 —107 0.81 0.13 0.06

2.65 0.8 —90 0.89 0.10 0.01

1.0 —117 0.85 0.13 0.03

1.2 —103 0.83 0.12 0.04

2.80 0.8 —88 0.89 0.10 0.01

1.0 —114 0.86 0.13 0.02

1.2 —100 0.85 0.12 0.03

% From Coulson and Danielsson (1954b).

TABLE IY

THE STRETCH OF THE OH DISTANCE, THE DISSOCIATION ENERGY D, AND THE
WEIGHTS Cf?, C3, AND C#; FOR THE HYDROGEN BOND AT THE EQUILIBRIUM
PosiTioN OF THE HYDROGEN ATOM?

Revi—R E D
Roo:(A) ROH(A) o? A) ° (kcal/ (keal/ Cct Ci Ciy
mole)  mole)
2.50 0.994 0.024 —120 9.8 0.83 0.13 0.04

2.65 0.988 0.018
2.80 0.983 0.013

—117 6.4 0.85 0.13 0.02
—115 4.4 0.86 0.12 0.02

“ From Coulson and Danielsson (1954b).

1V). Although basically correct this conclusion underestimates the impor-
tance of the covalent term. There exist intermolecular forces without
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charge migration, but they do not have properties of hydrogen bonding.®
(d) C?, varies rapidly with R, and R,. The astonishingly strong dependence
of C on R, must be pointed out.

C. Charge-Transfer Theories

The starting point of the theories of this group is the analogy existing
between the charge-transfer interactions (e.g., in the system benzene-
iodine) and hydrogen bonding. Since in both cases the charge migration is
an important factor it may be hoped that the theories applicable to the
study of charge-transfer interactions are, mutatis mutandis, applicable to the
study of hydrogen bonding. This direction has recently been explored by
Puranik and Kumar (1963a) and by BratoZ (1966). In these papers the
Mulliken theory of charge-transfer interaction (Mulliken, 1952b) has been
applied to the study of the systems AH:--B and OH:.--O’. [See also
Puranik and Kumar (1963b) and Szczepaniak and Tramer (1965).] The
essence of this method, as well as its procedures, can be easily studied in the
example of the BratoZ paper. It will be described in what follows.

In this paper the O—H---O’ systems are considered. The four electrons
involved in the hydrogen bonding are distributed over three orbitals, the
bonding and the antibonding OH orbitals y,” and x," and the O’ lone pair
orbital y;" (Fig. 7). Using these orbitals, the following wave function @ is
constructed to represent hydrogen bonds:

®=C,0, + C,0, (7

with
O, = |y, X1 x3%3 1, (8a)
O, = No{| 0121203 | — | X1 X1 X2X3 1} (8b)

Here the spin orbitals yx,, x,,and y; are associated with the orbitals
x:'» X2°» x3' and the spin «, the spin orbitals %,, ¥,, and j; are associated
with the orbitals x,’, ¥,’, x3" and the spin §, and C, and C, are variational
coefficients. The wave function @ contains two components, ®, and ®,.
The first term, ®@,, describes a situation in which two electrons are placed
on OH and two on O’. This function, called no bond function (Mulliken,
1952b), accounts for the electrostatic and short-range repulsion interactions.
The second function, ®,, describes a situation in which charge transfer has

8 For a distance of 2.50 A, an O—H---O bond is not very far from a symmetrical
bond and Cj, is certainly much larger than 0.04 (Table IV). Even long hydrogen bonds
are not totally electrostatic. This is indicated by the intensity enhancement of the vOH
IR bands.
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xl
y
% aQy %,
0 H o}
- >€ >
< R >
00’

Fig. 7. The orbitals ¥, ¥2’, and x3’ involved in an OH:--O’ hydrogen bond. The
figure also gives the definition of Rou, Ruo and Roo- as well as that of formal charges
o+ »4u, and go-, on O, H, and O'.

taken place from the O’ lone pair orbital y;' to the antibonding OH
orbital y,’. This function conferring on the hydrogen bond a partially
covalent character is called a dative bond function. The electronic configura-
tions associated with @, and @, are given in Table V. This should be
compared with Table I.

TABLE V

ELECTRONIC CONFIGURATIONS
AsSoCIATED WITH @; AND O,
IN THE CT THEORY OF
HYDROGEN BONDING

, 00 ()2
o, (Xl’)z(X2')(X3’)

The wave function ® once defined, the techniques of the calculation again
need to be briefly described. The energy E and the coefficients C; and C,
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are obtained by solving the secular equation:

Hy —ESy, Hi,—ES,, -0 )
Hy —ES;; Hy;,—ESy '
In this equation, the Hamiltonian matrix H is relative to an effective four-
particle Hamiltonian which does not need to be further specified; the
overlap matrix S is, on the contrary, perfectly well defined. Although
Eq. (9) can be easily solved, the approximate solution given by the per-
turbation theory is more convenient. For the ground state one finds®:

(Hy — H,1S15)°
H 22— H 11 .

The matrix elements entering into Eq. (10) are calculated as follows. (a)

The diagonal elements of the Hamiltonian matrix are calculated semi-

empirically by taking into account the fact that H;; is just the energy of the
pure state ®;. H;; is composed of following terms: (1) the energy E of the

\O—H--~O’< system at infinite separation; (2) the electrostatic energy
expressed using the Coulomb formula and the formal charges ¢,, g4, and
qo- of Fig. 7; (3) the short-range repulsion energy expressed with the help
of the empirical formula Ke ™" ; (4) the energy associated with the transfer
of an electron from the lone pair orbital y;" of O’ to the antibonding
orbital y,” of OH (compare with Fig. 6). The following formulas are easily
found:

E=H — (10)

OuQo QoQo —bR
H,=FE,— Ke~bRuo’ 11
U Reg T Roor v
Hy, = Hy + Io — Aou — Cor0n» 12)

where K, b, g0, qu, and qo- are empirical constants. (b) The nondiagonal
elements of the Hamiltonian and overlap matrices are considered as
empirical parameters. One writes § for H;, and S for S,. The final formula
for the energy is found if (1) the sum of energies of the separate systems is
taken as energy zero, (2) Egs. (11) and (12) are substituted into Eq. (10),
and (3) H,,S is neglected with respect to H{,.'® This gives:
Qo QH Q090 s

E-E; = —=2=8 + KebRoo’_
! RHO’ ROO o~ AOH - CO’,OH

(13)

9 This formula is easily obtained by (a) replacing E by Hj, in the elements 12, 21,
and 22 of the determinant, (b) developing the determinant, and (¢) solving the resulting
equation for E.

10 With the above choice of energy zero, Hy, is very small and H,,S,; is negligible
with respect to Hy,.
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The energy of a hydrogen bonded system is thus a sum of the electrostatic,
short-range repulsion, and charge-migration energies.

The above is the BratoZ procedure. The method used by Puranik-
Kumar is not very much different but is less explicit. Nevertheless, the
conclusions reached by both theories are similar and can be stated as
follows. (@) The hydrogen bond energy can be decomposed as postulated
by the VB theory. All remarks concerning the relative importance of its
components remain valid. (b) The charge-transfer component is as much
larger as the ionization potential of the lone pair is smaller [compare with
Eq. (13)]. This conclusion is supported by experiment (Table VI). (c) The

TABLE VI

EQUILIBRIUM CONSTANTS FOR THE SYSTEMS B-NAPHTHOL-
Acc. COMPARED WITH THE FIRST IONIZATION
POTENTIAL OF Acc®

Acceptor Equilibrium Ior (eV)
constant (25°C)

N(C;Hs)s 103 8.9

O(C,Hs), 14.5 9.5

CH,;NO, 2.6 11.0

? From Nagakura and Gouterman (1957).

special role of the hydrogen in the hydrogen bond formation is due to the
smallness of the short-range repulsion term in Eq. (13). This reflects the
small “‘size” of the hydrogen. (d) In the charge-transfer process a fraction
of an electron is placed on the antibonding OH orbital yx,’. The OH bond
is thus weakened, its length increased, and the force constant Koy
decreased. This is just what is observed experimentally. (¢) The charge
migration increases the polarity of the O—H:---O systems and intensifies
the vOH IR bands. (f) Charge-transfer and hydrogen bond interactions
are related phenomena. Systems exist in which the binding forces are
intermediate between the H bond and CT binding forces (Fig. 8).

D. SCF-MO and CI Theories

In these theories the complex AH---B is considered as a single large
molecule and is treated by the SCF-MO and CI techniques. The first
attempt to apply these methods to the study of hydrogen bonding was made
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by Pimentel (1951)[See also Nukasawa ezal.(1953).]In later work a number
of papers have been published in which these methods have been applied
either relatively accurately (FHF ™ : Bessis and BratoZ, 1960; Bessis, 1961 ;
BratoZz and Bessis, 1959; Clementi, 1961; Clementi and McLean, 1962;

H H

Fig. 8. The systems in which the benzene ring is acceptor can be considered to be
either H-bonded or CT-bonded.

Hamano, 1957; Nagahara, 1954) or by introducing drastic approximations
[(H,0),, (HF),, (H,S),, (HCl),, and (HyO,)*: Fischer-Hjalmars and
Grahn, 1958; Grahn, 1959, 1962]. See also Hofacker (1957, 1958, 1959). In
the majority of cases, however, the number of electrons is too large to
handle and some empirical version of the SCF-MO theory is needed. If the
hydrogen bond itself is to be studied a o-type empirical SCF-MO theory is
required. Unfortunately, there exists no generally adopted theory of this
kind and some theoretical innovation was necessary in order to make
progress [OH..-O’: Paoloni, 1959; guanine-cytosine (G-C) base pairs:
Rein and Harris, 1964]. The influence of hydrogen bonds on conjugated
systems is much easier to study [guanine-cytosine (G-C) pairs and adenine-
thymine (A-T) pairs: Hoffman and Ladik, 1964; Ladik, 1964; B. Pullman
and Pullman, 1959; A. Pullman, 1963; Rein and Ladik, 1964; proteins:
Evans and Gergeley, 1949; Suard et al., 1961; Suard, 1962]. Here, the
familiar n-electron theories are successful. These papers are analyzed in
what follows.

(1) FHF ™ ion represents the smallest hydrogen-bonded system and con-
tains the shortest hydrogen bond known. It has been studied by Nagahara
(1954), Hamano (1957), Bessis and BratoZ (1960), Bessis (1961), BratoZ and
Bessis (1959), Clementi (1961), and Clementi and McLean (1962). The
technique of the calculation is the nonempirical SCF-MO technique com-
plemented in some cases by the CI method. In the early work the minimum
basic set is used with either Slater or SCF atomic orbitals; some classes of
integrals are calculated approximately. In the most recent work by
Clementi and McLean several extended basic sets are used constructed on
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the Slater atomic orbitals, The calculation is performed without any
approximation except those inherent to the SCF-MO method itself, The
main conclusions are as follows. (a) The nonempirical quantum mechanical
calculations confirm the stability of FHF ~ against the ionization and the
dissociation into FH + F~. The calculated binding energy is 4.8 eV, a value
which agrees favorably with the experimental value of 4.3 eV.!! (b) The
hydrogen bond formation is followed by a migration of the electrons from
the central region C of the molecule to the external region E (Fig. 9). In

f'q TR

Fig. 9. 8 function for FHF -,

fact, the differential density function (see, e.g., Roux et al., 1956; Lowdin,
1956):

5(l')= pion(r) — Prree atoms(r) (14)

is negative in the first and positive in the second of these regions. The total
charge transferred from C to E is of 0.6 electrons. The hydrogen is about
neutral. (¢) The 2pn hydrogen orbital occurs, with a nonnegligible co-
efficient, in the development of the ground state molecular orbitals. This
means that there is a small amount of 7 conjugation across the hydrogen
bond.

(2) The second group of papers, still using the nonempirical SCF method,
refer to the calculation of the polarization contribution to the hydrogen

' Not too much emphasis should be made of this agreement. The calculation of the
binding energies is always exceedingly delicate.
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bond energy. The systems (H,0),, (HF),, (H,S),, (HCl),, and (Hy0,)"
have been studied by Fischer-Hjalmars and Grahn (1958) and Grahn
(1959, 1962). The wave functions of free molecules are first determined by
the standard SCF-MO technique. The polarization energy E, is then
calculated, e.g., for the system (OH,), (Fig. 10), as follows. (a) The

Fig. 10. Nuclear configuration of the system (H,O),.

molecule H,'O’ is replaced by the atom H,' nearest to H,O0. (b) E,, is split
into two parts, the part E, arising from the polarization of H,O in the
field of H,’O’ and the part E,, arising from the polarization of H,’O’ by
H,0. (¢) E,, is calculated by considering H,O as being polarized by a
positive point charge and an ls-like negative charge distribution centered
on H,'. Similarly, E,, is calculated by considering the atom H,’ as being
polarized by a charge density associated with free H,O. The results of the
calculation are given in the Table VII and are compared with the roughly

TABLE ViI

THE CALCULATED VALUE OF THE POLARIZATION ENERGY COMPARED WITH THE
EXPERIMENTAL VALUE OF THE TOTAL H BOND ENERGY (KCAL/MOLE)®

H,0 HF H,S HCl
Electrostatic energy 5.1 7.5 0.25 0.50
Polarization energy, part E,, 0.2 — — —
Polarization energy, part E,, 1.2 1.9 ~0.05 ~0.01
Experimental bond energy 5.8 6.7 — —

¢ From Grahn (1959).

estimated electrostatic and the measured hydrogen bond energies. The
result is that the polarization and the electrostatic energies are both of the
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order of the total bond energy. The polarization process should not there-
fore be overlooked when studying hydrogen bonds. This result is, of
course, entirely expected in view of general properties of the hydrogen
bond.

(3) Passing now to the discussion of the results acquired by use of empiri-
cal methods, it must first be recalled that no generally accepted empirical
SCF-MO theory exists to deal with o electrons. If, therefore, the hydrogen
bond (representing a ¢ electron system) is to be studied, some kind of
theoretical innovation is necessary. Two proposals of this type have been
made by Paoloni (1959) concerning the OH---O’ systems and by Rein and
Harris (1964) concerning the guanine-cytosine (G-C) base pairs. In both
papers only those electrons are explicitly considered which are estimated to
play an important role. All remaining electrons, and the nuclei, are
supposed to form a molecular core. In Paoloni’s work the OH:--O’ system
is considered as a four-g-electron system. The molecular orbitals are
written as linear combinations of atomic orbitals w, for O, w, for O, and
6, and 0, for H. The novelty is to consider two atomic orbitals on H, 8, is
to allow for a charge migration from O’ to H. In the Rein-Harris paper
twenty-eight electrons of the G-C base pair (Fig. 11) are explicitly con-

/H
N QO-e-»H—N
/ \
C\/ \/C_C\ /C—C\
N—C  N—H-N C
/ \N c/ \C_N/
H _ \ /N
Heeeeee o H
/
H

Fig. 11. The guanine-cytosine pair.

sidered; twenty-four of them are = electrons and four are ¢ electrons of
NH---N hydrogen bond. These electrons are fitted into the fourteen lowest
molecular orbitals formed from nineteen n-type and three o-type atomic
orbitals. This basic description once chosen, the detailed calculation
requires a large number of integrals to be determined. In both papers, they
are calculated empirically by using several sets of hypotheses.!? The
essential conclusions are as follows. (a) The excited hydrogen orbital 6, is
found to play a nonnegligible role in describing a hydrogen bond. This

12 It js extremely difficult, at present, to estimate how justified these hypotheses are.

This will only be possible when a certain experience has been acquired with the empirical
o electron SCF-MO methods.
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conclusion is similar to that reached by Clementi-McLean.!® (5) The G-C
base pair energy surface has two nonequivalent minima corresponding to
two different NH distances (Fig. 12). A similar result has been obtained

A
e

AE=18eV  AE,l4eV

L

N

v v * T - »R
10 12 L4 16 1.8 NH

Fig. 12. Double wall potential of the N—H-.-N hydrogen bond of the C-G
base pair.

for OH---O’ systems by using a primitive, one-dimensional square-wall
model (McKinney and Barrow, 1959). This result, which is further
confirmed with the help of the empirical energy expressions (e.g., Lippin-
cott and Schroeder, 1955; Schroeder and Lippincott, 1957; Reid, 1959),
probably applies to the majority of hydrogen-bonded systems. It implies
that the stretching motion of proton is strongly anharmonic. The abnormal
breadth and structure of the 1v AH infrared bands have in fact been ex-
plained in these terms (BratoZand Hadzi, 1957).!* The form of the potential
energy curve and the height of the barrier separating the two minima are
sometimes believed to influence the biological behavior of DNA (Léwdin,
1963, 1964, 1965a,b).

(4) The last group of papers in which the semiempirical SCF-MO
methods are used concerns the study of the influence of the hydrogen bond

13 The orbital 8, is not the same, however, in both papers. In Paoloni’s paper 8,
is a 2s-2p hybrid; it is a pure 2p7 hydrogen orbital in the Clementi-MacLean paper.
14 Curiously enough, the existence of two separate minima in the potential energy
surface does not seem to be detectable directly from the IR spectra (HadZi, 1965).
The opposite point of view was defended for many years and is still occasionally defended.
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on conjugated = electron systems. The systems which have been investi-
gated are some important biological systems: adenine-thymine pairs,
guanine-cytosine pairs, and proteins. They have been studied by B. Puliman
and Pullman (1959), A. Pullman (1963), Rein and Ladik (1964), Hoffman
and Ladik (1964), Ladik (1964), Evans and Gergeley (1949), Suard et al.
(1961), and Suard (1962). The techniques used are the familiar Hiickel and
Pariser—Parr-Pople methods as well as the recently proposed Julg method.
The presence of a hydrogen bond is then accounted for with the help of
either of the following two models (for simplicity of explanation the
Hiickel method is used). (@) In the first model, the hydrogen atoms entering
into a hydrogen bond are not considered as active members of the con-
jugated system. The presence of a hydrogen bond is then accounted for by
suitably modifying the Coulomb parameters of hetero atoms united by these
bonds and by allotting a small exchange integral to them. The Coulomb
integrals of the H donor hetero atoms are uniformly diminished and those
of the H acceptors are uniformly increased. (») In the second model, the
hydrogen atoms are considered as active parts of the conjugated system.
Here, the presence of a hydrogen bond is described by (1) including its
2pmy orbital into the calculation, (2) choosing an appropriate set of
Coulomb and exchange parameters. Leaving the conclusions of purely
biological interest aside, two results which are relevant for the present study
appear. (a) If the steric conditions are favorable, the hydrogen bonds do
not interrupt the conjugated system entirely. A small amount of conjuga-
tion persists and can be detected either spectroscopically or by measuring
bond distances (e.g., C=0 and C—N distances in proteins). (b) The
2pmy, orbital facilitates the transmission of conjugation across the hydrogen
bond. Its influence is particularly large for the excited molecular orbitals.
Obviously, there is an over-all self-consistency between these results and
the similar results discussed in this section.

E. Critical Survey and Possible Developments

There is no doubt that the theories of this section permit the zero-order,
or qualitative, understanding of the phenomena connected with hydrogen
bonding. Nevertheless, not all of them are suitable for quantitative
calculations. The VB theory is useless in this sense and the CT theory, as
powerful as it may be from a qualitative point of view, does not lend itself
for detailed calculations, The use of the SCF-MO and CI methods is more
recommendable. Unfortunately, the systems linked by hydrogen bonds are
nearly always too large to be treated in a reasonably complete way.

In these circumstances a further theoretical progress can only be made
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at the expense of a considerable effort. Admitting this, the following list of
problems seems to merit attention. (¢) FHF~ and (H,0),, which are the
simplest systems containing a symmetrical and an asymmetrical H bond,
respectively, can be studied completely with the help of the nonempirical
SCF-MO and CI methods. Such a priori calculations may (1) confirm the
basic concepts of the present theory of H bond, (2) indicate the form of the
potential energy surface in these two representative cases, (3) give an
answer to the question of whether the effects of the D substitution on the
(effective) potential energy surface are negligible or not. It is difficult to get
a reliable answer to this last question by taking into consideration only
the experimental data. () A number of characteristic hydrogen-bonded
systems, e.g., (HCOOH),, phenol-acetone, ..., can be studied by the help
of an approximate SCF-MO theory. This is to suppose that a semiempirical
o electron version of the SCF-MO theory has been definitely established
and was found to be satisfactory.’® Such calculations (1) allow a study of
the effects of different functional groups on strength and properties of a
hydrogen bond, (2) give a quantitative estimation of the OH bond stretch,
the vOH frequency shift, and intensity increment on association, (3) may
provide us with a more complete electronic theory of the H bond pertur-
bation of the NMR spectra. (¢) The influence of a hydrogen bond on the
7 electron system as well as its reaction on the hydrogen bond merits
further discussion. A part of this problem can be studied by the familiar
Hiickel and Pariser-Parr-Pople theories. (d) The cooperative proton motion
in multiconnected H bond systems and its coupling with electronic motion
play an important role in ferroelectric systems. This problem, which is
sometimes believed to influence the behavior of the proteins, certainly
merits a thorough investigation,

Y. Quantum Theories; Excited State

A. Introductory Remarks

The strength and the properties of hydrogen bonds vary considerably
when going from one electronic state of the system to another. As this
subject is most easily studied by the help of the ultraviolet spectroscopy
(see Section II, Fig. 3), one usually expresses the results in terms of

15 An example of a theory of this kind has been mentioned in connection with the
Rein-Harris work (see Section 1V,D,3). For some other proposals in this connection,
see, e.g., Hall (1951), Sandorfy and Daudel (1954), Del Re (1958), Fukui et al. (1961),
and Pople (1966). Nevertheless, the properties of these theories are not yet fully under-
stood.
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frequency shifts, intensity increments, etc. This terminology will also be
followed in this paper. The theory of hydrogen bonding in excited mole-
cular states is at its very beginning; in several practically important cases,
only qualitative interpretations have been proposed. The present position
is now described.

B. Theory
The first effect to be discussed is the blue shift of the n —» #n* transitions.
This effect has been explained, qualitatively, by Brealey and Kasha (1955);
their ideas have never been formulated mathematically. See, however,
Suard et al. (1961) and Suard (1962). The argument is as follows. Consider,
e.g., the
7
i
N---HOR

complex. In the ground state, two electrons of the N.--HO bond are
strongly concentrated in the nitrogen lone pair orbital, thus favoring
hydrogen bonding in this state. In a n — n* transition one of these electrons
is promoted to a strongly delocalized n* orbital of pyridazine. This de-
creases the charge density on the nitrogen. Thus the electrostatic forces are
less important, and the H bond is weaker in the excited state. A blue shift
results (Fig. 3). This interpretation is very probably correct from the
qualitative point of view. In order to obtain a quantitative agreement (a)
the ¢ electron charge migration and () the 7 electron density rearrange-
ment following the n — n* promotion must be considered.

The next effect to be studied is the red shift of the = — n* transitions. This
effect has been more carefully studied than the one just described. For the
preliminary studies, see Baba (1961) and Baba and Suzuki (1961). More
recently, a certain amount of work has been done by using the n electron
theories of the type described in the Section IV,D,4 in connection with the
work by Pullman et al. The principal papers are those by Julg and Bonnet
(1962; phenol-C,HsOH), Besnainou et al. (1964; phenol-dioxane, o-
naphthol-dioxane, f-naphthol-dioxane, crotonaldehyde-C,H;OH, mesityl
oxide-C,H;OH, acetophenone-C,H;OH, p-CHjs-acetophenone-C,H;OH,
p-benzoquinone-C,H;OH), and Ponomarev et al. (1964; aniline, phenol,
nitrobenzene with H,0, C,HsOH, etc.). Somewhat related is the work
on the energy bands of proteins by Evans and Gergeley (1949), Suard
et al. (1961), and Suard (1962). In all these papers, with the exception
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of that by Suard,'® the presence of a hydrogen bond is accounted for by
suitably modifying the o core parameters. An attempt has also been made
(Besnainou ef al., 1964) to evaluate separately the contributions to the
n— n* frequency shifts arising from the electrostatic and the charge-
migration effects. This has been done by (a) considering that only the
acceptor atom and the donor atom core parameters W are modified by the
presence of a hydrogen bond and (b) estimating AW by means of the
electrostatic and the charge-migration model. The following formulas are
thus obtained:

Ou , Qo
A = =2 15
Wiic = RHO + Roo’ (15a)
AWESN = RQO‘;' (15b)
AWACC = AWACC Oci(momo | momo), (16a)
AWSoN = AWEen + Qer(momo | Tomo). (16b)

Here, (nrn| nn) is the dielectronic interaction integral. The formulas (15a)
and (15b)arevalid for the electrostatic model. They express the effect of the
perturbing potential arising from the formal charges on A, H, and B and
acting on a = electron. The formulas (16a) and (16b) apply to the charge-
transfer model. In this model, the transfer of a charge Q. from the proton
acceptor to the proton donor makes the first more and the second less
attractive with respect to n electrons. The main conclusions of the above
theories are as follows. (a) The n — n* frequency shifts are expected to be
bathochromic although there should be exceptions to this rule. This shift
is bathochromic for acceptors and for donors in spite of disymmetric
influence of the hydrogen bond (AW {0, AWpon>0). In fact, very often
the acceptor atom has a larger n-electron charge in the molecular
excited state than in its ground state; the opposite is true for the donor
atom. The product AQAW which determines, in the first approximation,
the n — n* frequency shifts has therefore the same sign for donors and
for acceptors. Final result: the hydrogen bond is often stronger in a
(n — n*) state than in the ground state of the system. (b) If the electrostatic
model is used [Eqgs. (15a) and (15b)], the agreement between the theory
and the experience is much less satisfactory than for the charge-transfer
model [Eqgs. (16a) and (16b) (compare with Table VIII). One concludes

16 In this paper the 2pr orbital of the hydrogen is explicitly introduced.
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TABLE VilI

7—>7* FREQUENCY SHIFTS CALCULATED BY MEANS OF ELECTROSTATIC (THIRD
COLUMN) AND CHARGE-TRANSFER (FOURTH COLUMN) MODEL"

System Transition Algs Adcr Adpxe
(mp) (mp) (mp)

Phenol-dioxane 1Ly<'4 +0.2 +60 +2.6
L.<A4 +0.2 +3.2 +3.0
a-Naphthol-dioxane ILy<'4 0.0 +0.8 +1.4
L.<1A4 0.3 +7.4 +6.1
B-Naphthol-dioxane 1L,<'4 0.3 +40 +4.1
1L.<~'A 0.0 +0.7 +1.0
Crotonaldehyde-C,HsOH V<N +1.9 +6.5 ?
Mesityl oxide-C,Hs;OH V<N +1.0 +3.7 475
Acetophenone-C,H;OH ARV | +0.4 +14 -1.0
1L,<'4 +0.3 x2.3 +4.0
p-CHj3-Acetophenone-C,H;OH 1L,<'A4 —0.1 +0.1 —
1L,<'4 +0.8 +23 450
p-Benzoquinone-C,HsOH 1Bg<'A4 +3.2 +10.2 +15.0
1B,,<14, —08 —~1.4 0.0

¢ From Besnainou et al. (1964).

that the observed n — n* frequency shifts arise mainly from the o electron
migration which follows the hydrogen bond formation. This conclusion
confirms the results which have been described in Sections IV,C and D.
We shall conclude with some remarks concerning the possible existence
of the charge-transfer bands associated with hydrogen bonds. These bands
are related to the transitions in which the o electrons of the H bond itself
are excited. If Eq. (9) is solved, two states are found which may be repre-
sented, in the zero-order approximation, by the wave functions ®, and
®, [Eqgs. (8a) and (8b)].!” These two states are thus the ground state and
the charge-transfer state; their electronic configurations are given in
Table V. The existence of such a band has been reported by Nagakura
(1964) in the case of the maleic acid anion. This interesting Nagakura

17 This is obvious if the nondiagonal elements H, , and S, , are vanishing, and remains
approximately true for H,, —ES,, small with respect to H,, — H;.
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proposal cannot be as yet considered to be definitely confirmed and the
existence of the charge-transfer bands is still an open question.

C. Critical Survey and Possible Developments

Curiously enough, the hydrogen bond is easier to handle theoretically in
the excited states of the system than in its ground state. This is due to the
fact that a number of well-established 7 electron theories exist applicable to
this problem. It is astonishing that, in these circumstances, the theory is not
more advanced in this field than it is. The following problems, at least, can
be studied without too many difficulties. (a) The Brealey—Kasha qualitative
theory of the n — n* frequency shifts can be recast into a mathematical
theory including all sorts of secondary effects. (b) The influence of the
chelation on the n — n* transitions in the systems like o-hydroxybenzal-
dehyde can be studied. The role of the n-conjugation across the H bond
can be further investigated at this occasion. (¢) The problem of the intensity
changes of certain electronic bands with hydrogen bond formation
(hyperchromic effect) merits attention, particularly in view of its biological
implications.
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I. Introduction

The aim of this article is to present some (not all!) of the computational
methods available at present in the field of molecular orbital theory of
7 electron systems and to make their theoretical framework clear.

The contents of this article are far from a fair presentation of the present
status of the theory. The emphasis is placed on the nonempirical and semi-
empirical calculational methods (namely Sections IT and III of the note).
The description of the simple MO theory was grossly condensed and its
useful applications have been almost completely neglected. This is partly
because the writer is less familiar with these topics and partly because
several extremely good books covering this field have been published
recently. The readers who are interested in the simple MO theory are
referred to the following books (see Daudel et al., 1959 ; Streitwieser, 1961 ;
Roberts, 1961 ; Simpson, 1962 ; Pullman and Pullman, 1963; Coulson and
Streitwieser, 1965).

We will start from, and will devote considerable pages to, the standard
molecular orbital (MO) method often referred to as the ASP MO LCAO
method including CI (Section II). Then we will proceed to a simplified
and possibly more useful version of the method due mainly to Pariser,
Parr, and Pople. After that comes the still simpler Hiickel method.
Finally the validity of the o—n separation will be examined briefly.

In presenting the material, I will try to make it as concrete as possible.
In order to illustrate the methods, formulas, and so on, I will apply them
to a pet molecule, namely ethylene. I hope that this choice of a specific
example will not obscure the generality of our results.

The definition of technical terms is rather important, and we will begin
with this.

The molecule we have in mind is planar, or at least the part of the mole-
cular skeleton in which we are interested is in a plane.

A 7 electron is an electron whose wave function is antisymmetric with
respect to the molecular plane; in other words it changes its sign under
reflection through the molecular plane.

An orbital means a wave function which contains only the space



Molecular Orbital Calculations 241

coordinates of one particle (electron). The definition of a molecular orbital
is a little more complicated. There seem to be three possibilities:

(a) an orbital which extends throughout the whole molecule, i.e., is not
localized on any particular atom or in part of the molecule;

(b) an orbital belonging to one of the irreducible representations of the
symmetry group of the molecule, if the molecule has any element of
symmetry, other than the identity;

(¢) an orbital which is determined by the requirement that the Hartree—
Fock energy matrix is completely reduced to diagonal form. Remember
that the Hartree-Fock equation

Fo, = ; B Py’
can be reduced to the form

F @ = &0

by a suitable unitary transformation of the orbitals
O = Xh: en@h

This definition was introduced by Hall and Lennard-Jones (1950). The
orbitals which belong to the various irreducible representations of the
molecular symmetry group [definition (b)] are then called symmetry
orbitals.

When the molecule has a symmetry property, definition (b) is more
precise than (a). Definition (¢) is more restricted than (b).

Il. The Method of Antisymmetrized Product of Molecular
~ Orbitals in LCAO Approximation, Including Configuration
Interaction (ASP MO LCAO CI Method)

. Hamiltonian
Our problem is to solve the time-independent Schrédinger equation

HY = EY (1.1)

for a molecule. If we are interested in time-dependent phenomena, the
basic equation is
hovY

——— =Y, 1.2
i ot ol (1-2)
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but in discussing the theory of molecular electronic structure, we are mainly
concerned with the time-independent Schrédinger equation (1.1).

Many essential problems in quantum chemistry arise from the fact that
the Schrédinger equations (1.1) and (1.2) are generally much too difficult
to solve exactly.

In the time-independent Schrédinger equation (1.1), the form of the
Hamiltonian is of primary importance. The theories which will be deve-
loped in this article involve two fundamental approximations.

Approximation A. Born-Oppenheimer (or Adiabatic) approximation
(Born and Oppenheimer, 1927). By this, nuclear and electronic motion
can be treated separately. In dealing with electronic motion, each nucleus
is considered to be a point particle at rest with charge Ze and infinite mass.
This approximation is based on the fact that there is a large difference
between the nuclear and electronic masses.

The accuracy of this approximation is usually very high, but we cannot
use it in problems dealing with configuration instability (Jahn-Teller
distortion) or in problems dealing with the intensity of electronic transi-
tions where an interaction between nuclear vibration and electronic motion
plays an important role (see, for example, Liehr, 1957, 1958, 1960, 1961).

Approximation B. All relativistic effects are neglected. Among the
relativistic effects, spin-orbit coupling is usually the most important when
the ground state is a singlet; e.g., it is responsible for singlet-triplet transi-
tions. Sometimes spin-spin interaction may also cause appreciable effects.

If we adopt the approximations A and B, then the Hamiltonian of a
system of electrons has the following form:

V4 1 ZZ
=Y (-t L=+ T T

b
i<irij a<bt Ry

(1.3)

where the suffixes i and j refer to electrons, and a and b to nuclei. Atomic
units are used in (1.3).

2. Shape of the Molecule

A lot of information about the shape of molecules has already been
published, and we may find it in one of the following very useful books
(see Sutton, 1958, 1965; Herzberg, 1945, 1950).

To illustrate the methods which will be explained in the following, we
will often take the ethylene molecule as an example. It is the simplest
7 electron system and is analogous to the simplest ¢ electron system, the
hydrogen molecule. We will see a number of similarities between these
two molecules, and the ethylene molecule seems to have the same importance
as the hydrogen molecule enjoys.
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The shape of C,H, is as follows (Kuchitsu, 1966):

H H
AN /
C c

/ AN
H H

Reu: 1.090 4- 0.003A
Rec: 1.335 £ 0.003A
/HCH: 116.6° +0.4°

3. Basic Set of Orbitals

In order to describe the electronic structure of a molecule by the MO
method, we must know the forms of MO’s. As the Hartree-Fock self-
consistent field method becomes very complicated when it is applied to a
molecular case, it is common to introduce the following:

Approximation C. A molecular orbital is approximated by a linear
combination of a finite number of atomic orbitals.! This is called the LCAO
approximation.

In simple calculations of the electronic structure of small molecules and
in practically all calculations of large molecules, we introduce further:

Approximation D. Only AO’s which are occupied in the ground state
of the free atom are used in the linear combination.

For example, in C,H, we use:

for C, 1s, 2s, 2px, 2py, 2pz;
for H, 1s.

This is a very serious restriction, and when we want to give our molecular
orbital description greater flexibility, we have to use orbitals with higher
energy, such as 3s, 3p, 34 ... for C(the importance of the 3pn orbital of C
in the Hiickel theory has been discussed and stressed by Hartmann, 1960)
or in general orthogonal complements to our already chosen AO’s.

Before attacking the problem of constructing MO’s from AQO’s, the
symmetry group of the molecule and its irreducible representations should
be mentioned.

! Atomic orbitals are usually determined so as to give the lowest energy for atoms in
their ground states. These fixed AO’s can be used as basic orbitals. However, sometimes
these basic orbitals have some freedom in themselves (e.g., orbital exponent) which is
utilized in variational calculations of the molecular energies. When the number of these
linearly independent basic orbitals is large enough, they can have little resemblance to
the best AO’s. For the choice of functional forms, see Section 10,
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4. The Symmetry Group and Its Irreducible Representations

Symmetry operations are geometrical operations such as rotations,
reflections, inversions, etc., which permute equivalent nuclei among
themselves and thus leave the nuclear framework unchanged.

A symmetry group of a molecule is the assembly of all its symmetry
operations.

In the case of C,H,, the symmetry operations and their effect of per-
muting equivalent nuclei are as follows (cf. Fig. 1):

X
A
!
|
Ha He
. | -
Caf—Ci————1> 2
e 9'_/}_ ~
Hy / Hd
/
14
4
Y

Fig. 1. The coordinate system.

identity, E;
rotation by 7 around the x, y, and z axes,

G C,~C, H,~H, HyeoH;
C, C, oG, H,~H, H,~H;
C,% H,«~H, H.,—H,;

inversion through the center of the molecule,
I, Cchb’ HaHHd’ HbHHc;

C, followed by inversion—this is equivalent to reflexion through a
plane,

ICZX = a-yz;
ICzy = Oyys HaHHb’ HCHHd;
ICy =0,,; C,«~C, H,«H, H,~H,

The group is called D,,,.

We will not go into the general theory of groups and their representa-
tions here but will refer the reader to the following textbooks (see Eyring
et al., 1944; Cotton, 1963; McWeeny, 1963; Schonland, 1965).

For later use, the character table of the irreducible representations of
the group D,, is reproduced in Table 1.
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TABLE |
Symmetry E Cy* Cy’ C,? I Oz Tax Oy
A, 1 1 1 1 1 1 1 1
A, 1 1 1 1 -1 —1 -1 —1
B,, 1 -1 —1 1 1 -1 —1 1
By, 1 —1 —1 1 —1 1 1 —1
By, 1 —1 1 —1 1 —1 1 —1
B, 1 —1 1 —1 —1 1 —1 1
B, 1 1 -1 =1 1 1 -1 -1
Bs, 1 1 —1 —1 —1 —1 1 1

Character tables of other molecular symmetry groups will be found in
the textbooks mentioned above.

5. Construction of the Basis of the Irreducible Representation

The problem of how to make symmetry orbitals from a given set of
AQ’s will not be treated generally either, but a simple intuitive method is
illustrated for the case of C,H,.

Consider the AO’s of equivalent atoms first. For C—C, we can make
two linear combinations from the 1s orbitals, which give:

Isc, + 1sc, oc yi(a,ls),
Isc, — Is¢, oc Y(by,ls).

The symmetry classification of the left-hand side can be found by referring
to the above character table (Table I). Similarly, from 2s, 2pz, 2py, 2px,
we obtain:

(5.1)

25¢c, + 25¢, o Y(a,2s),

2sc, —25¢,  oc y(by,29),

2pzc, + 2pzc, o Y(a,2pz), ?

2pzc, — 2pz¢, o Y(by,2p2), (5.2)
2pyc, + 2pyc, < ¥(b2.2py);

2pye, = 2Pyc, < ¥(b32py),

2pxc, + 2pxc, o Y(b3,2px),

2pxc, — 2pxe, oc Y(by,2px).

2 We take the -z axis of each C atom in the direction towards the partner atom.
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From the four hydrogen 1s orbitals, we get:
Isy, + Lsy, + Lsg, + 1sy, o< Y(a,lsy),

Lsy, + 1y, — Lsy, — Ly, o Y(by,lsh),
Lsy, — sy, + Lsy, — sy, oc Y(by,1sn), (5-3)
sy, — Lsy, — sy, + 1sy, oc Y(b3,1sy).
We have, therefore, the following number of symmetry orbitals altogether:
4xa, 4xby, 2xby, 2xby, 1xby, 1Xxb,,

In order to obtain the molecular orbitals in the sense (¢) mentioned in
the introduction, we have to define the Hartree—Fock single body operator
& . This depends upon the electronic wave function, which can only be
fixed after we know the molecular orbitals. Thus we must use the iterative
procedure in solving the problem. Here let us suppose we find the final #.
Usually this operator & is totally symmetric and thus the orbitals with
different symmetries are noninteracting. The resulting orbitals therefore
have, for example, the following forms:

Vv(lay) = c11¢(ag15) + C12¢(ag23) + ¢13¥(a,2pz) + 014'//(%15H),
$08) = exadl@y19) + (@29 + exbapd) + b agls, 50
Y(3a,) = c31¥(a,ls) + c3,¥(a,2s) + c339(a,2pz) + c349(a,lsy),
Y(4a,) = cqy¥(a,ls) + caa¥(a,2s) + ci3¥(a,2pz) +chaib(a,lsy).

The value of the coefficients ¢;; can be obtained only by solving the dia-
gonalization problem for the one-electron energy or orbital energy e&.

6. Total Wave Function

In order to write down an approximate total wave function for a state,
we need to know its electron configuration; that is, we have to know which
orbitals are occupied and which are not. In general this is only possible
when we know the orbital energies ¢. However, we may guess at the con-
figuration by using physical and chemical intuition. For example in the
ground state configuration, we note:

(@) the 1s shells of both of the carbon atoms are occupied;

(b) there is a correspondence between electron configurations and electron
pairs located between bonded atoms according to Lewis’ idea;

(¢) the fewer nodes an orbital has, the lower its energy.
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Let us apply these observations to C;H,. From (a), 14, and 15,, should
be occupied. From the following pairing diagram

H . H

H H
we infer that 2a, corresponds to one of the C—C bonds.

For the four C—H bonds, we take one each of a,, b,,, b,,, and b, just
as we obtained these symmetry orbitals from four hydrogen 1s orbitals
[cf. (5.3)]. The remaining second C—C bond would correspond to b,,,
which has fewer nodes than b,,. Thus we obtain the following configura-
tion,

(1a)*(1b,,)*(2a,) %(2b1,)*(1b4,)*(1b35)*(3a,)*(1b3,)*.

All the orbitals appearing above, except the last, remain invariant when
reflected through the molecular plane, the operation in this case being
represented by o,,. On the other hand the sign of the b3, orbital is changed
by this operation. The former are called ¢ orbitals while the latter is called
a 7 orbital.

The usual starting approximation of the ground state of this molecule
is

® = Na/{(1ay)sxs(1a,)sBa(1b1,)s0s(1b1,)6B6 -
(3a.)15015(3a,)16816(1b3,)121(1D3,)28,}, (6.1

where N is a normalization constant and & an antisymmetrizing operator.
It is given by

o =Y (—1)°P, (6.2)
P

where P represents a permutation operator acting on space and spin
coordinates of all the sixteen electrons.

1. o= Separation

Almost all of the properties which depend upon the conjugation of an
unsaturated molecule are ascribed to the n electrons. These properties
include the ultraviolet spectrum, resonance energy, variation in bond order
and electron density distribution, chemical reactivity, diamagnetic aniso-
tropy, etc.
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As is customary, we shall introduce the following approximation:

Approximation E. The = electrons may be treated quite independently
of the o electrons.

This approximation has been introduced by Hiickel (1931, 1932) and
turned out to be very successful. The approximation may also be expressed
in terms of wave functions as follows. The wave functions, ®@;, of the
various electronic states in which we are interested are

O, ~ L{E)I)}, (7.1
where the X part is common to all states.
If we adopt this approximation, then we may reduce the problem of the
whole molecule to a problem of only = electrons. As for the energy, we
can introduce the following effective Hamiltonian (in the case of C,H,):

1
HLD =D+ Q)+, (1.2

where,

GO D)

6 6 1 1 1 1
= (WO1=48 = = = )
i [2 [N
i 12

_ J‘ ¥ QY WY (1)
Fi2
and the summation over j is taken over all the occupied ¢ space orbitals,
namely, la,, 1b,,, 2a,, 2b,,, 1b,,, 1b;, and 3a, This is a well-defined
Hamiltonian when all the occupied o-type molecular orbitals are doubly
filled. We can calculate its matrix elements with respect to any n orbitals
if we know the explicit form of i ;’s.
The total electronic energy E is then given by

E=E° + E* + E¥, (7.4

where E™ is the energy from the two 7 electron problem with the effective
Hamiltonian 5™ and

dv, dvz], (7.3)

6 © 1 1 1
=2 (== = )

a b "™, YH, TH. THa

+ XD +4 T i 1kk) = 25 (k1 k7, (1.5)
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. fn//i*(zw,-(zr)wk*(l)w,(l) dor do, a6

12

v/
EV=Y =2 (7.7)
a<b Rab

The last electron interaction integral is sometimes denoted by L;;, or
(ik1gljD).

This idea of the o-n separation has been widely used to obtain numer-
ous results which are in fairly good agreement with experimental observa-
tions. However, no one can be sure about the basis of this approximation.
Several attempts have been made to see to what extent we can consider o
and = electrons separately. These theoretical treatments show that we
cannot get full assurance that we may separate them. We shall come back
to this problem in a later section.

8. 7 Electron States and Their Wave Functions
The © molecular orbitals are [cf. (5.2)]:

1 1
Y(bs,) = m [2px, + 2px,] = \—/2(1=+S) (7, + 7] = ¥y,

) : (8.1)
Y(by,) = 2(1—_5) [2px, — 2px,] = \/2(1———S) [ms — mp] = Yy,

where S is the overlap integral between n, and m,;

S= J2PXf(1)2be(1) dv; = (2px,12px,) = (7, | 7y).

By assigning two electrons to these two orbitals, we obtain three con-
figurations and four states:

(b3u)2 ~ (‘ﬂl)2 - lAg’
(b3,)(b3g) ~ (W)(Yn) = "By, *Bi.» 8.2)
(blg)2 ~ (‘//")2 i lAg‘
The fact that we obtain the B, state from (b3,) (b,,) can be seen from the

character table of D,,; by taking the product of the characters of b;,
and b,,, we obtain the new characters,

E C)* Cy C; I o, o0, o
1 -1 -1 i -1 1 1 -1
which are the characters of B,.
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Now we can write down the antisymmetrized wave functions for these
configurations:

i(Dey (DB,
Yi(Qay,  ¥(2)B,

1
q)1(1/4g) = ﬁ

1 1
(Dz(lBlu) = \TE (DY) + Yn(DY(2)} \75 (2182 — B1o2)

= (‘/’l'pl), (8.3)

= {2, B, — Yu(DY(2)B o2}
+ YWD, B2 — vi(DYu(2)B a2}

=_1_ Yyi(Day  Y(DBy l YDy (DB,
2 (Do, Yu(2)8, 2 Y@,  Y(2)8,
1
= —=[(Wh) + W] (8.4)

2
Similarly, we obtain

1 1
®,(°By,) = 75 {Ui(DYn(2) — dra(D¥n(2)} :/—5 (182 + B123)

1
= \'/_5 [('//l‘pu) - (‘//u'pl)]s (8.5

and, finally,

d)4(lAg) = (Wu'ﬁu)-
There will be interaction between two ' 4, wave functions. Taking this into
account we arrive at the state functions within the various approximations
employed at the present. They are:

Dy('4,) = Cy@, + Cy'O,,
®,('4,) =C;0, + C70,,
(I)V(lBlu) = (bz( lBlu)’

(I)T( 3Blu) = (D3(3Blu)'
The symbols ¥, V, T, and Z are taken from molecular spectroscopy.

(8.6)

9. Energy Calculations; Decomposition into Integrals Which Involve Atomic
Orbitals
The Hamiltonian for the = electrons is given by (7.2). Its matrix elements
between the configurational wave functions, which are in terms of MO’s,
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can be calculated by remembering that the orbitals y, and ,; are ortho-
gonal to each other. The results are the following (hereafter we shall drop
the superscript n from 5 and f):

(L1 1)=2(1|fI1)+AT|I1),
(21#12)=(1f|D)+1|f| 1)+ (IT|II)+ M |IT),
(31513)=(1If]1)+(H|f|1)+ (11|II)— (LI [II), (9.1)

(4| |4)=2(11|f|11 )+ (ILII[1L1T),
and

(1| #4)=(111]II1),

where (1| f|1) is an abbreviation of (i, | f | ¥{), etc. The two-electron
integrals can be decomposed into integrals which are defined over atomic
orbitals by using (8.1),

1
(I 1) = fﬁh*(l)*/ﬁ(l)a Ui ((2) dv, do,

1
41+ 8)

X {m(2)md(2) + 7p(2)7y(2) + 2m(2)7y(2)} dv,y dv,

1
J{ﬂa(l)ﬂa(l) + m(Dmy(1) + 27%(1)71:,(1)}7;

1
= —2_(—1_+—'S)2 {(nana l nana) + (nana I 7tbﬂ:b)

+ Amamy | mamy) + 2Amamy | Wam)} 9.2)

The first term is called a one-center Coulomb integral, the second a two-
center Coulomb, the third a hybrid or ionic, and the fourth a two-center
exchange integral. We obtain, similarly,

1
il )= —
( H Il | ) 2(1 _ S)z {(nana l 7raﬂ:a) + ("ana ' nbﬂb)
- 4(Tcana | 7rarcb) + 2(Tcanb l Tcanb)}’ (93)
1
( 11 I 1111 ) = _2(1—_—&—2—) {(nanal Tcana) + (nana l nbnb) - 2(7ra7tb I 71"an’l':)}’(9'4)
(LI TI) = (11 |IT)

= 2(1—_{—5—2) {(n | mm) — (mamg | mymy)} (9.5)
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Next we proceed to a similar decomposition of the one-electron part.
There are three ways of doing this.

(a) Direct Calculation. If we know the explicit form of the occupied
o orbitals in terms of AO’s, a direct calculation is possible in principle.
However, the resulting expression still involves a lot of many-center
integrals. Up to the present, the many-center integrals involving o and =
orbitals have not been evaluated exactly, except for the calculation of
C,H, carried out by Moskowitz and Harrison (1965) by using Gaussian
AOQ’s as bases. Undoubtedly more and more exact values of these many-
center integrals will become available ; nevertheless rigorous direct calcula-
tions will not be easily applied to any = electron systems of considerable
size. Therefore, it is often convenient and sometimes necessary to make
various simplifications in the calculation. For example, the attached
hydrogens may be neglected altogether,? thus reducing the C,H, problem
to that of two doubly bonded carbon atoms in their valence states. Further,
it is often assumed that the three o orbitals of each carbon are sp? hybri-
dized orbitals; thus we neglect any possible deformation of these orbitals
due to the molecular formation. If we do this, the result of the decom-
position of (1| f| I) is as follows:

A= gl -38- 2= 2+l -34 -2 =2 m)
+ 21, | 1s,15,) + 2,7, | Isylsy) + 4(mmy | 1s,1s,)
+ 3(n,ma 6,00) + (mam, | 01,01,) + 2m,m, | 02,02,)
+ 2(n,m, | 0l,01,) + 4(n,my | 02,02,) — (7,15, | 7 ls,)
— (ma1sp | malsy) — 2mals, | mpls,) — 3(me0,| m,0,)
— Hn,0lp | me01y) — (r,024 | ,02,) — (mp01,| myol,)

- 2(na02a I 7"’120'2a)}’ (96)
where o1,, 62,, 63, are the sp? hybrids of the carbon atom a which are
pointing out towards the other carbon atom b and the hydrogen atoms.
Similar expressions can be given for (II | /| IT).

It may be worth noting that, when we assume spin-pairing for every
o bond, the coefficients of the exchange integrals in (9.6) are always —1
times those of the corresponding Coulomb integrals.

(b) Ruedenberg’s Approximation. This is another simplified form of the
direct calculation proposed by Ruedenberg (1961).

3 In other words, we assume complete screening of the protons by their electrons.
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The one-electron operator f is supposed to have the following form:
J) = —3A; + Y v (1) + ; uy(1), 9.7

where v, is the potential due to the presence of a positively charged atom
a, which is formed by taking = electron(s) adiabatically away from a neutral
atom in its suitable valence state. The potential u, is due to the presence
of attached atoms which have no = electron; the most common example
is the hydrogen atom.

Following the idea of Goeppert-Mayer and Sklar (1938), Ruedenberg
then introduces the potential #, which is a potential of a neutral atom a.
The following relation between v, and u, is assumed:

2
Im(2 dv,, ©.8)
12

r

U‘,(l) = ua(l) —n, J\

where n, is the number of = electrons which come from the atom a. The
use of (9.8) implies that the ¢ — 7 exchange interaction is neglected.
Incorporating (9.8) with (9.7), we obtain

2 2
==+ Y uw- Y n,,jMdvz. 9.9)

all atoms conjugated rys
atoms

The first two terms in (9.9) represent comparatively short-range forces
while the third term represents the Coulomb interaction which is long-
range. In Ruedenberg’s approximation, the short-range part is taken into
account in the calculation of the integral (n, | f | ,) only when a and b
are the same atom or nearest neighbors. The long-range part is retained
for all integrals. For three-center integrals, the following Mulliken approxi-
mation is recommended:

S
(et Myte) = =% (et My7ty) + (Mot | 7)) (9.10)

(¢) The Goeppert-Mayer-Sklar Approximation. This was proposed by
Goeppert-Mayer and Sklar as early as 1938 and has been used very often.
The first step is the assumption (9.7) about the form of the one-electron
operator f(1). In the Goeppert-Mayer-Sklar approximation, attached
atoms are usually neglected; thus for C,H,, we have

f= —‘%A+U,,+Ub, (911)

where v, is the potential of a positively charged carbon atom in its sp?
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valence state. Then comes the crucial point. We assume the following
equation,

(—3A + vn, = Wy,m,* (9.12)

where W,, is the energy of a 2pn electron in a carbon atom in its valence
state.
If we use this, we obtain

D=

211 :— S) j(n" + m)*(—3A + v, + v,)(ms + my) dv

1
= sz + l—ﬁ {jna*vbna dv + an*vbna dl)}, (9.13)

1
(I[f1I) = Wy, + =S [Jna*vbna dv — an*v,,n,, dv]. (9.14)

Thus the problem reduces to the estimation of W,, and the integrals
(n, | vy | =) and (=, | v, | m,). If we are interested only in excitation energies,
we do not need to evaluate W,,. This term appears as a common additional
constantin (I |/|1)and (11| £ |II) and hence drops out of the calculation.
On the other hand, for example, if we are interested in molecular ionization
potentials or if the system is not a hydrocarbon but a heterocyclic molecule,
the knowledge about W,, is necessary.

Since — W,, is the energy difference between the two valence states
C* Vyand CV,,

- sz = E[C+ V3] bt E[C V4]. (9.15)

We can estimate it if we know the ionization potential (I.P.) of a carbon
atom in its ground state,

I.P. = E[C* 2P] — E[C *P], 9.16)
and the two energies required to promote the atoms C and C* to their
valence states (P.E.),

P.E.(C*) = E[C* V4] — E[C" ?P], 9.17)
P.E.(C) = E[C V,] — E[C 3P]. (9.18)
4 In general, this may be replaced by the following two equations
(7a| — 3A +v,|m0) = Way,
('”bl — %A +U,|ﬂ'a)= SW;,,.

In the case of C,Hy, the latter is not needed because (1| F|2) does not appear in the
calculation.
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Thus we see from Fig. 2,

—W,,=LP. + P.E(C*) — P.E(C). 9.19)
c’ v,
P.E.(C")
_wzp
+ 2
C -_ P——---- L

1.P.=11.26 eV
P.E.(C)

C — Sp _________

Fig. 2. Schematic diagram of the energy states of C and C*.

The ionization potential of a free carbon atom in the gaseous state is
known from experiment to be 11.26 eV,

The valence state energy may be expressed as a weighted mean of
spectroscopic term values.” How to obtain the weight was discussed by
Moffitt (1954). He also gave a useful table of these weights for the con-
figurations p*(p*), p3, sp(sp®), sp*(sp*), and sp3. He neglected the effect
of hybridization. According to his table, we have

E(V, sxyz) = {%ECS®) + 3(S% + 3(3D% + 1(1DY), (9.20)
E(V;3 sxy) = YE(*P) + LE(’P) + 1E(*D). 9.21)

The energies of these spectroscopic states can be found in the following
extensive tables [see Moore, 1949 (*H—23V), 1952 (**C,—*'Nb), 1958
(**Mo—>"La, "?Hf—8°Ac)]. We find the following values (in eV):

C: s%p? 3P 0, C*: s’p 2pP° o,
spd 5S° 4.18, sp? 4P 533,
sp®  3D° 1795, sp> D 9.29,
sp®>  1D° 12.13, sp? 2P 13.71.

sp®  38° 13.12;

5 One way of seeing this is to note that the wave functions of valence states and
spectroscopic states can be constructed from the same set of products of spin-orbitals,
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Using these values, we obtain

P.E(CV, sxyz) = 8.26eV 9.22)
and
P.E(C" V, sxy) = 8.42¢eV. (9.23)

Thus we are led to a value
—W,,=11.26 + 8.42 — 8.26 = 11.42¢V. (9.24)

Energies of valence states calculated in this way have been tabulated by
Pritchard and Skinner (1955) in their excellent review article on electro-
negativity.

Another way of evaluating valence state energies goes back to Van
Vleck (1934) and Mulliken (1934) and has been applied extensively by
Hinze and Jaffé (1962) and by Pilcher and Skinner (1962). They obtained
the valence state energies from Slater—Condon parameters determined
using spectroscopic data. Hinze and Jaffé’s results are

P.E.(V, Csxyz) = 8.48 eV (9.25)
and
P.E.(V3 C* sxy) = 8.49 eV, (9.26)
giving the — W, value without hybridization,
—W,,=11.26 +8.49 — 8.48 = 11.27 eV. (9.27)
With hybridization, these values are
P.E.(V, C (sp*)’n) = 6.76 eV, (9.28)
P.E.(V; C* (spH)®) = 6.67 eV, (9.29)
—W,,=11.26 + 6.67 — 6.76 = 11.17 eV. (9.30)

This example shows that, although promotion energies to valence states
depend on hybridization, there is little change in W, even if it is neglected.
From the tables of valence state ionization energies given in Hinze and
Jaffé’s papers (1962, 1963a,b), we can see that this is usually the case.

The calculations of (n,|v,]7,) and (=, |v,|7,) were carried out by Goep-
pert-Mayer and Sklar (1938). They introduced for the first time the potential
u which is an assumed spherically symmetric potential of a neutral carbon
atom. Using (9.8), we obtain

(Mal 05 | a) = (7o | up| a) — (mamy | mymy) (9.31)
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and
(my | vy | ) = (my | up | 7o) — (| 70y7s). 9.32)

If we assume that each of the inner shell electrons completely shields one
unit of positive nuclear charge, the potential ¥ becomes

4 1
u(l) = — P +JE {1251 + 1px(2)|* + |y + |p2(2)I?} dv,

4 rs o)
=——+ lj P(r)r?* dr + f P(r)r dr
o r

ry r 1
- f | (% ~ 1)porr ay, 9.33)
where
P(r) = 4n{|2s(r)]* + [px("|* + |py(H)I* + |pz(r)|*} (9.34)
and
J P(r)rtdr = 4. (9.35)
4]

The potential u was later used by other authors too, but it is not essential.
We may as well use the formula

4
(71',, | Uy | 7'[,,) = (na | _r_ I na) + (zsbzsb I nana) + (pybpyb l nana)
b

+ (pzypzs | 7om,)  (9.36)
and a similar formula for (n, | v, | ,).

What is essential in the Goeppert-Mayer-Sklar approximation is the
assumption of (9.12). Although very convenient, the approximation is
open to some criticism (Stewart, 1959). The author feels that the direct
calculation even in its simplified form is preferable, if it is feasible.

10. Atomic Orbitals

The calculations of molecular energies and wave functions are reduced
now to the evaluation of so-called molecular integrals which involve only
atomic orbitals. In order to evaluate these integrals, we have to specify
the functional form of the atomic orbitals.

There are four types of atomic orbitals which have been used in mole-
cular calculations.
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(a) Slater-Type Orbitals. The functional form is
{2(2 — s)}n"+1/2

I e e - 32 ) 00, o),
where Y, (0, ¢) is a normalized spherical harmonic, Z is the nuclear
charge, and the atomic unit is used in measuring r. The quantity (Z — s)/n*
is called an orbital exponent and is a very useful parameter in this type of
atomic orbitals. When we determine the effective principal number n*
and the shielding constant s according to the following Slater rules, we
talk of Slater orbitals:

(a) »* is determined according to the real principal quantum number
n by the following table:

n* 1 2 3 37 40 42

(B) In order to determine the shielding constant s, the electrons are
divided into the following groups:

{1s}, {2s,2p}, {3s,3p}, {3d}, {4s,4p}, {4d}, {4f}, ..
and s consists of the following contributions:

(i) nothing from any group outside the orbital in question;
(ii) an amount 0.35 (0.30 for the 1s group) per electron in the same group;
(iii) an amount 0.85 (in case of s and p orbitals) or 1.00 (in case of  and
Jf orbitals) per electron with n one less than that for the orbital in
question;
(iv) an amount 1.00 per electron with # still less.

These Slater orbitals are designed to imitate the Hartree-Fock atomic
orbitals but have much simpler forms. They are known to be very good for
1s, 25, and 2p. For the higher orbitals, the deviation from H.F. orbitals
becomes rather large.

All the Slater orbitals are nodeless and, as an example, the 2s orbital is
not orthogonal to the ls orbital. For mathematical convenience, the 2s
orbital which is orthogonalized to 1s by the Schmidt procedure

(259 = {(2s) — (1s|2s)(1s)} (10.1)

1
V1= (1s]2s)
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is used. This has a node and has a finite value at r = 0, which is quite
important if we want to discuss the local properties of electrons in the
vicinity of a nucleus by using these orbitals.

Figure 3 was taken from a paper by Kotani et al. (1957) to illustrate
how close the radial parts of (25°) and H.F. are in the case of oxygen.

--------- Hartree - Fock
~—— Orthogonalized Slater

R{r)

EOA 08 12 16 20 24 28 32 3L6 40
r

Fig. 3. Comparison of the radial part of H.F. and orthogonalized Slater 2s orbitals
of the oxygen atom.

(b) Hartree—Fock (SCF) Atomic Orbitals. These are surely better than
Slater AO’s for free atoms. They are usually given only numerically so
that the calculation of molecular integrals becomes more tedious and
complicated.

A list of atoms whose Hartree or Hartree-Fock orbitals are available
and the references can be found in the following: Hartree (1946/1947,
1957), Knox (1957), and Slater (1960).

To give some idea about the accuracy of the energies they give, com-
puted energies and their ratios to the observed values for C, N, and O
are listed in Table II.

To circumvent the complexity of calculating molecular integrals from
numerical functions, analytical Hartree—-Fock AQ’s are proposed and used
for a number of cases (Slater, 1932; Lowdin, 1953, 1954; Lowdin and
Appel, 1956). The most usual procedure seems to be to represent an AO
by a linear combination of Slater-type orbitals (Roothaan and Bagus,
1963; Clementi, 1965).

(¢) Gaussian Atomic Orbitals. The Gaussian AQ’s (GO’s) have the radial
parts of the form r"exp{~—dr?}, where n is an integer and § > 0 is a para-
meter. The use of the Gaussian orbitals for molecular calculations was
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TABLE 11

CoMPUTED AND OBSERVED ENERGY IN eV

Atom State Slater® H.F.t Obs.©
C 3p —1023.65 99.40% —1025.5, 99.58% —1029.8,
N 4S —1476.5, 99.39% —1480.2, 99.64%; —1485.6,
(o] p —2028.1; 99.26% —2035.5, 99.62% —2043.24

@ Krauss (1958). * Clementi (1965). € Moore (1949).

proposed and advocated by Boys (1950, 1960). Meckler (1953) and Nesbet
(1960) used them in calculations on the oxygen and methane molecules,
respectively. The results of these earlier investigations were not satis-
factory, because the numbers of GO’s used (10 for O,, 8 for CH,) were
small. A single Gaussian is a very poor approximation to an AO and we
have to use at least several GO’s to represent an AO reasonably well.

On the other hand, a distinct advantage of the GO’s is that all types of
molecular integrals can be expressed in analytical closed forms and thus
be evaluated more easily. Especially all three- and four-center integrals can
be reduced to two-center integrals (see, for example, Shavitt, 1963).

The success of recent uses of GO’s is encouraging. Krauss (1963) has
reported the calculations on CH, and NH_*, using nineteen Gaussians as
basic functions. He has obtained the total energies better than any pre-
vious calculation. Moskowitz and Harrison (1965) have used forty GO’s
for C;H, and succeeded in performing the first rigorous ab initio calcula-
tions of this molecule. Their total energy was —77.800 au, which is lower
than the sum of experimental atomic energies, and this should be con-
sidered highly successful.

Systematic investigations on the usefulness of GO’s as bases for poly-
atomic calculations have begun at various institutes (see, for example,
Huzinaga, 1965; Reeves and Fletcher, 1965). It seems that, with the aid
of fast electronic computers, ab initio calculation of polyatomic molecules
using GO’s has reached a position at least equivalent to, or possibly
better than, the conventional methods using Slater or SCF AO’s.

(d) Laguerre Functions. The radial part has the form of an exponential
—common to all—times a polynomial in . An advantage is that the set
is complete. The integral calculations are simplified because of the common
exponent.

The Laguerre functions have been successfully used for the helium atom
and the negative hydrogen ion (Holeien, 1958). However, if we want to
express two atomic orbitals with different exponential behavior at large r,
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we need perhaps ten Laguerre functions to reach the same accuracy as two
Slater AO’s give. Unless one is prepared to do a big computation, the
outlook for the use of Laguerre functions in complex atoms or molecules
is not very bright.

Finally, it is worth mentioning that an excellent article on the choice of
basic AO’s and its effect on calculated molecular properties (by taking
HF as a main example) was written by Mulliken (1962).

I1. Molecular Integrals

There are two main lines of approach to the evaluation of molecular
integrals involving Slater-type AO’s.

(a) Use of Elliptic Coordinates. One line is to make use of elliptic coor-
dinates
_hth =1

2R H= Tk #

This line is also characterized by the use of the Neumann expansion of
1/r,, in evaluating the exchange integral.
One form of the Neumann expansion is

1 2 el n
B Z ZOD""'Q"M('L)an('1<)an(ﬂ1)

r12 Rn=0

A

x P,"(u2) cos m(py — ¢,), (1L.1)
Dno = 2n + 1,
_ 12
Dy = (= 1y"2(2n + 1){&—23;} ,

where A, and A_ are the larger and the smaller of 4, and 4,, respectively,
and P,” and Q,” are the associated Legendre function of the first and
second kind. This expansion was first used by Sugiura (1927) in evalu-
ating (1s,1s,|1s,1s,) for the H,; molecule.

This line of approach has been extensively used for two-center integrals
of Slater-type AO’s. The following are the standard references.

Formulas.
Two-center overlap, kinetic energy, nuclear attraction, and Coulomb
integrals for the AO’s with the principal quantum number 1 and 2
(Roothaan, 1951a);
Two-center exchange integrals for the AQ’s with the principal quantum
number 1, 2, and 3 (Ruedenberg, 1951);
Two-center hybrids and a unified treatment of hybrid, Coulomb and



262 Kimio Ohno

one-electron integrals for the AO’s with the principal quantum number
1 and 2 (Ruedenberg et al., 1956);

A new method for auxiliary functions (Roothaan, 1956). More detailed
accounts of the third and the fourth papers can be found in the Technical
Report from the Laboratory of Molecular Structure and Spectra,
Department of Physics, the University of Chicago, 1952-1953 Part II
and 1953-1954 Part I1, respectively.

Tables.
Integrals between ls and 2s, 2p and those between 2s, 2p and 2s, 2p;
in the latter orbital exponents in the AQ’s on the two centers are equal
except for small number of cases (Kotani et al., 1963; Preuss, 1956, 1957,
1960, 1961);
Auxiliary functions needed for the integrals involving ls, 2s, and 2po
with two different orbital exponents (Miller et al., 1959);
Nuclear attraction and overlap integrals between the orbitals ls, 2s,
and 2p with different orbital exponents (Sahni and Cooley, 1959);
Coulomb integrals between the 1s, 2s, and 2p with different orbital
exponents (Sahni and Cooley, 1960); two-center two-electron hybrid
integrals between ls, 2s, and 2p orbitals with different orbital exponents
(Sahni and Cooley, 1963).

(b) Use of the Expansion in Spherical Harmonics around One Center.
This line of approach is applicable also to Hartree-Fock AO’s and was
first used by Coolidge (1932) in his treatment of the water molecule;
it was later extended by Landshoff (1936, 1937) and Lowdin (1947,
1948). It is often referred to as the Coulson and Barnett method since
the latter authors developed general formulas in the following paper:
Barnett and Coulson (1951).

The expansion of an orbital of one center in terms of spherical harmonics
around another center was reviewed by Lowdin (1956; see particularly
Section 6).

Useful tables of auxiliary functions were compiled by Barnett and
Coulson (1956).

Method (a) is perhaps more convenient for two-center integrals but its
application is restricted to Slater-type functions. Method () is more con-
venient for many-center integrals and is applicable to those integrals
involving Hartree-Fock AQ’s as well as those of Slater AO’s.

For general reviews, the reader is referred to the following papers:
Dalgarno (1954) or to the introductory part of the fourth volume of the
Preuss’ book (1960).
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As was mentioned in the previous section, molecular integrals involving
Gaussian AO’s are much more easily handled. Adequate references for the
evaluation of this type of integrals can be found in Shavitt (1963).

The importance of electronic computers in the calculation of molecular
integrals cannot be overstressed. Many extremely useful programs have
been written and some of them are available through the Quantum Chemis-
try Program Exchange, Chemistry Department, Indiana University.

12. Results of Calculations on C,H,

Finally we have reached the stage where we discuss the results of various
calculations. There have been many investigations on the ethylene mole-
cule since Penny’s work in 1934. However, the first calculation performed
along the line of LCAO MO Cl is that by Hartmann (1943). Unfortunately,
there was an error in choosing a spin function and he got a mixture of a
singlet and a triplet for an excited state. There are some doubts whether
all of his integral values are correct. We do not, therefore, quote his
numerical results here.

The next calculation was carried out by Parr and Crawford (1948).
Their basic AO’s were of Slater type. As very little is known of how to
choose the orbital exponent é of these AO’s, they adopted four values,
26 =2.35, 3.18, 3.27, and 3.91, and carried out the calculation for each of
these. Slater’s rule gives the value 3.25. In the calculation of the one-electron
core integrals, Goeppert-Mayer—Sklar’s approximation was used.

Parr and Crawford computed the electronic energy as a function of the
twisting angle ¢ (¢ =0 corresponds to the planar configuration). When
¢ # 0, the atomic orbital on the atom b, x,, should be replaced by =,’,
where

7, = cos @ * 2px, + sin @ * 2py,. 12.1)
Then we can determine the ¢ dependence of all molecular integrals. Some
examples follow:

(| mp") = cos @(m, | ),
(1470 | y'my) = COS2Q (Mym, | yy) + sin (7, | VoY)
(mamy’ | mamy’) = OS> (mgmy | momy) + sinp (mayy | mayy),  (12.2)
(mama | mmy') = COSQ (amy | 7o),
(ol ug | my') = cosg (m, | u, | p).
Using these formulas, we can calculate the twisting force constant k,

0*E
k= (—) . (12.3)
a(pZ ¢=0
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The twisting frequency  (in cm™?) is related to the force constant by

W= 1 (I—() v , (12.4)

e \I

where [ is the total moment of inertia around the molecular axis.
Parr and Crawford’s results are shown in Table III.
From these results, we can see that:

(a) the planar configuration turns out to be more stable, as it should;

(b) the order of levels is all right but quantitative agreements with experi-
ment are not satisfactory at all for any choice of the orbital exponent;
in particular,the calculated T — V separation is much too large;

(c) the agreement of calculated wy with the observed one is reasonable;
however, the accuracy of the calculation cannot be expected to be of
the order 100 cm™!;

(d) the decrease of wy with an increase in the orbital exponent may be
explained qualitatively; an increase in d means a decrease in the overlap
of the two n AO’s and thus a decrease in the strength of the =— =z bond.

TABLE Il

ENERGY LEVELS OF C,Hy4 IN eV

Angle 28 235 3.18 3.27 391 Obs.

=0 Z 19.4 15.0 14.8 14.1 —
|4 12.3 11.5 11.5 12.7 7.6
T 7.0 31 2.8 2.2 4.6°

1 03 1.3 14 3.0 —
N 0 0 0 0 0
V—T 53 8.4 8.7 10.5 3.0
wyem™') 1140 995 960 715 1027¢
=72 Z 8.3 10.1 10.3 12.3 —
|4 8.1 10.0 10.2 12.3 —
T 35 2.1 1.8 0.9 —
14 6.0 6.2 6.1 6.6 —
N 37 22 1.9 0.9 —

“ This is the configuration (i,)2, namely the ground state wave func-
tion without configuration interaction.

b The location of this state has long been uncertain. The value 6.4 eV
had been used for some time but the band is assigned to the excitation
to the triplet (b3,)(3s) state by Mulliken [see Evans (1960) and Mulliken
(1960)1.

¢ Arnett and Crawford (1950).
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Parr and Crawford’s calculation was extended by Murai (1952). His
basic AO’s are again Slater-type AO’s. A direct calculation of (I| f|1),
1| £ 11I0) [cf. (9.6)] was tried, in which the effect of the hydrogens was
neglected. The main point in his calculation is that the orbital exponent
of  AO’s depends on the state and is determined by minimizing the energy
of each state. Thus the orbital exponent for 1 AO’s is not necessarily the
same as those for 2s and 2po. The value 26 = 3.20 is used for the latter
in all the states. In Murai’s calculation, a slightly different value, 1.323 A,
of the internuclear distance was used instead of 1.353 A, which was the
usual value at that time.

Sponer and Léwdin have tried another kind of calculation on C,H,
(Sponer and Léwdin, 1957). Their basic AO’s are Hartree—-Fock SCF AO’s
rather than the Slater-type AO’s used by Parr, Crawford, and Murai.
One effect is the increase of overlap integral to 0.33, the value by Slater-
type function with 26 = 3.18 being 0.28. The ls electrons of the four
hydrogen atoms are not shrunk into the nuclei. The energies of various states
were calculated as functions of the twisting angle ¢. Goeppert-Mayer—
Sklar’s approximation was used and a specific approximation (II |1 T) =
(IT|ITIII) = (IL II | IT IT) was employed.

The results of Murai’s and Sponer and Lowdin’s calculations are com-
pared with the observed values in Table IV.

TABLE IV

ENERGY LEVELS OF C;H, IN eV

Parr-
Angle State Murai® Sponer- Crawford, Obs.
Léwdin 286 =13.18

p=0 z 158 (2.4) 16.8 15.0 —
v 112 (2.4) 12.3 11.5 7.6
T 46 (3.2) 44 3.1 4.6
N 0 (32 0 0 0
V—T 6.6 79 8.4 3.0
=72 z 82 (2.4) 10.0 10.1 —
v 8.0 (2.4) 10.0 10.0 —
T 3.0 3.2) 27 2.1 —
N 3.0 (3.2) 27 22 —

% The values in parentheses indicate twice the optimum orbital exponents
among the choice of 3.2, 2.4, and 1.6.
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These results are not so different from those of Parr and Crawford.
Ey is still too high and the calculated ¥V — T separation is too big.

13. Moffitt’s Explanation for the Failure of the Conventional Calculation

The cause of the failure of the usual ASMO CI calculation in predicting
the N — ¥V and V — T separations was first ascertained by Moffitt (1951a)
—actually for the case of O, rather than C,H,.

In the following, we shall concentrate our attention on the V and T
states. By decomposing the space part of the wave functions for these
states into AQO’s, we obtain

1
¥y = 75 {U(DYn(2) + Yu(D(2)}

5 Hma(1) + m(DHma(2) — 7,(2)}

T 2/2(1 - 5%
+ {r(1) = m(DHL2) + M2}
- ﬁ [ (D7 — (D], (13.1)
¥, = J% W) — b))
- ﬁ [ (D2,2) — 7, (D). (132)

We see that W, corresponds to a purely ionic or polar structure while ¥
corresponds to a covalent or homopolar structure.

The difference of the energies of these states, which is greatly exag-
gerated by the calculation, is expressed as [cf. (9.1) and (9.5)]

Ey—Er=Q2|#|2)—-Q3|#]3)
=2(I1I|1IT)

1
= =2 (el mamy) — (moma | mymy)}- (13.3)

The next point shows Moffitt’s brilliancy. He considered the value of the
above quantity for the extreme case of infinite internuclear distance. In
that case, (7,7, |7,n,) is of course zero and the calculated difference is,
then, simply

EV - ET(R = (D) = (nana l 7.Cana)

=172eV  (for 26 =3.25). (13.4)
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On the other hand, remembering that the V state corresponds to a purely
ionic case—for R = oo, to a positive and a negative ion—and that the
T state corresponds to a homopolar state—for R = oo, to a pair of two
neutral C atoms—we can express E,, — E;(R = o) as follows:

E, — E{(R = ) = E(C*) + E(C™) — 2E(C)

= {E(C") — E(C)} — {E(C) — E(C")}

=T — 4, (13.5)
where I and A are valence state ionization potential and electron affinity,
respectively. A semiempirical estimate by Hinze and Jaffé (1962) gives
the value of 11.16 eV for I and 0.03 eV for A. Therefore, E, — E;{(R = )
is only 11.1 eV by the semiempirical estimate in comparison with 17.2 eV
by the calculation. In other words, there is an error of 6.1 eV already
existing at an infinite internuclear distance. Moffitt reasoned that this
difference of 6.1 eV at R = oo remains more or less the same at the equili-

brium internuclear distance R, and that this is the large portion of the
error at R, (see Fig. 4). That is to say, the failure of the usual theory is

EV.,
I15F
P
£
- I0F
4
'
5
[ =
8
5
g
5t \T T
\
“E
\..T
'~ ET
Re

Internuclear distance

Fig. 4. Schematic diagram of observed (full curve) and calculated (dashed curve)
excitation energies.
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attributed to its inability in predicting the accurate relative energies of
atoms and ions.

Moffitt proposed a new quantitative approach to the problems of the
electronic structure of molecules (1951b), based on the above observation.
The approach is called the method of atoms in molecules. He observed
that the binding energy, namely the change in energy due to molecular
formation, is very small as compared with the total energy. In the method
of atoms in molecules, a molecule is regarded as an assembly of free atoms
plus interaction between them. Then the experimental term values are used
as the solution to the former part and the interaction between atoms is
treated as a perturbation using the usual orbital approximation.

Moffitt and Scanlan applied this method to C,H, and obtained E, = 7.3
eV (observed 7.6 eV), E; = 5.5 eV (obs. 4.6 ¢V), and the V — T separation
1.8 eV (obs. 3.0 eV) (Moffitt and Scanlan, 1953). These are in much
better agreement with experiment than results of any approach quoted in
the previous section.

The method of atoms in molecules was further developed and improved
by Hurley (1955, 1956, 1958), Arai (1957, 1960), and others. The method
is unfortunately still rather complicated and it is difficult to apply it to
larger molecules than say C¢Hg.

14. Use of Different Orbital Exponents for C, C+, and C—: a VB Calculation

In the previous section, it was pointed out that the failure of the conven-
tional calculation is due to its inability to make a correct estimate of I — A
or E, — E;(R = ).

There remains one question: Why does the usual calculation give too
large an energy separation between two ions—positive and negative—and
a pair of two neutral atoms? It is not very difficult to answer this question.
The reason is that the same atomic orbital is used to describe a positive
or negative ion as well as a neutral atom. As the atomic orbitals usually
employed in a calculation are designed so as to give the best description
of a neutral atom in its ground state, the consequence is that positive and
negative ions are treated by less accurate approximations than is a pair
of neutral atoms.

This point may be met at least partly by using different orbital exponents
for the ions from the one used for the neutral atom. In negative ions, the
charge clouds must be more spread out than those of the neutral atoms
owing to the larger interelectronic repulsion. We should, therefore, use a
smaller orbital exponent. In the positive ions, on the contrary, the charge
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clouds must contract due to a decrease in the interelectronic repulsion, and
we should use a larger orbital exponent.

We remember, however, that the different orbital exponents depending
on the states were used by Murai in the C,H, problem (1952). As we have
seen, his results are not much better than the usual treatment. One point
may further be improved. The orbital exponents in 2s and 2p AO’s should
probably be changed as well according to the ionicity of the atom. If we
do this, it means that we abandon the ¢ — n separation approximation.
The X part is no longer common to the N, V, and 7 states.

Calculations based on the above idea were carried out by Ohno and
Ttoh (1955, 1958). These calculations are based on the valence bond method
but, as we shall see soon, there is a very close relation between the VB and
MO methods in this case. The basic AO’s are the Slater AO’s and the
orbital exponents (common to 2s, 2po, and 2pn) are chosen according to
the Slater rules:

26% =3.60 for C*,
26 =325 forC, (14.1)
260 =290 for C~.

Using these values, we obtain I — A of 12.3 eV which seems to be a fairly
good estimate. (Remember that 6* = 6 = 6~ = 1.625 gives 17.2 eV and
the semiempirical value is 11.1. eV.)

The four valence bond structures shown in Fig. 5 are considered in the
calculations. (I) and (IV) are homopolar singlet and triplet structures,
respectively, and (II) and (III) are polar singlet structures.

| H H | H
['EC—C‘/ )c‘—c(
H “H H H

(I) ()

H_ W= H [T H
>c—cZ >c—cZ
H H H H
(o) av)

Fig. 5. The valence bond structures of the ethylene molecule.

In order to make the calculation manageable, three assumptions are
made:
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Assumption 1. All ¢ bonds are pure electron pair bonds and the o-
bonding orbitals of the carbon atoms are the sp? hybridized orbitals.

Assumption 2. The 1s electrons of both carbon atoms are shrunk into
the respective nuclei.

Assumption 3. The four attached hydrogens are neglected except insofar
as they determine the carbon atom valence states.

With these assumptions, the wave functions representing the four
structures can be written down:

\/—, Y (~ )" Pr(1)my(2) —‘ﬂz\; 2 1 oty e :;Eﬂ 4

x 62,(5) a———SﬁgJEﬂ 522 53,(6) %610 — Pstio ‘°\/_§ﬂ 6%10

W“\kﬂﬂ“ 63,(8) a"B”JEBB“” , (14.2)
O = fZ(—l)"Pn "D, @01 (Gl @) 3"4\5/’3 :
sﬁsﬁﬁs 9 43.7(6) aﬁp,o\;iﬁﬁam

a—m“\;iﬂﬂ“ 03" (8) ——“Sﬂ”\kﬁsa”, (14.3)
Dy = 718—-, 3 (=D"Pm, " (o™ (DPz01," ()aly™(4) tafls = Pa 4\;513 %4
asﬁQ\'/'Eﬂso% 53,4 (6) %ﬂlo\;gﬁ6al R

x 62,~(7) °—"ﬁ“—\;§ﬂ’@ a3,,-(8)°ﬁﬁﬁ\;_—2ﬁ"9‘—‘3, (14.4)

x 02,(7)

x 62,7 (5)

x 62,7(7)

x 62,7(5)

Oy == T (~ 1P P2 B 0y qfale = Pote

NGE; NG f
x 62,5) 2sbs :/215% 034(6) a6ﬂ10\;5ﬂ6a10
ogl}%iﬁ@ 03,,(8)“8"#\;%3, (14.5)

x a2,(7)
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where o1,, 62,, 63, are the sp> hybridized orbitals of the carbon atom a
which are pointing out towards the other carbon atom b and the hydrogen
atoms. In (14.2) ~ (14.5), spins of the ghostlike electrons 9-12 are used
in order to express the valence state wave function explicitly. In construct-
ing the energy matrix, we have to carry out the summation over these spins
as well.

The state functions with correct spin and space symmetries are con-
structed from these structural functions:

DN('A4,) < @ + C(Qy + Dyy),
@y('By,) o Oy — Oy,
(I)T(sBlu) =y,

D' 4,) oc @y + C'(Dy + Dyy).

Being properly normalized, they are identical with (8.6) if we disregard the
differences between n,*, 7, and n,” and 6%, 6, and o™

In order to simplify the calculation of the energy matrix elements among
these four structural functions, it is convenient and almost necessary to
introduce further approximations about the overlap integrals. There are
five different overlap integrals involved:

(mq| mp) = 0.267,
(o1,|01,) = 0.765,
(01,]062;) = 0.135, (14.7)
(62,]02,) = 0.128,

(62,]|03,) = —0.136.

Two kinds of calculations were carried out. In the first kind, the overlap
integral between the two = orbitals only is taken into account and all the
othersare neglected. Inthe second kind, (z,|#,) and (61, | o1,) are retained
in the calculations but the others are not. As (o1,|g1,)is thelargest among
the o overlap integrals, if the results of these two calculations are found to
be fairly close, we may perhaps expect that the results are not sensitive to
the values of other overlap integrals.

Each of the energy matrix elements can be separated into three parts:

We can reduce the part H ;o) to the form of a constant times the
overlap integral between @, and @;, namely,
H,{0) = E(0)S;;, (14.9)

(14.6)
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by introducing the following approximations concerning integrals which
involve AO’s 6* and 6™ :

(61,7 [ fle1,7) + (a1, 7| f a1, %) = 2(al,] f | o1y),
(61,761, |61, 61,") = (01,61,| 6l,01,), (14.10)
(61,01, |62,62,7) + (61,01, " |62,62,") = 2(01,01,]| 62,062,),

and so on, where f is any one-electron operator. We also approximate
some special intraatomic overlap integrals, for example,

T ™ =(o1," |ol,"),

as unity. These approximations mean essentially that we replace the terms
involving orbitals for positive and negative ions by the sum of the cor-
responding neutral ones.

If we do this, then we can leave out the H;;(o) part completely in the
calculation of n electron levels. Remember

|H;; — S,E| = [Hi{n) + Hi(n — 0) — S;{E — E(0)}|.  (14.11)

The result (14.11) conforms to the usual ¢ — 7 separation approximation
and we have restored this nice separation at this stage.

Many new heteropolar integrals appear in the calculations. Among
them, one-center integrals are large and are calculated rigorously. Others
are approximated as follows:

(i) Coulomb integrals are calculated by the geometric mean approxima-
tion, e.g.,

(na_na— Ialb+01b+) = [(na—na— 'o-lb_alb- )(na+na+ lalb+01b+)]1/2;
(14.12)

(ii) hybrid and exchange integrals are evaluated by the Mulligan approxi-
mation (1951), e.g.,

S
(7" [01,701,7) = TS~ = (mm |olioly);  (14.13)
(iii) o—n exchange integrals are small and so are approximated by the
corresponding homopolar ones.

The results ofthe calculations are shown and compared with experimental
data and other calculations in Table V.

The agreement with experiment is quite satisfactory. However, it is
rather fortuitous. It seems that the errors from the many simplifying
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TABLE ¥V

THE m ELECTRON STATES OF C,H,

State I° 11° 111 IV¢  Obs. Moffitt Murai Sp-Lo Pa-Cr

z 136 131 149 147 — — 15.8 16.8 15.0
V 1.7 7.5 8.6 8.5 7.6 73 11.2 12.3 11.5
T 5.4 5.2 58 5.8 4.6 5.5 4.6 44 31
N 0 0 0 0 0 0 0 0 0
V-T 23 2.3 2.8 2.7 3.0 1.8 6.6 79 84

4 I: the o—m exchange is neglected; (o1,|ols) = 0.
® 1I: the o—mr exchange is neglected; (o1,]al,) # 0.
¢ II1: the o—= exchange is included; (o1, |ol,) = 0.
41V: the o—m exchange is included; (o1,|o1,) # 0.

approximations tend to cancel out. For example, one of the biggest errors
comes from the approximation (14.10):

(0.7 1 f16,) +(0,” | flo,7) = 2,1 f |00,

where

f=—1A—i—i. (14.14)
2 r, r

The integral due to the second term in f, namely the one-center nuclear
attraction, is linear in the orbital exponent, and, as the Slater rules give
26 =8% + 47, the above equality is exact as far as this term is concerned.
However, the kinetic energy integral is proportional to 2. The estimate of
the energy of the ion pair by using (14.10) is too low by about 1.9 eV due
to this kinetic energy part. On the other hand, the present estimate of
I — A is too high by 1.2 eV (= 12.3 — 11.1). These two errors cancel each
other to a considerable extent.

The results of calculations I and 11, and IIT and IV are very close so
that we may say the effect of ¢ overlapping on the = electron states is rather
small. We also observe that the o—=n exchange effect is not negligible.

A subtle point in this type of calculations is the choice of the orbital
exponent. The Slater rules may not be used in this context. Altmann and
Cohan (1954) have calculated the energy of the hydrogen molecule using
the ionic wave function:

¥ o« a(1)a(2) + b(1)b(2),
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where a and b are the 1s orbitals of the hydrogen atoms a and b, respec-
tively. Varying the orbital exponent, they reached the energy minimum
at & = 1.08 rather than the Slater value 6 = 0.7. The evidence is strong
enough to throw some doubts upon, but not completely to deny, the
desirability of using AO’s determined by the Slater rules in molecular
calculations.

I5. Calculation by Huzinaga

Extensive ASMO LCAO calculations on C,H, have been carried out
by Huzinaga (1962).

The basic assumptions involved in his calculations are as follows:

(i) The nucleus and the ls electrons of each carbon atom are taken
together as a point charge of 4e.

(i) The o wave function consists of six sp? hybrids of the carbon atoms
and four ls orbitals of the four attached hydrogen atoms. A possible
deformation of the ¢ wave function due to bonding is neglected.

(iii) The 6— n exchange interaction is neglected.

The main point of his calculations lies in the fact that he uses different
orbital exponents for bonding and antibonding MQO’s. The exponents
depend on the states too. They are determined so as to minimize the
energies of the states N, T, and V, for a fixed J,. The whole calculations are
repeated three times for three values of 6,: 1.4, 1.59, and 1.8.

Slater-type AQ’s are the basic orbitals. One- and two-center integrals
are evaluated rigorously while three-center integrals are estimated by use
of the Mulliken approximation:

OtaXal XX = 3SpclXaa| X6x6) + taXal XX ] (15.1)

The results of the calculations are summarized in Table VI, in which
d, and §, mean orbital exponents for the bonding and antibonding MO’s,
respectively, for each state. We can see that, among the three values of
d,, 0, = 1.59 gives the best V' — N, T — N separations.

Huzinaga has also carried out the calculation neglecting the attached
hydrogen atoms to see their effects. For §, = 1.59, the energies of V and
T states turn out to be 6.32 and 4.31, respectively, with that approximation.
Therefore the effect of attached atoms is not negligible at least on the
V — N separation. If we compare these results with those of the Parr-
Crawford calculation (6, =4, = 1.59), the effect of adopting separate
values for 8, and ¢, is quite obvious, especially on the ¥ — T separation.
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TABLE VI

ENERGY LEVELS AND IoN1zATION POTENTIAL OF C;H,4 (IN eV)

8y 1.4 1.59 1.8
Obs.
Energy &8, 8, Energy &, 8, Energy 8, 86,

| 4 10.06 1.6 04 7.28 1.6 04 5.45 i4 04 7.6

T 3.82 1.6 1.6 4.45 14 1.2 4.17 1.4 1.0 4.6

N 0.0 1.6 1.6 0.0 14 14 0.0 1.2 1.2 0.0

Vv—T 6.24 — 2.83 — 1.28 — 3.0
1.P. 11.54 —_— 8.52 — 6.51 — 10.52

The calculated value of the ionization potential does not agree very well
with the experimental value, which is possibly due to approximation (i)
mentioned above.

A remarkable and somewhat disturbing result is that the optimum 4,
value for the ¥ state is as small as 0.4. Whether this has a genuine meaning
or is simply an outcome of some inadequacies in the present form of the
7 electron wave functions remains to be seen.

There are more investigations on the C,H, molecule. Barriol and
Regnier (1958) have used wave functions which contain electron coordi-
nates as a factor. A simplest example of the ground state wave function
is given by

O = C(z; + 2,)0,(14,), (15.2)

where C is a normalization constant. They have obtained good N — V
and V — T separations using such wave functions. Kolos (1957) has
employed a wave function which contains the distance r,, between two
electrons explicitly. An interesting approach has been used by Dewar and
Hojvat (1961), who imposed the condition that two = electrons should not
be on one side (up or down) of the molecular plane simultaneously. The
method is called the split p orbital method and has been critically reviewed
by Coulson and Sharma (1963) recently. We shall not go into details of
these approaches and the reader is referred to the original papers.

16. Self-Consistent LCAQ Method

The whole idea of this methodis based on the well-known Hartree-Fock
method. Thus a total wave function of an electron system is approximated
by a single Slater determinant:
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01(&) e&) - o))
1 |01(&) 0i(&) - ea(ér)

=— 16.1
NI : : en
?16x) @2(Ey) - on(en)
where ¢, is a spin orbital,
00 = w50 (16.2)

and & stands for the spacial coordinate r and the spin coordinate o.

When the number of electrons is even, the ground state of the system can
often be approximated reasonably well by a closed shell configuration.
Each of the occupied space orbitalsy,, Y5, ... ¥, (2n= N) is occupied by
two electrons with spins o and . Then the lowest energy of the system is
obtained when the orbitals satisfy the following equations,

FWr)=eyr), i=12, ..n, (16.3)
where the Hartree-Fock single-body operator & has the following form:

n2
F=—A+% o _R + 2 Z le,(r)l - (164)
The operator &/ represents the exchange interaction and is defined as
n l" * /
s = 5 (B gy g (16.5)

It should be remembered that the Hartree-Fock operator # is common
to all the space orbitals. The resulting space orbitals are orthogonal to
each other.

The total energy E is expressed as

B-3%-3 Ih//(r)lzldf(r’)lz o d

fll//(r)l WA 4y 4
i<J

2y Hwi(r)*w,(r)w,(r )

i<y

(16.6)
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The ionization energy (I.P.) of removing an electron from a space orbital
Y, is
(LP.); = —¢; (16.7)

if we neglect changes of the orbitals due to ionization. According to
Koopmans’ theorem, this will be a good approximation to the true
ionization potential.

An unoccupied orbital ¥, is defined by the following equation:

FW,)y=¢ey,r), p=n+1ln+2, ... (16.8)

When excitation of the system can be interpreted as a transition of an
electron from an occupied orbital y; to an unoccupied one ¥,, then
excitation energies to the singlet and triplet states are given by

E:xc = 8p —&— (” l PP) + 2(lp| lp)’

) ) (16.9)
Eexc =&, — & — (” l pp)9

respectively.

So much for the general Hartree-Fock self-consistent field method,®
we now turn to its limited form, the self-consistent LCAO method.

As its name shows, a fundamental approximation in the method is the
LCAO approximation:

wi = i CaiXa (l = 15 n)- (1610)
a=1

The problem is to find out the best set of coefficients within the limit of a
single-determinant wave function. The analysis goes quite parallel to the
general case and the equation corresponding to (16.3) is obtained in a
matrix form:

Fe; = ¢gSc, (16.11)
where ¢; is a column vector,
Cii
¢ =%, (16.12)
C;u'

¢ For derivations of formulas (16.3)-(16.9) and detailed discussion of the method,
the reader is referred to, for example, Kotani et al. (1961) and Daudel ef al. (1959,
Chapter XIX, Section 11).
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S is an overlap matrix,

U lx) Gtz - Gulaw
(2121 x2) o
S = 21X (X2.| 2 (XZ.IXh) ’ (16.13)
Omlx) Owlx2) - Oulxw)
and the matrix elements of & are given by
Z,
(Fhe =0l =18+ L =% 12

n h
+ '21 , Zlc:‘,cd,-[Z(ed[ bc) — (ec|bd)].  (16.14)
i= €=

The equation was obtained by Roothaan (1951b) and Hall (1951) inde-
pendently. As the Hartree—-Fock operator involves the unknown ¢, trial
and error is a usual technique to solve (16.11). Namely, one assumes cer-
tain values for ¢;’s, solves the equation, and compares the results with the
assumed values. If they disagree, one puts the new values into (16.14)
and repeats the procedure until self-consistency is attained.

The self-consistent LCAO method for an open shell is more compli-
cated and we will not go into this. The reader is referred to the original
references (Pople and Nesbet, 1954; Nesbet, 1955; Lefebvre, 1957, 1959;
Roothaan, 1960; Huzinaga, 1960, 1961; Roothaan and Bagus, 1963;
Birss and Fraga, 1963; for a review, see Berthier, 1964).

This procedure (SC LCAO) is not necessary for the 7 MO’s of such
molecules as C,H,, C;H,, C4H, where the molecular symmetries alone
determine the coefficients in (16.10) uniquely. It is also unnecessary if we
are prepared to do a full configuration interaction calculation. In that case
whether the basic MO’s are good or not does not matter. On the other
hand, the self-consistent LCAO method is quite useful for molecules which
do not have a very high symmetry and are big enough to discourage full
configuration interaction. At present, all molecules except a few special
ones such as mentioned above fall in this category. The method is also
useful if we want to take into account o electrons explicitly. Such calcula-
tions will be mentioned in the next section.

17. Self-Consistent LCAO Calculations on C,H,
The first application of the self-consistent LCAO method to C,H, was
performed by Berthod (1959). Her basic orbitals were Slater AO’s. All
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16 electrons were explicitly considered. Many-center integrals were
approximated. The main aim of the calculation was to find the LCAO
form of the occupied o orbitals and their orbital energies, which are shown
in Table VII.

TABLE VII

THE ForM OF MO’s AND ORBITAL ENERGIES OF CoHy®

Orbital
Symmetry LCAO form energy (eV)
la, 0.707(1s, + 1sy) —3104
16,4, 0.707(1s, — 1sp) —310.2
2a, 0.052(h, + hy + ke + hy) + 0.494(25, + 2s,) + 0.088(2pz, +- 2pz,) —24.5
2byy 0.223(h, + hy — b, — hy) + 0.546(2s, — 2s) — 0.047(2pz, — 2pzs) —20.7
163, 0.189(h, — hy + h. — hy) — 0.463(2py. + 2pys) —20.5
1b3, 0.219(h, — hy — h, + hy) — 0.600(2py, — 2pys) —18.9
3a, 0.333(h, + hy + h, + hg) — 0.208(25, + 25,) — 0.413(2pz, + 2pzs) —15.1
1bs, 0.629(2px, + 2px,s) —8.74

%In this table, A, stands for 1sy,. The function 2s, means the 2s, function ortho-
gonalized to 1s,.

Only the excitation energy N— V was calculated by using formula
(16.9), the value being 11.65 eV. The agreement with the experimental
value of 7.6 eV was only fair.

The most recent and most extensive self-consistent LCAO calculation
on C,H, is the one carried out by Moskowitz and Harrison (1965). The
molecule was again treated as a full 16-electron problem.

As was mentioned in Section 10, the basis set was a set of Gaussian
orbitals. Ten basis sets of varying size were tried. The biggest set by which
excitation energies were calculated consisted of five Gaussians (orbital
exponents § being 0.32, 1.6, 8.0, 40.0, 200.0) for carbon s-type orbitals,’
three each (6 =0.1852, 0.9259, 4.63) for carbon py-, pz-, and px-type
orbitals, and two (6 = 0.27, 1.8) for hydrogen s-type orbitals. These GO’s
give —37.45032 and —0.48581 au as the energy of the ground states of
the carbon and hydrogen atoms, respectively. The experimental values

7 There is no need for the distinction between 1s and 2s when we use Gaussians as
basic functions.
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are —37.857 and —0.5 au, respectively. The total number of the basic
GO’s was thus 36. Many-center integrals were evaluated rigorously.

The resulting orbital energies are collected and compared with Berthod’s
value in Table VIII. The agreement between two sets of calculated values
is fairly good except that the order of orbital energies of 3a, and 1b;, is
reversed. :

TABLE VilI

ORBITAL ENERGIES OF C;H,

Symmetry Orbital energy (eV)

Moskowitz-Harrison Berthod

la, —305.1 —310.4
16y, —305.1 —310.2
2a, —285 —24.5
by —21.8 —20.7
16, —179 —~20.5
3a, —159 —15.1
163 —140 —18.9
163, —104 —8.74
165, 4.18 —

Calculated excitation energies are listed in Table IX which also shows
results and characteristic approximations of various nonempirical ap-
proaches explained so far.®

Moskowitz and Harrison’s calculations gave only fair agreement with
experiment, the V state being too high. On the other hand the calculated
ionization potentials showed excellent agreement with experiment. These
authors are planning to extend this work to invoke large configuration
interactions, the result of which will be of great importance in the n
electron theory.®

8 Moffitt and Scanlan’s approach may be regarded as semiempirical, since empirical
atomic term values were used in the calculation.,

% Of interest in this connection is also the recent paper by Hart and Robin (1965).



TABLE IX

CALCULATIONS ON THE ETHYLENE MOLECULE®

Parr— Sponer- Ohno Itoh Huzinaga Moskowitz— Moffitt—
Author Crawford Murai Lowdin ) () )) (i) (iii) Harrison Obs. Scanlan
(1948) (1952) (1954) (1958) (1962) (1965) (1953)
1 4 11.5 11.2 12.3 .5 8.5 127 6.3 7.3 10.4 7.6 7.3
T 3.1 4.6 44 52 5.8 44 43 4.5 4.3 4.6 5.5
N 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
V-—-T 8.4 6.6 7.9 23 27 84 2.0 2.8 6.1 3.0 1.8
LP. — 8.8 —_ — — 8.0 7.4 8.5 10.35 10.52 —
Method MO MO MO VB MO MO —  Atoms in
mols.
Basic AO Slater Slater SCF Slater Slater Gaussian — —
Core Mayer— Direct calc. Mayer-Sklar for  Direct calc. Direct calc. Self-consis- — —
Sklar C, direct for tent LCAO
app. H
- X X X X (o] X (0] — —
exchange
S, 1.59 1.60 — 8, =20, 1.59 — — —
— e
817 811
1.625 (C) 1.4 1.4 (N) — —
Or 1.59 1.60 (N, T) — 1.80 (C*) 1.59 1.4 1.2(1) — — —
1.20 (V) 1.45(C~) 1.6 04 (V)
Hydrogens X X (0] X X X (o} (o] — X

2 The sign O means the effect is included. The sign X means the effect is not included.

suone ndjE) J€31q40 Jejnddjoy

18T
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I, Semiempirical Theory of Pariser, Parr, and Pople

18. Need for a Semiempirical Theory

The orthodox procedure explained in Section II involves quite a lot of
labor. Setting up and solving secular equations of high dimensions is
difficult in itself, but the most laborious part of the whole calculation is
undoubtedly the ‘evaluation of numerous molecular integrals. Even with
modern electronic computers, there is great difficulty in dealing with
molecules bigger than benzene. On the other hand, we have seen that the
results of this type of calculation are not necessarily in good agreement
with experiment. It seems highly desirable, therefore, to have a simpler
method which gives better agreement with experiment. This is almost
necessary if our calculations are to be extended to larger molecules.

Introducing some experimentally known quantities into the theory in
certain nice ways, Pariser and Parr (1953; Fumi and Parr, 1953; Parr and
Pariser, 1955) and Pople (1953) have independently presented such methods.
These two very similar methods will be explained in the following sections.!®

The Pariser-Parr—Pople method may also be regarded as a more
advanced theory than the simple molecular orbital method such as the
Hiickel method. Electron interaction is explicitly taken into account in the
Pariser—Parr-Pople theory, while it is taken into account only in an
averaged form in the simple molecular orbital theory.

19. Characteristic Approximations
The theoretical framework of the Pariser-Parr—Pople method is quite
the same as that of ASMO LCAO CI. There are three fundamental
approximations in the method concerning how to treat molecular integrals.
(i) The first basic approximation is called the approximation of zero
differential overlap. Whenever the expression

r(Dmy(L) dv,  (a # b)

appears in molecular integrals (except core resonance integrals 55" which
will be explained in due course), the integrals are put equal to zero.
This means that all overlap integrals are zero, i.e.,

Sab = (na I ch) = 6ab’ (191)

10 The difference is that Pariser and Parr proposed to estimate one-center Coulomb
integrals in a semiempirical way while Pople did not. Pariser and Parr’s emphasis was
on configuration interaction and Pople’s on the self-consistent LCAO method.
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and all electron interaction integrals vanish except for those of Coulomb
type:

(ab|cd) = Ja*(l)b(l) ri c*(2)d(2) dv, dv,
12

= (aa | cc)d,,0.4 (19.2)

Hybrid (aa|ab), exchange (ab|ab), and many-center (ab|cd) integrals all
disappear.

Before we introduce the second characteristic approximation, we have
to define the core Coulomb and resonance integrals. The Hamiltonian
" of the = electron system we are considering may be written as

(%) @)

=L/ + Z — (19.3)
i<jr ij
where f™ includes kinetic energy, potential energy dueto nuclearattraction,
and electron repulsion from the ¢ charge cloud [cf. (7.2) and (7.3)].
The core Coulomb and resonance integrals are then defined as

07 = (al S 1) (19.4)

b = (al S7120); (19.5)

respectively. We shall drop the superscript © from f hereafter.

(ii) The second basic approximation is to treat the core resonance
integral f5'¢ as an empirical parameter. Its value is determined to fit a
certain property to an experimental datum, usually the lowest singlet-
singlet transition energy. If the atoms a and b are not neighbors, 5o is
taken to be zero.

(iii) The last basic approximation is concerned with one-center Coulomb
integrals:

and

(aalaa)=1,—- 4, (19.6)

where I, and A4, are the valence state ionization potential and the electron
affinity, respectively, of the orbital = of atom a. As we have seen in Section
13, this assumption takes care of the relative energies of polar and homo-
polar states at R = co.

The other kinds of molecular integrals are evaluated more or less con-
ventionally.

(a) Core Coulomb integrals, «;°. The operator f may be regarded as
having the following form:

f==+v,+>0v,+Y u, (19.7)
b¥a [4
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where the potential v is that of a positive ion which is formed from the
atom by taking = electron(s) away, and the potential u is due to a neutral
attached atom. It should be clear that the summation over b runs over the
atoms which contribute 7 electrons and the summation over ¢ runs over
the atoms which have no z electron (e.g., hydrogen atoms in C,H,).

We use the Goeppert-Mayer—Sklar approximations:

(al—-3A+v,|a)= -1, (19.8)
where W,, is replaced by the valence state ionization potential, then
= —I,+ Y (alvyla) + 3 (alu.la). (19.9)
b(#a) c

If the atoms contribute one 7 electron each to the system and if we
neglect the o— 7 exchange interaction, we obtain from (9.8),

(al vy1a) = (al up|a) — (aa | bb), (19.10)

where u, is the potential due to the presence of the neutral atom. In that
case, 2" becomes

0= ~Iy+ 3 {(@luyla) = (@albb)) + T (alucla). (19.11)
(#a c

(b) Two-center Coulomb integrals. There are several ways of evaluating
these integrals.

(b1) For R > 2.80 A, values calculated with Slater AO’s are used. For
R<2.80 A, the formula

(aa| bb) = 4[(aa | aa) + (bb|bb)] — AR — uR?

=3[l,— A, +1,— A,] — iR — uR? (19.12)
is used, where A and y are determined by fitting values for R = 2.80 A and
R =3.70 A to the computed values. This is an interpolation which goes
(smoothly) into the zero distance value given by 7 — 4.

(b2) An alternative is to use the so-called uniformly charged sphere
approximation (Parr, 1952) for R >2.80 A. In this approximation, the
charge cloud of the 2pzn orbital is replaced by two uniformly charged
spheres in contact. The diameter d of these charged spheres is given by the
formula
_9.194
S
where 6 is the orbital exponent usually determined by Slater’s rules.

Equation (19.13) is derived so as to give the one-center Coulomb integral
the same value as is calculated by using the 2pn Slater orbital.

d A, (19.13)
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By using this model, we obtain the following formula for (aa | bb) from
classical electrostatic theory:

7.1957 d, — d)\? "1/? d +d\2)-1/2
=l =) e G
(aalbb)= ., “ +(2R,,.,) TN eV,
(19.14)

where R, is the distance in angstroms between the nuclei of atoms a and
b. The formula holds only when 2R > d, + d,. For R < 2.80 A, an inter-
polation formula similar to (19.12) is used.

(b3) A third alternative, first proposed by Pople (1953), is very simple:

14.3986
Rab

(aa|bb) = eV, (19.15)
where R is in angstroms.

(b4) A fourth alternative, due to Mataga and Nishimoto (1957), is as
follows:

14.3986
bb) = V, 19.16
(aalbb) = === ¢ (19.16)
where
14.3986
y (19.17)

T, —A4) + DI, — 4y

and R, is in angstroms. It is often claimed that results of calculations are
in good agreement with experiment, if we use (19.16).
(b5) We can further modify Eq. (19.16) and obtain

14.3986
\/ RL +7?
where y is given by (19.17) and R, is in angstroms.

We can see that (19.14) and (19.18) have a very similar R dependence
when R is large.

The results of these estimates in the case of carbon-carbon are illus-
trated in Fig. 6.

(¢) Penetration integrals (a|u,]a) which appear in (19.11) are either
calculated using Slater AO’s, or estimated, or quite often neglected.

(d) The valence state ionization potentials and electron affinities which
appear in (19.6) and (19.11) are estimated from experimental data as was
explained in Section 9.

(aa|bb) = (19.18)
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Fig. 6. Coulomb integral as a function of R.
Thus we have formulas for all integrals needed in a calculation.

20. Application to Ethylene

In order to make the merits and limitations of the method clear, it is
applied to our pet molecule, C,H,.

The n molecular orbitals are [cf. (8.1)]

1
Y= —7=(n, + m),
\/15 (20.1)
Yy = ﬁ (mg — mp).

The reduction of two-electron integrals defined in terms of the mole-
cular orbitals to integrals defined over AO’s is very much simplified by the
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neglect of differential overlap. The results are as follows [cf. (9.2), (9.3),
(9.4), and (9.9)]:
(INID)=(HIOI)=(II[IIII)
= H(aa|aa) + (aa| bb)} = J, (20.2)
(III}I11) =3{(aa|aa) — (aa| bb)} = K. (20.3)
The one-electron parts are
(LIAIT) = a" + g,

(20.4)
(II lfl Il ) = acore — ﬂcore.
From these and (8.6) and (9.1), we obtain
E, =] 5 |1) = 20" + 2B°°"° + J, (20.5)
E/('Bi) = QI #]2) =225 + J + K
= 20°°"* + (aa| aq), (20.6)
Ei(’By)=(3| #|3) =20+ J - K
= 20°°" + (aa | bb), (20.7)
and
E, = (4] # |4) = 20°°™ — 2" + J. (20.8)

The secular equation which determines the mixing of ®, = (Y,
with ®, = (Y @) is as follows:

Z“CDI'C + 2ﬂcore + J — E K _ 0
K DpSore — zﬁcore + J—E — M
Introducing a new energy E’' = FE — E,, we get
—F K
K _4Bcore _ El ‘ = 09 (20.9)

which gives the roots
E = —26 + /3 + K.

The energies of the four states, N, T, V, and Z, are thus obtained:
Ey =20 +J — /4(")* + K?,
Er=20°+J-K,
E,=20""+J+K,

E; =20+ J + /4(ﬁcore)2 + K2

(20.10)
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We see that the quantity 2a°°"°+J enters all electronic levels additively
and so drops out completely in the computation of excitation energies.

The one-center Coulomb integral is the difference between the ionization
potential I, and the electron affinity A, of the carbon valence state
(tr tr tr #); here tr means the trigonal or sp? hybridized orbital,

(aalaa) = I,— A, =11.54 — 046 = 11.08 eV.}!  (20.11)

For the two-center integral (aa | bb), we use either an interpolated value
of 7.38 eV [cf. (b1) in Section 19] or a calculated value of 9.26 eV by using
the Slater-type 2pn AQO’s with the orbital exponent of 1.59 at the inter-

nuclear distance of 1.353 A.
For each case, the parameter §°°' is determined by fitting the calculated

E, — E, separation to the observed value of 7.6 eV,
The results thus obtained by Pariser and Parr (1953) are shown in

Table X.

TABLE X

PARISER AND PARR’S CALcULATIONS ON C,H,

(O] (U))] Obs.

(aa | bb) 7.38 9.26 —
Beore —292  -331 —
zZ —_ 13.3 —

v 7.6 7.6 16

T 4.5 5.8 4.6

N 0.0 0.0 0.0
Vv—T 3.1 1.8 3.0

Agreement with experimental results is excellent. The first kind of
calculation with an interpolated two-center Coulomb integral seems to
give a slightly better result.

Next we discuss the ionization potential and the electron affinity.

The = electron energy of C,H,*, C,H,, and C,H,~ are expressed as
[cf. (20.4), (20.5), (20.2), and (20.3)]:

11 This value is due to Parr and Pariser (1953), and is slightly different from the
values given in Hinze and Jaffé (1962).
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EN(C,H,™) = (1] f|1) = aco™ + g, (20.12)
EY(C,H,) = E, = 22" + 2p° + J, (20.13)

EYC,H, ™) = 2(1|f1) + (IL|f|11) + (I T[T I) + 2(1 I|1III) —(1 111 1I)
= 3" 4 peore 4 3J — K, (20.14)

where we neglected the small effect of configuration interaction on
E™(C,H,). Then by assuming the ¢ part is common to C,H, and C,H,*,

I=E(C,H,*) = E(C,H,) = —{a* + "¢ + J}.  (20.15)

If we write down the Hartree-Fock single-body operator (16.4), regard-
ing the n electron interaction with the ¢ charge cloud as a part of the core
Hamiltonian, we obtain

()|

F = 2
S+ 2 =

dv — o, (20.16)

where & is the exchange interaction operator with |y (r')|2. The orbital
energy of the bonding orbital y, is thus [cf. (20.2) and (20.4)]:

g=(1|F|1)=(1]|fI1)+2(11|11)— (LI }II)
=% 4 g4, (20.17)
Comparing this with (20.15), we see that
I=—g,. (20.18)

This is nothing but the prediction of Koopmans’ theorem.
The electron affinity of the molecule is

A= E(C,H,) — E(C,H, ™) = —a + f —2J + K, (20.19)

again by assuming the energy of the ¢ part is unchanged by adding an
electron to the system. We can easily check that
A= —¢g = (1| F|1I)
= —{(I[|fIT)+2(TT|{IITT) — (LIT) TID)}. (20.20)

This means that electron affinity of a molecule is approximately equal to
the orbital energy of the lowest unoccupied orbital with its sign reversed.
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Values of various integrals and the calculated ionization energy are
collected in Table XI.
TABLE XI

CALCULATED VALUES OF SOME INTEGRALS
AND IoNiZATION ENERGY OF C,H,

0] (@)

(aa| bb) 7.38 9.26
Beore —292 —3.31
acore —19.79 —21.67
J 9.1 10.17

K 1.73 091

I 13.60 14.81

4 0.38 —1.07

The observed value of the ionization potential of C,H, is 10.62 eV
(Honig, 1948). Both of the calculated values come out much too high.
It seems that this is a general tendency of the Pariser-Parr-Pople type
calculations.

The reason for this was attributed by Hoyland and Goodman (1962)
to the deformation of both ¢ and = charge clouds due to ionization. As
the phenomenon is fairly complicated, their treatment seems to the writer
not yet conclusive.

21. Justification of the Scheme

The assumption of zero differential overlap is certainly drastic. Overlaps
between neighboring = orbitals in usual hydrocarbons are about 0.25.
We cannot neglect this in comparison with 1 when we are discussing
excitation energies which are, after all, very small compared with the total
energy. We should remember further that if we assume orthogonality
between AO’s consistently in the usual type of calculation, we do not get
binding at all.

We need some justification of the basic assumptions of the Pariser—
Parr-Pople theory.

(a) Empirical Justification. Strictly speaking, this is not justification, but
the flexibility of the method and its success in reproducing the purely
theoretical as well as observed data are very impressive.

In the previous section, we have seen that the P-P-P method reproduces
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observed transition energies of C,H, quite well (with the /- 4 correction).
Without the I- 4 correction it can also reproduce the theoretically com-
puted results. Table XII shows this.

TABLE XII

THE 7 ELECTRONIC LEVELS of C,H, IN eV

Purely theoretical P-P-pP
Method Slater orbital Beore = —3.125¢
(aa| bb) 9.26 9.26
zZ 15.0 14.7
| 4 11.5 11.2
T 3.1 35
N 0.0 0.0

2 The value was determined to fit the energy of the state
(frn)? to the purely theoretical value.

Table XIII confirms the reproducibility of theoretical and experimental
values in the case of C4Hg.

TABLE Xill

THE 7 ELECTRONIC LEVELS OF C¢Hg IN eV

Purely theoretical Purely theoretical
Method Slater AO P-P-P Slater AO QObs. P-P-P
without CI with CI
Beore — —2.79% — — —2.39
‘Evu 9.8 9.9 9.9 7.0 7.0
!B, 7.3 7.3 9.0 6.0 53
'B,, 5.9 59 4.4 4.9 49
3B,, 5.8 59 8.2 — 4.9
3E,. 4.4 4.5 4.7 — 445
3By 3.1 32 6.4 3.8 4.0
td,, 0.0 0.0 0.0 0.0 0.0

“ The value of 8 was determined to fit the energy of ! B,, state to a desired value.

Even for the N-containing heterocyclic molecules calculated values not
only of the excitation energies but also of the oscillator strengths are in
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excellent agreement with experiment [cf. Table XIV which is also taken
from Pariser and Parr’s paper (1953)].

TABLE XtV

LOWEST SINGLET AND TRIPLET EXCITED STATES

Calculated Calculated
Molecule Symmetry State energy® Obs. f Obs.
Pyridine Cs, 34, 4.08 — 0 —
‘B, 4.90 495 0.046 0.041
Pyradine D, 3Bs, 3.85 3.35 0 ~0
1B, 4.71 4,77 0.121 0.130
Pyrimidine Csy 34, 4.16 — 0 —
B, 5.05 5.15 0.038 —_
s-Triazine D3, 34,. 4.26 — 0 —
14, 529 5.29 0 ~0
“ The value of B&¢ was taken over from CeHe: S&%° = —2.39 eV. The value of B&i¢

was determined as —2.576 eV so as to fit the calculated lowest singlet of s-triazine to
the observed value. The value used for a§™ —ag™ and how it is obtained are not clear.

(b) Theoretical Justification. One attempt to justify the zero differential
overlap approximation is to assume that we are using orthogonalized
AOQ’s as the basic functions instead of usual overlapping AO’s (Léwdin,
1955; Parr, 1960).

For the sake of simplicity, let us consider the two = orbitals of C,H,
again. Starting from the AQ’s n, and =, which are usual Slater or Hartree-
Fock AO’s, we can make orthogonalized AQ’s, 7, and 7,, by the sym-
metric orthogonalization procedure!?:

Mo = Ay = Uy, @L.1)
Ty = —um, + Am,

12 In general,
T=n(l+8)"'?

where T = (7,77, --+) and S is the overlap matrix
0 (malm) (mralare)e o
S={@mlm) 0 (mlm).-- ).

This procedure was first proposed by Léwdin (1950).
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where
A= -8+ 1+ 8713,

p=HI =97 — (14571,
If we expand 7, in terms of S, we get
T, = (1 + 38%n, — 1Sn, + O(S?). (21.3)
When S = (n, | n,) = 4, we have
7T, = 1.02457, — 0.1301 x,,

If we assume that we are using these orthogonalized AQO’s as our basis,
then the overlap integrals are strictly vanishing. How about the electron
interaction integrals? Roughly speaking, two-center Coulomb integrals
(aa | bb) retain values similar to those calculated using the original over-
lapping AO’s. On the other hand all others—hybrid type (a@a | ab), exchange
type (@b | ab), and many-center type (ab|cd)—which contain at least one
ab-type charge distribution become very small,

Table XV shows the situation in the case of C4Hg. In this table, the
orbitals a, b, ¢, and d are situated along the ring in this order.

(21.2)

TABLE XV
ELECTRON INTERACTION INTEGRALS OF CsHg

(1IN eV)4

Electron ~—

interaction integrals AO A0

(aa|aa) 16.930 17.618

(aa| bb) 9.027 8.924

(aa| cc) 5.668 5.574

(aadd) 4.968 4.876

(aa| ab) 3.313 —0.115

(aa | be) 1.870 —0.048

(aa| cd) 1.421 0.036

(ab | ab) 0.923 0.088

(ab | bc) 0.677 0.017

? From McWeeny (1955).

We can interpret the situation in the following way. Since the Coulomb
integral (aa|bb) represents the interaction between two more-or-less
localized unit charges, the value does not depend too strongly on the shape
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of the charge distribution. Other types of integrals involve at least one
charge distribution @b which has zero net charge; therefore the values are
small.

The situation is also connected with the remarkable success of the
Mulliken approximation in the evaluation of molecular integrals, i.e.,

(ab| p(2)) = 1Sau{(aal p(2)) + (bb ] p(2)}, (21.4)

where p can be any charge distribution.
Using (21.3), we have the expansion

77, = (1 + 1SH)m,m, — 3S(n,7, + mym,) + O(S?), (21.5)
so that
(@b]p)= (1 +18?)ab| p) ~ 4S{(aalp) + (bb|p)}.
By using the Mulliken approximation (21.4), we get
(ab| p) = 4S*(ab| p), (21.6)

which is much smaller than (ab | p).
On the other hand, a similar expansion gives

fi i, = (1 + 3SHn,m, — Sn,m, + 8% m,m, + O(S?). (1.7
Then
(@a|bb) = (1 + 3S*)(aa | bb) — S(aa | ab)
— S(ab| aa) + }S*(aa|aa)
+ 15%(bb| bb) + S*(aa | bb). (21.8)
If we use the Mulliken approximation, (aa | bb) reduces to
(@a | BB) = (1 + 1S%)(aa | bb) — 18%{(aa |aa) + (bb|bB)}. (21.9)

Thisis expected to be not so different from (aa | bb). Thus, once the Mulliken
approximation is accepted, the Coulomb-type integrals defined over
AO’s are shown to be much greater than other types of integrals.

The zero differential overlap approximation used in overlap and electron-
interaction integrals is not an unreasonable one if our basis is a set of
properly orthogonalized AO’s (AO’s).

The core resonance integral should be interpreted as

- = (Lal £ 2)s (21.10)

but, as it is treated as a parameter, there is no problem about this.
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The third basic approximation is about the one-center Coulomb integral
(19.6). The reason for this approximation can be found in Moffitt’s argu-
ment explained in Section 13. Does the interpretation that our basic
orbitals are AQ’s affect the argument? In order to answer this question,
we express the original AO’s in terms of AO’s, again considering a two-
center problem:

Mo = Ao = Wy, 21.11)
ny= —u'w, + A7,
where
¥ =HA+ S+ (1 -8,

p=—=HA + 5" -1 - 82}, (21.12)
Using (21.11), we obtain
(aa|aa) = A'(aa|aa) — 443w (ba | aa)
+ 22%w?{2(ba | ba) + (bb| aa)}
— 4)'w'*@a| ab) + w'*(bb| bb). (21.13)

On the right-hand side, we retain only Coulomb integrals, because they
are much bigger than the others,

(aa|aa) = X*(aa|aa) + 242w*(bb |aa) + w'*(bb| bb).  (21.14)
If the two atoms a and b are the same, we have
(aa|aa) = (aa|aa) — $S*{(aa|aa) — (aa | bb)}. (21.15)

The second term is estimated to be around 0.3 eV; therefore (aa|aa) is
slightly bigger but not so different from (aa|aa). We may conclude that
interpreting AO’s as our basis does not conflict with the 7 — 4 approxima-
tion.

How about the core Coulomb integral «°°*? For the homopolar two-
center case, we obtain in a similar manner:

Fore — (1 + S2)acore _ Sﬂcore + 0(53) (2116)
On the other hand,
Bcore _ (1 + SZ)ﬁcore — Socore + 0(S3) (2117)

Eliminating $°°" from (21.16) and (21.17) we get
&COI‘C — acore — Sﬁcore‘ (21.18)



296 Kimio Ohno

The second term — SB°" is about £ eV in C,H, and C4Hg. Although
it is the largest correction we have met in changing our basis from AO’s to
‘AO’s, this is again not so big.!?

In conclusion, we can perhaps say that, by interpreting the basic AO’s
used in the Pariser-Parr-Pople calculation as the properly orthogonalized
AO’s, we can justify the zero differential overlap approximation (at least
to some extent) and the other basic assumptions are unaffected.

22. Simplified SC LCAQ Scheme
By adopting the formulas of the Pariser—Parr—Pople method, Eq. (16.14)
of the self-consistent LCAQO method is very much simplified.
Remembering that the Hamiltonian is given by (19.3) and that

(ab|cd) = g6 Haa cc)
under the zero differential overlap approximation, we obtain
(Faa= Gl F 1 1)

= @l S 17 + z . clen2(bb|a3) — (@] aa)6a)

= aP"* + (ga|aa) y leu* + Y. (bb|aa) Y 2)eyl? 22.1)
i=1 b#a i=1
and

(§)ab = (Za I F | Zb)

= (X! f1 %) — (@aa| 55)_; CaiChi

= B — (@a| 5B) 3 cteys. 22.2)
=1

The summation over i is to be taken over all occupied = molecular orbitals
and it is tacitly assumed that each atom has one n AO.

As we shall see later, the quantity z,.2|c,,i|2 is called the = electron
density on atom a and is often denoted by g,. The quantity Y (ckcy; + c,ich)
is called the bond order between atoms a and b and is denoted by p,,.

Using (19.11), that is to say using (19.7), (19.8), and (19.10)—all three

13 Taking the correction —SB“’" to a°' into account, we get, as the ionization
potential for C;H,, 12.9 eV instead of 13.6 eV. The improvement is not sufficient, the
observed value being 10.6 eV.
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being approximations—we obtain
(‘?)aa = _Ia + %qa(aa I aa) + Z (C_ll uc | a)
+b; {(g» — 1)(a@a | bb) + (@l u,|a)}. (22.3)

Introducing the 7 — A approximation,
(aalaa)=1,— A, (22.4)
and neglecting the penetration integrals,

(@|uy|a) =0, (22.5)
we reach the equation

(Flaa = =L+ 3.0, — 40 +b; (g5 — 1)(@a| bb). (22.6)

The notation becomes more compact by denoting the Coulomb integral
(aa | bb) by 7ap:

(Foa= ~(1 = 34)I, — 19,4, + 2@~ Dan (22.7)

For the off-diagonal element of &, we have

(F)as = B — Ypusras  for neighbors,
= —3DasVab for nonneighbors. (22.8)

Equations (22.7) and (22.8) are the basic equations for the self-consistent
LCAO method in the Pariser-Parr-Pople approximation. The equation
to solve is [cf. (16.11)]

Fc, =zgc, (22.9)

23. General Remarks

The Pariser—Parr-Pople method is not very complicated. The only
molecular integrals which must be evaluated are of Coulomb type. Theo-
retical values of these between 2pm — 2pn evaluated by using Slater-type

14 Some numerical examples of penetration integrals are as follows:
—0.989 eV in C,H,,
—0.856 eV for the nearest neighbors
—0.013 eV for the next neighbors in Cg¢Hg.
—0.003 eV for the third neighbors
Although they themselves are not negligible, we may reasonably hope that their effects
on spectra and other molecular properties are quite small.



298 Kimio Ohno

orbitals are available in the existing tables. When 3pn and 3dn orbitals
are present, the problem is a little more difficult, not only because we have
to calculate additional molecular integrals with them, but also because we
know less about the shape of these AO’s.

The P-P-P method works very well for hydrocarbons and simple
heterocyclic molecules in predicting energies and intensities of their
spectral lines. However, it still causes considerable error in predicting
ionization potentials and electron affinities of those molecules unless we
treat the a®®"® as parameters. In the latter type of problems, absolute values
of o come in, while we do not need them in discussing spectra.

Applications of the method to various heteropolar and bigger molecules
and to n— z* transitions are being actively explored [see, for example,
Parr, 1963; Lykos, 1964; I’Haya, 1964; Gimarc and Parr, 1965 (esp.
refs. 173-191)]. There is the difficulty that the number of parameters
increases rapidly with the size of the molecule and the variety of atoms
involved. Several investigators (see, for example, Berthier er al., 1963;
Ellison and Huff, 1963; Leroy, 1963; Ohno, 1964; Fischer-Hjalmars, 1964)
have looked into the problem of choosing these parameters but we do not
seem to have a unified way yet. The extension of the P-P-P method to
make it applicable to the o system as well is also under vigorous investiga-
tion.

At present, the P-P-P method seems to be the best compromise between
accuracy and ease of use in the n electron calculation of moderate-size
molecules.

IV. Simple Molecular Orbital Theory

24. Basic Assumptions

The simple molecular orbital theory which will be dealt with in this
section was originated by Hiickel (1931, 1932) and is sometimes referred
to as the Hiickel MO method.

The first basic assumption is that of the o-n separation, which is
common to all the methods treated in this note.

The second basic assumption, which is characteristic of the simple
MO theory, is

N
H(1,2, ... N) =Y hei). (24.1)
i=1
This means that the electrons are supposed to move independently in a

potential field in which electron interactions are taken care of in an
averaged form. A one-electron operator h,¢ describes their behavior. This
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statement applies to the Hartree-Fock method and its single-body operator
F . However, there is a difference between the two operators A and &
(see below).

If we adopted assumption (24.1), then the many-body Schrédinger
equation can be separated to a set of one-electron equations. A total wave
function is expressed as a simple product of molecular orbitals ,:

N
Y(1,2,... N)= [T ¢ (24.2)
i=1
Each molecular orbital is an eigenfunction of A,
heeelhs = ;. (24.3)
The = electron total energy E” is
E" = Z n:;, (24.4)

where n; is the occupation number of orbital i, and can take the values 0,
1, or 2.
When an electron is excited from i, to ¥, the excitation energy E,, is
given by
E.,.=¢—¢. (24.5)

Although (24.3) has a form similar to (16.3), the total energy (24.4)
and the excitation energy (24.5) are given by expressions different from
(16.6) and (16.9). In the latter, there are electron interaction terms as big
as the orbital energy difference.

As electron interaction is not explicitly taken into account in the simple
MO theory, there is no energy difference between singlet and triplet states.
There is no possibility of having a high spin state (S > 1) unless thereis a
degeneracy in the highest occupied level.

As far as the writer knows there has been no rigorous argument justi-
fying assumption (24.1) and also no suggestion about the nature and the
form of A Nevertheless, the theory has been quite succesful in describing
(ground state) properties such as charge densities, bond order, dipole
moment, and even resonance energy, etc. The theory is known to be less
successful in the discussion of ionization potentials, electron affinities, and
excitation energies.

Let us turn to the third basic assumption. This is quite familiar; the
MO’s are expressed as LCAO’s:

W.' = Z caiXa' (246)
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The coefficients ¢,; are determined so as to minimize the orbital energy
&

Let us assume that all the AO’s are real. This is allowed except when the
original Hamiltonian contains i. Then all coefficients are also real.

Introducing so-called Coulomb and resonance integrals,

Qg = (Xal het‘i | Xa), (247)
)Bab = (Xn| heff IXb)’ a # b’

we can write the orbital energy &; in the following form:

& = ('pi | Bege [41))
= Z c:iaa + Z 2caicbiﬁab' (24.8)
8 a<b

Instead of finding a minimum of ¢; with respect to variations of the ¢,;
under the constraint that the MO is normalized, we may take free variation
of the following quantity:

1=l hege | W) — i)
=3 (- )t + Y. (2Bap — 26Sa)CuChis
a a<b

where S, is the overlap integral between atomic orbitals @ and b. The
condition 61 = 0 with respect to variations of ¢, leads to

(aa - e)cal + bz;, (ﬁab - asab)cbi =0. (249)
The orbital energies ¢; are determined from the secular determinant

% —¢& Byz — Sy,8
B21—S218 %y —¢&
. . =0 (24.10)

Putting a value of ¢; into (24.9), we obtain the ratios c,;/c,; and adding
the normalization condition we can determine the values of the ¢,;’s.

In the simple MO theory a and f are usually treated as empirical para-
meters, but often they are considered to be characteristic to atoms and
bonds. In other words, they are supposed not to depend on the environ-
ment but only on the atom or the bond itself.
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25. Neglect of Overlap Integrals between AO's

The overlap integrals which appear in (24.9) and (24.10) may be cal-
culated and a number of calculations by the simple MO theory include
overlap. On the other hand, quite often they are simply neglected.

As the relation between the two types of calculation, with and without
overlap, has not always been clear in the literature, we shall examine it in
the case of C,H,.

The idea is again to note that we are using orthogonalized AO’s as our
basis in the calculation without overlaps and usual overlapping AO’s in
the calculation with overlaps. As they differ only in the choice of basis of
representation, physical quantities like orbital energies must be the same
in these calculations if we choose suitable parameters.

With the nonorthogonal basis, the secular determinant for C,H, is

a—e f-Sel_ (25.1)
B—Se a—c¢
and the solutions are
. a+p a+ﬂ—<xS
1= = N
1+S 1+S (252
_a—f B —aS
2T sT T 15"

With the orthogonal basis, the secular determinant is

i-e B |_, (25.3)

and the solutions are simply
e =& + B,

&y =0 —ﬂl'

(25.4)

From the relation (21.1) between AO’s and AO’s we obtain

_ a—pS ﬁ—aS
i=i—r FPiTe

(25.5)

and

x=&+pBS, PB=Pp+as. (25.6)
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If we determine the B value by fitting it to the mean value of observed
singlet and triplet excitation energies, we have
—2B=4(7.6 + 4.6) eV,
B=—-305¢eV.

By equating —(& + f) to the observed ionization potential of 10.62 eV,
& is determined as
&= —17.57¢eV.

Assuming S = 0.25, we obtain
a= —8.33¢eV, p=—494¢eV.

The levels are illustrated in Fig. 7. Although the above choice of para-
meters is certainly arbitrary, it should be noted that considerably larger

7/
// B-aS B
// 1-8
54§_/_ _________
o \(—— = ——-—
N\ g-aS B
A\ 1+8

€

Fig. 7. Schematic energy levels of C,H, by the simple molecular orbital theory.

resonance integrals must be used in the calculation with overlaps than
those in the calculation without overlaps. We cannot carry parameter
values over from one to the other. On the other hand, the difference
between « and & is not so large.

26. Bond Order and Charge Density
When molecular orbitals are expressed as LCAQ’s,

‘/’i = Z Coikas (26.1)
the 7 electron charge density on atom a is defined as
9da = Z nicfi’ (26.2)

and the bond order between atoms a and b is defined as
Par = Z R;ChiChys (26.3)
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when overlaps between AQO’s are neglected. When overlaps are not
neglected, (26.2) and (26.3) are replaced by

da=), ni{cfi +Ca ) CbiSab} (26.4)
i b(#a)
and
D=1, ni{caicbi +4cs Y, CaiSaq + ey Y ceisbe}s (26.5)
i d(#a) e(#b)
respectively.

If a and b are not neighbors, the bond order is usually taken to be zero.
In (26.2) ~ (26.5) n;, the number of electrons in the MO y;,is0 or 1 or 2.

If the electronic state we are considering is a closed-shell state, namely
each occupied MO has two electrons and overlaps are neglected, then

4. =2Y (ca)?
" (26.6)
Pap = 2._21 CaiCi-

Example 1. The simplest example is C,H,. In this case n =1 and

1
./l = \75 (na + 7zb)’

the overlap integral being neglected. We have
da=qp=1
and
Pap = 1.
Example 2. In the case of C4Hg, by neglecting  for nonneighboring

atoms, the secular equation has the following form
Beiey + (@ —68)c, + Pere, =0, k=1,...6. (26.7)
Let us assume

= eiko 15

15 In this argument it is more convenient to allow for complex values of c¢;. We
could transform them to real numbers by making use of degeneracies of orbital energies.
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From the condition ¢, = ¢, 8 =nn/3, n being an integer. Equation (26.7)
then takes the form

a—e,,+2ﬂcosf3f=0,

nw

&, = o + 2B cos 3

We obtain the following three lowest eigenvalues and eigenfunctions:

1
n=0, g = o + 28, l»0o=\’7—6(7fl‘|'752'|"713‘*‘”4."'755'*‘”6)’

1 . ,
n=x1, ey=a+p, Y= \72(,11 I S
— Ty — ei(n/3)77:5 _ ei(2u/3)71,6),
1 —i(n/3) —i(2n/3)
l/’-1=—/—6(711+e my + e s
V
-7, - e—i(n/3)n5 _ e—i(zn/a)%).
From these we obtain
d1=q92=43=4s=qs=4qs = 1,
P12 = P23 = P34 = Pas = Ps¢ = Pe1 = %-

The total = electron energy E” is, under the present approximation,
given by

E'=2)¢. (26.8)
Inserting the expression of orbital energies (24.8) into (26.8), we obtain
E* =Y 0,3 2¢5+2) Ba ) 2¢uichi
a i a<b i
=2 %o+ 23 PasPar (26.9)

As ET is stationary with respect to variations of the c,;’s, for any small
changes of o and f8, we have

6E" = Z qaaaa + 2 z Pabaﬂab (2610)
a a<b
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or
J0E™
9= 3
a (26.11)
_10E"
DPap = 2 6ﬁab.

The n bond order is considered to be a measure of bond strength, and
there is a relation between bond orders and bond lengths. The bond
length depends, of course, on the type of ¢ bond between the two atoms
and it is known that hybridization plays quite an important role in deciding
the equilibrium internuclear distance (Coulson, 1948). Let us take, for
example, the C—C bonds where both C atoms are in the sp* hybridized
state. Molecules such as C,H, or C¢H¢ and graphite belong to this
category. The bond length R,, is expressed as a function of bond order
Pas as follows:

, (26.12)

Pap

where S, and D,, are the lengths of single and double bonds, respectively,
between atoms a and b and K, is a constant. This formula was proposed
by Coulson (1939) and derived by him as follows. For the equilibrium
bond length R, the following equation should be satisfied:

0E  O(E°+E% QE° OE" dp,
_ - =0, 26.13
aRab aRab 6Rab a:Bab dRab ( )

where we assume that E = E? + E", that « is independent of R,,, and also
that B, is a function of R,,. Let us express E? as a sum of o bond energies,

kS
E* =const + ¥ (R — Su)’, (26.14)
a<b
where k5, is a force constant for a ¢ bond. Then we obtain

OE°
R,

= kas(Rap — Sap)- (26.15)

Similarly for a double bond we have

O0E
OR,,

= kZb(Rab — D,y). (26.16)
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For a typical double bond like the one in C,H,, we have, from (26.9),
E*=20+28=E — E°. (26.17)
By differentiating (26.17) by R, we have
dBa _1 ( 0E aE")
dR, 2\0R,, ©OR,/)

By making use of (26.16) and (26.15) we can transform the right-hand
side of the above equation; the result is as follows:

dap, s
dR > = %kﬁb(Rab - Dab) - %kab(Rab - Sab)'
ab

Putting this expression into (26.13) and using (26.15) and (26.11), we
obtain

k3 (Rap — Sap) + Pas{kis(Rap — Daup) — kip(Rap — Sap)} = 0.
Solving this equation for R,,, and denoting k3,/kZ, by K, we reach (26.12).

27. Alternant Hydrocarbons

A hydrocarbon molecule which does not contain a ring composed of an
odd number of unsaturated carbon atoms belongs to the class of alternant
hydrocarbons. For such molecules, we can divide the unsaturated carbon
atoms into two sets in such a way that any two adjacent carbon atoms
belong to different sets. This is illustrated for benzene and phenanthrene

in Fig. 8.

Fig. 8. Benzene and phenanthrene.

We number all the atoms of one set from 1 to /4 and all the atoms of the
other set from A + 1 to m. We neglect overlaps and f’s between non-
neighboring atoms and, since «’s are supposed to be the same, (24.9)
becomes

(@—8cat+ Y Bacy=0, a=12..h
b=h+1 7.1)
h

(a—ec,+ Y Buwc,=0, a=h+1,h+2,..m
b=1
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Putting ¢’ =& — a, we obtain a secular determinant of the following
form:
-

P o3| 0, (27.2)
where I and J are the unit matrices of dimension h and m — h, respectively,
and P and P are rectangular matrices of dimension # and m — h. Multi-
plying the first A rows by (—1), and then the last m — h columns by (— 1),
we obtain

A(e) =

N o €T — _ ml €L B
A(g) = (-1) B —cd =(—1) B ood
=(=D"A(-¢). (27.3)

This means that when ¢, is a root of A(g') = 0, —¢; is also a root.

When the number of atoms (= the number of roots) m is even, all the
roots of A(e") = 0 occur in pairs of equal absolute magnitude and with
opposite signs. We will assume that the ¢;’s are all distinct and will discuss
only closed-shell states in which each occupied MO contains two electrons.
Since we assumed no degeneracy exists, ¢’ =0 cannot be a root of the
secular equation, and the above result tells that

&' <& < <l <0<ty <eppaiz < <8y,
(27.4)

’ _ ’
bm—i+1 = —& -

This is called the pairing theorem. All orbitals with negative ¢’ are doubly
occupied and those with positive & are unoccupied.

If we replace ¢’ by — ¢’ and ¢, by —¢, for a=1,2, ..., h, the secular
equations (27.1) remain unchanged. Therefore, we obtain

Cam—i+1 = —Cais a= la cees h’ (27 5)
Cam—i+1 = Cai> a=h+1,..,m

These relations tell us that if we excite an electron from ; to \,,_; .+, the
contribution of that electron to any bond order is reversed in sign but
unaltered in magnitude.

When the number of atoms m is odd (we still assume that ¢;”’s are all
distinct), all the MO’s except one occur in pairs with orbital energies
g; and —¢; ; the remaining one must have energy zero. We have, therefore,

g <8 < < Eyme1) < Epme1y = 0 < Eymezy <0 < 8pys

' _ ’
Em—it1= —& .

(27.6)
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All the orbitals with negative ¢’s are doubly occupied and the Y44 is
singly occupied in the ground state. For orbitals ; and ¢,,_;,, which
makes a pair, the relations (27.5) hold.

Let us consider the nonbonding MO /41y For this orbital, the
orbital energy ¢ is equal to « (¢’ = 0), and from (27.1) we obtain the follow-
ing two sets of equations:

m

ﬂabcb = 0’ a= 19 2a ) h,

b 1

=7+
h
Zﬂabcb':()a a=h+1,h+2,..,m.
b=1

For the first set of equations, there are & equations for m — & unknown
¢’s, and in the latter, there are m — h equations for 4 unknown ¢’s. Without
loss of generality, we can assume h > m — h, because otherwise we can
simply interchange the name of the two sets of carbon atoms. Then for
the first set of equations, the number of equations is greater than the
number of unknowns, and in general the only solution is

Chig = Chez =" =Cp=0.

Thus the nonbonding MO has vanishing coefficients for all the atoms
belonging to the set which contains less carbon atoms than the other. Thus
the contribution of the odd electron in ¥4+, to the bond order of any
bond is zero. In the case of benzyl radical, the coefficients of nonbonding
MO are as follows:

1
o V7
-1 o .2
T vT
o 1
T

There are some simple rules about the charge densities and the bond
orders in alternant hydrocarbons. First of all, when m is even, we have

oce all

d.=2) ch=) @1.7)

where the second equal sign holds because of (27.5). Since both AO’s
{x.} and MO’s {y;} are orthonormalized, the coefficients c,, in

l//i = ; CaiXa (261)
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can be regarded as the directional cosine between ¥; and y,. We now
reverse the role of ; and y,; then we have

all
Xa= Z clawi'
Since y, is normalized,
1=(ultd =2 ke

Combining this relation with (27.7), we obtain the important relation

4, = 1. (27.8)

It is easy to see that this relation holds also when m is odd. This also holds
even if we do not neglect the overlaps between AQ’s. Therefore, in alternant
hydrocarbons, every carbon atom has exactly unit © electron charge
according to the simple Hiickel theory.

From Cauchy’s inequality

(o =()5)

we obtain
Py < 4uds = 1,
namely
|Pasl < 1. (27.9)

This means that no bond in an alternant hydrocarbon can have more
double-bond character than the C—C bond in ethylene.

Now let us consider the effect of a small change of the Coulomb integral
of atom a in an alternant hydrocarbon. This change

o, — o, + oo,

can be caused by a change of attached atom or group (e.g., H— CH;)
or by introduction of a hetero atom in the ring (e.g., CH — N). This
causes a change of electron density on atom b and this is given, to the first
order, by

_ %

0q, = oo, = My, 00, (27.10)
oo

a

The newly defined quantity =, is called the mutual atom polarizability
and the following relation holds [cf. (26.11)]:

Y7 da,  Ou,0uy oy

(27.11)
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In words, a change in «, produces the same change in charge density at
atom b as a similar change at atom b would produce at atom a.

By the perturbation calculation, we can calculate dg, or m,,. When the
one-electron operator is changed from A to A + AV, the new MO can

be expressed as
Y=y’ + > )'ijw_]o’ (27.12)
JiFD

where ,%’s are unperturbed MO’s and
(I/IJOIAVllp,O) c c° (XblAVIXC)

,{.._—-——_
if 0 bjtci 0 0
g% —¢° & g — ¢

(27.13)

We assume that we may neglect the effect of AV except that on «, and
thus we write

(Xb | AV I Xc) = 6aa5ab6ac; (27. 14)
da,
Aij= ca?jcz(z)i 0.0 (27.15)

i J

The perturbed charge density at atom b is expressed as

occ

aGb=2 2 + L henl®
i J

The change in the charge density becomes, to the first order,

occ all
0gy=qy—q,° =4 Z _(;_)lijcl?icgj-
i j(#i
Using (27.15), we obtain
occ all 0.0 ,0 .0
sap =43, § il
i j(#F)) & — &

occ occ

C C C Cb
=45az Z ai’ a} bi j
i J(Fi) 8- 8-

oce unocc LO Co Cmch

+4(5az Y =

i jFi & — 8
The first summation ) {39, vanishes, because (c9c2 encape’ —
antisymmetric with respect to the interchange i — j. Therefore,

OocCC unocc

00y =462, CiCajChich; (27.16)
i & T g

As we have seen in (27.4) and (27.6), there is a one to one correspondence
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between occupied and unoccupied orbitals. Making use of this we can
change the summation ) ) 4"°*° in (27.16) to the summation ) ?°°) 2",
If atoms a and b belong to the same set, we have

0 __ 0
Ej __8k9

o,0 _ ,0 0,
cajcbj = CakChk>
thus we obtain

0oceC occ

0
5, = 40, ). 3 T5r g C‘"C’" ""C"" = 460, F(c%c2cc0). (27.17)
k

Writing ¢2¢?; =&, and noticing

1
F=32¢% Z aék
and
0*F 1

- <0,
0508,  &° +3k0<

we can deduce that

& Calcbl akcbk
F= <0,
Z kz g° +¢g°
This means
dq, 2 0, when do, £ 0. (27.18)
When atoms a and b belong to different sets,
ngcbj = _cgkcl(;)k’
and we obtain the result
4q, 2 0, when oo, 2 0. (27.19)

By replacing CH by more electronegative N, we have da, < 0. Therefore
the charge densities on atoms belonging to the same set as a increase, g > 0,
but on the other atoms decrease, 6g < 0.

The = electron charge distribution of pyridine is illustrated below as an
example:

N1.10

0. 95

1.01
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The above result about the alternating sign of dq provides a theoretical
basis for the law of alternating polarity. The latter says that, in a conju-
gated molecule containing one hetero atom or substituent, the atoms are
alternatively more and less susceptible to anionoid or cationoid reagents.

The concepts and theories explained in Sections 26 and 27 have been
developed largely by Coulson and Longuet-Higgins. For more detailed
discussions, the reader is referred to their original papers (Coulson, 1940;
Coulson and Rushbrooke, 1940; Coulson and Longuet-Higgins, 1947a,b;
1948a,b; Longuet-Higgins, 1950a,b).

28. Estimate of Coulomb Integrals o

As we have seen in Section 24, the basic equations in the simple Hiickel
theory are the secular equation (24.9) and the determinant (24.10). Once
we choose our a and # parameters—evaluation of S, if we do it, being not
so difficult—calculations can go straightforwards. The crucial point in
this method, therefore, is how to choose « and § integrals.

Although o’s and f’s are usually treated as semiempirical parameters,
the number of them becomes too great for this to be done if we want to
deal with a fairly big heterocyclic molecule. It would be very nice if we
could have an equation which predicts at least approximate values for
these parameters. It may be impossible to have such an equation. At any
rate, it will be worth reviewing some presently available methods to
determine o’s and f’s.

We will take up the Coulomb integral in this section. Usually o for the
carbon 2pn orbital in benzene or similar hydrocarbons is taken to be a
reference point. The deviation is expressed in units of the resonance
integral for such systems:

oy = 0¢ + 3,Pcc- (28.1)

As we have seen in (27.2), ac can be absorbed in the orbital energy &
when the overlap integrals are neglected.

(a) Purely Empirical Method. Let us take the nitrogen atom as our
example.

(al) The original suggestion was made by Wheland and Pauling (1935),
InE=2;

{a2) Lowdin (1951) recomended the value
on=0.6

on the ground that it leads to the correct dipole moment of pyridine;
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(a3) Orgel and others (1951) reached
5N = 1.0

on the same ground as Lowdin’s; this criterion is not decisive, for it
depends on the value assigned to the dipole moment due to the
o electrons;

(a4) Hameka and Liquori (1958) proposed
on=04,
by estimating the ¢ contributions to dipole moments carefully and
fitting their value for a number of N-containing heterocyclics;
(a5) Lofthus (1959) concluded that
on=09~1.0, for nitrogen in six-membered ring,

and
oy =1.8~2.0, for nitrogen in pyrrole,

by using the bond-order bond-length relation in fitting calculated
bond-length with observed data. '

(b) Estimate from Electronegativities.

(b1) Sandorfy (1949) proposed the formula
a, = 0c —,
Xe

where y denotes the electronegativity of the atom; if we assume
ae=—11.4eV, fc=—2.8 eV, this relation gives oy = 0.8;

(b2) Mulliken (1949) suggested the relation
6a = K(Xa - Xc)
where K is a constant;
(b3) Laforgue (1949) claimed that if we take Pauling’s scale for electro-
negativities, we can take K=1, namely
6:1 = Xa — Xcs
according to this, we get oy = 0.5.
(¢) Estimate from lonization Potentials. Spanjaard and Berthier (1961)

made an estimate of a by simply putting it equal to the ionization potential
with sign reversed of an electron in that orbital,

o, = —1,
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The ionization potential of a = electron in the valence state (tr tr tr n) was
taken to be 11.54 eV and the standard C—C resonance integral to be
—2.06 eV. Thus we have

I,—11.54
This gives
dy (pyridine) = 0.4
and

dy (pyrrole) = 1.0,

Ohno and others (1963) modified the above procedure slightly and «
was equated to an electron affinity for empty AO’s (e.g., 4s and 4p of
Fett),

If we try to sum up the situation in a word, it is a mess. In 1947, Coulson
and Longuet-Higgins (1947a) stated: “a, is the energy of an electron
confined to nucleus r. ... It is not possible at present to calculate this energy
with any accuracy.” In 1965, the situation has hardly changed. The
difficulty arises from the fact that we do not know the exact nature of 4.
Sometimes it is assumed that A is a Hartree-Fock single-body operator
for a molecule. This would certainly give a rather good charge distribution
in the molecule. However, as we have seen in Section 16, the total energy
and excitation energies cannot be expressed as the simple forms of
(24.4) and (24.5). The safest way is to treat them as purely empirical
parameters and to be prepared to use different values for discussing different

molecular properties.

29. Estimate of Resonance Integrals 8

The situation here seems to be a little better. One reason is that mole-
cular properties such as charge distribution depend less sharply on 8
than on differences in a.

(a) Purely Empirical Method. A typical example of this is due to
Hiickel himself (1931, 1932). He calculated resonance energies'® of some

16 The resonance energy is defined as the amount of energy lowering of a molecule
below that of its most stable valence bond structure. It is a widely used and useful
quantity but is not physically observable. In comparing the resonance energy with
experimental data, the compression energy due to the change of bond length should also
be taken into account.
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hydrocarbon molecules and obtained the results shown in Table XVI.

TABLE XVI

RESONANCE ENERGIES OF SOME HYDROCARBONS

Empirical®
Molecule (kcal/mole) Calculated B (kcal/mole)
Benzene 37 —2.008 —19
Naphthalene 75 —3.6883 —-20
Anthracene 105 —5.328 —20
Phenanthrene 111 —5.458 —20

% Empirical resonance energies can be estimated by using the heats
of combustion of the molecule and an assigned bond energy of each
bond.

(b) Estimate from Qverlap Integrals. Wheland (1942) proposed the
formulas:
Sab

Sec’

The AO’s g, and y, should not differ too much from the carbon 2pn
orbital. The definition of g, itself suggests the proportionality

Bas = Bec (29.1)

Ba = fxahmxb dv~ fXaXb dv = Sy,

and (29.1) is used very widely.

(¢) Estimate from the Bond Energies of Single and Double Bonds. This is
due to Lennard-Jones (1931) and is based on the idea that 2f is a measure
of the difference between the energy of a double bond and a single bond.

Denoting the bond energy of a single bond between atoms a4 and b
as Ej, and so on, we have the formula

Ey — E
b = B —Exc
If we apply this to a C—N bond, we obtain the result Sy~ Bcc.

(d) The Wolfsberg-Helmholz Approximation. In this approximation, the

resonance integrals are estimated by

Bec- (25.2)

R 29.3)
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where the constant K is 2 for a = bond and 1.67 for a ¢ bond. Wolfsberg
and Helmholz (1952) found this formula adequate in their study of the
energy levels of homonuclear diatomic molecules of first- and second-row
elements. Unfortunately the details of the calculations are not published.
The basis of this approximation therefore remains not quite clear but
this is certainly very convenient in reducing the number of unknown
parameters. One difficulty about this formula is that the resulting orbital
energies depend on the choice of the reference point in energy. In other
words, the transformation

hege = hege + K,
where k is a constant, does not cause the result
& — & + k

as it should. If we require this property, the constant K should be unity.
In conclusion, we have to say again that the method of estimating
resonance integrals has not been established.

V. The Validity of the o—= Separation

30. Charge Distribution of o and 7 Electrons

Coulson et al. (1952) calculated the electron density in benzene in the
plane 0.35 A above the molecular plane. They did it for ¢ electrons and
7 electrons separately and compared the results. They found that there is
only a very small region, directly above each of the six carbon nuclei,
where the charge density of the m electrons is as great as that of the ¢
electrons. This means that the n electron charge cloud does overlap con-
siderably with that of o electrons. Under these circumstances, it is very
natural to think that any change of = electronic state—e.g., excitation of
an electron to a higher orbital—would cause some change of the o part.
Thus this calculation threw a considerable doubt on the validity of the
6-n separation.

31. Calculations without the c—r Separation

Altmann (1952) made a calculation on C,H, without the o—n separa-
tion. His calculation is based on the valence bond method or the Heitler—
London-Slater-Pauling method and the o-n resonance effect is taken
into account. The ls electrons of carbon are shrunk into the nuclei as
usual. More drastic approximations are that ionic structures are neglected
and orthogonality between AO’s is assumed.
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His conclusion is that the usual = electron approximation is by no
means satisfactory. He observed that the o—n resonance effect is parti-
cularly important in the excited states. However, since his calculations are
so approximate, especially in that no ionic structures are included, it is
difficult to judge whether his conclusions can be trusted.

The contrary conclusion was reached by Moser (1953). Again the ethy-
lene molecule is treated but by the MO method this time. Besides two
7 electrons, two g electrons which take part in the C—C bonding are
taken into account. Assigning the four electrons in the four MO’s available,
eight wave functions belonging to '4, are obtained. Estimating the dia-
gonal elements of the Hamiltonian with respect to these eight wave
functions, Moser concluded that the effect of ¢ excitations should be very
small in the ground state. Ross (1952) made a similar investigation on
C,H,. He also concluded that the effect of ¢ excitation is small.

Parks and Parr (1960) made a detailed investigation on H,CO, treating
it as a six-electron problem. They adjusted the ¢ wave function to the
7 wave function and then vice versa until they reached self-consistency.
Their conclusion is that the fixed ¢ part assumption may lead to only
small errors in energies but is not always good in determining wave
functions.

All these investigations have been carried out on simple molecules.
The o—n configuration interaction would become more important when
the number of atoms in the system becomes large. This means the o-n
separation is more doubtful for bigger molecules.

The soundness of 7 electron approximation which is accepted and
proved to be so useful in organic chemistry remains to be justified theo-
retically in the future.
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I. Introduction

In science one of the most important goals is to explain all the numerous
phenomena in nature of varying character by means of a few basic prin-
ciples, i.e., to reduce complexity to simplicity. Several times in history,
the development of science has reached such stages that one has believed
that the highest degree of simplicity has actually been achieved. Two
important examples are provided by Aristotle’s philosophy and Newton’s
mechanics, but further development has shown that these epochs did
not represent final stages but essential ‘“‘plateaus” in the development of
science. The natural sciences of today are essentially built on modern
quantum theory and, even if the basic principles have now a higher degree
of simplicity than ever before, there are no real reasons for believing that
one has actually reached the “final” stage. Keeping this important fact
in mind, one may still find it very interesting to investigate the present
“plateau” and to study how far modern quantum theory is able to explain
the basic phenomena in nature.

A. Classical Mechanics
In order to understand the principles of modern quantum theory, it
may be worthwhile to study the breakdown of classical physics and the
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development of the new ideas. At the end of the last century, the mechanical
model of the world was dominating physics, and the universe was assumed
to consist of a number of particles moving with respect to each other in
accordance with the laws of Newton’s dynamics:

d’r
m— — K Y

where ¢ is the time, m, and r, = (x;, »,, z;) are the mass and position of
particle &, respectively, whereas K, is the force on this particle. The basic
laws are hence second-order differential equations in time. Introducing
the velocity v, = dr,/dt and the momentum p, = m,v,, one can also write
(1) in the form:
dr, dap:
=m —, — =K,, 2

Px kg di k ¥
i.e., as a system of first-order equations in time. If in a given moment
t =t,, one knew the position and the momentum of each one of the
particles:

r, = 1, (0), P = p(0); 3

it would be possible to predict the future of the entire universe as well as
its past history. This is the basis for the completely deterministic mechanical
model of the physical world, which left a very small margin for man and
his free will—if any margin at all.

If the system has a potential U = U(r,, r,, ...} from which the forces may
be derived so that K, = —grad, U= —V,U, the classical Hamiltonian
takes the form

2
|3
H=) U, 4

P 2mk+ @

and the equations of motion (2) may then be written in the form

dr, OH _dp_,,_ JH

= = 5
dt  op,’ dt o, )

which may be extended also to more general coordinates. The Hamiltonian
H = H(r,, py) satisfies the relation dH/dt = 0 and is hence a constant of
motion representing the total energy E of the system:

H=E. (6)
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B. Maxwell’'s Equations

During the nineteenth century, the theory of electricity and magnetism
went through a rapid development leading to the establishment of Max-
wells’ equations:

div E = 4mp, divH =0,
Q)
1
cur1E=—la—H, cur]]—[:ﬂj+_€§’
¢ ot ¢ ¢ 0t

where p and j are the charge and current density, respectively. The force
on a volume element exerted by the electromagnetic field is given by the
force density:

1
k=pE+-jxH, (8)

and the behavior of a system of charged particles is then regulated by a
combination of Maxwell’s equations and the classical laws of motion.

C. The Quantum Postulate

The success of this electrodynamics was enormous and of essential
importance not only for the scientific but also for the technical develop-
ment. Under these circumstances, it is rather remarkable that, at the
end of the century, there was still a rather simple phenomenon to be
explained, namely the temperature radiation from an ordinary black body.
It was shown by Max Planck in 1900 that all the various experimental
experiences could be explained from one and the same formula, if one
made the rather drastic assumption that the energy of an oscillating
electric particle had to be an integer multiple of a “‘quantum of energy”
hv proportional to the frequency v of the particle. The proportionality
factor A has been called Planck’s constant and has the value h = 6.625, x
1027 erg sec, which is an exceedingly small number from the macroscopic
point of view. Planck soon realized that the quantum postulate would
lead to a new way of thinking in physics and that a complete reformulation
of the basic laws would be needed.

The next step in the development followed when Albert Einstein in
1905 in one and the same volume of Annalen der Physik published three
papers in three different fields, each one representing a more or less com-
plete turning point in its area. The papers treated the special theory of
relativity including the law of the equivalence between mass and energy,
E = mc?, the photoelectric effect, and the Brownian motion. In connection



Quantum Theory of Time-Dependent Phenomena 327

with the explanation of the threshold phenomenon in the photoelectric
effect, Einstein assumed that the electromagnetic field was quantized and
occurred in the form of ‘““wave packets” or photons having the energy
E =hv, where v is the frequency of the radiation.

D. Bohr's Atomic Model

The success of these ideas made it likely that the quantum postulate
would be of importance also in many other phenomena associated with
the atomic structure of matter. It should be remembered that, for both
chemists and physicists, the atom had until the end of the nineteenth
century been ““undividable” by definition. However, after the discovery
of radioactive decay and the transformation of one atom into another,
the circumstances were changed. Thomson’s discovery of the electron
cathode rays in 1897 and Rutherford’s results as to the scattering of alpha
particles in matter in 1911 led the latter to propose a model in which an
atom consists of electrons moving around a small positively charged
“nucleus” carrying the main part of the atomic mass.

The quantum postulate was introduced into this atomic model by Niels
Bohr in 1913. He had discovered that an angular momentum has the same
dimensions ML>T ™! as Planck’s quantum of action 4, and he introduced
the postulate that the electrons in an atom could move only in certain
selected circles around the nucleus fulfilling the condition

€)

pa=n 2’
where p is the momentum of the electron, a is the radius of the circle,
and n = 1, 2, 3, .... Bohr assumed that each circle represented a
“stationary state,” with a specific energy, in which the electron does not
emit any electromagnetic radiation, and further that, if the electron
jumps from one circle to another, the atom emits radiation with a fre-
quency v determined by Planck’s law, i.e.,hiv = E, — E,. This simple picture
combined with the laws of classical mechanics:

e p P, €
—=— E=——— (10)

where e is the fundamental charge, leads immediately to an explanation
of the spectrum of the hydrogen atom, to a derivation of the famous
Rydberg constant in spectroscopy, and to an understanding of many
related phenomena. Bohr’s discovery opened the new field of atomic
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structure, and its importance for the development of modern science can
hardly be overestimated.

Bohr later generalized his atomic model so that it became similar to a
planetary system in miniature with the electrons moving in ellipses char-
acterized by three quantum numbers (n, /, m). In 1918 Sommerfeld studied
the corrections in this model required by the special theory of relativity
and could explain also the fine structure of the hydrogen spectrum. This
is a good example of a ““perfect model” which still has only limited validity.

Using the three quantum numbers (n, /, m), the rules

n=1273,4,..
1=0,1,2,...n-1, 11
m=L1-1,1-2,..-1+1, -1,

and Pauli’s exclusion principle saying that each ellipse (n, /, m) could
contain a maximum of two electrons, Bohr and his Copenhagen school
reached in the beginning of the 1920’s a new understanding of the periodic
system of the elements which led, among other things, to the discovery of
a new element (Hf). Using the simple rules that, with increasing atomic
number the ellipses are filled by one and two electrons after increasing
values of first (n + /) and then n, one could also explain the occurrence of
the groups of transition metals and rare earth metals which differ only
in so-called “‘inner shells.”

Bohr’s atomic model was constructed for the hydrogen atom and, even
if all attempts to generalize it to give a reasonable quantitative treatment
of even the helium atom so far have failed, it gives apparently a good
qualitative understanding of the entire periodic system.

E. Matter Waves

A second epoch in quantum mechanics started in 1924 with the intro-
duction of the “matter waves” by Louis de Broglie. In his theory of the
photoelectric effect, Einstein had in 1905 assumed that the electromagnetic
waves were quantized in form of “wave packets” or photons having the
energy E = hv, so that there existed a wave-corpuscle parallellism. Each
photon has a vanishing rest mass and a relativistic mass m determined by
Einstein’s relation E = mc?, where c is the velocity of light. Since ¢=vA
is also the velocity of the wave packet, the photon has a momentum
p = me, for which one obtains the transformation

: E h
p=mc=”i=—=@=— (12)
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where 1 is the wavelength of the radiation. Generalizing this idea, de
Broglie assumed that the wave-corpuscle parallellism was universal, and
that the frequency v and the wavelength A of the ““matter waves’ were given
by the same relations:

E = hv, p=hfA (13)

He showed that these relations are relativistically invariant and further
that they lead to a new understanding of Bohr’s quantum condition (9),
since substitution of p = A/ into (9) gives 2ra = nl; i.e., a circle will
be associated with a stationary state if and only if it contains an integer
number of waves, so that the wave pattern is unique. In this way, de
Broglie obtained an explanation of Bohr’s otherwise rather arbitrary
“quantum rule.”

Introducing the relativistic mass m and the velocity v of the particle
and using the relations E = mc? and p = mw, one finds that matter waves
have a phase velocity @ = vA = E/p = ¢*/v, which must necessarily exceed
the speed of light. The phase « of a de Broglie wave traveling along an
x axis at the time ¢ is given by the expression

o= 2n(§ - vt). (14)

For a wave packet having reciprocal wavelengths or wave numbers £ =1/4
in the interval (k; k + dk) and frequencies in the interval (v; v + dv), the
phases are situated in the interval (x; o + do) with do = 2n(xdk — tdv).
A “group” of waves is essentially characterized by the relation du = 0;
i.e., it travels along the x axis with a constant phase. For the “group
velocity” g = x/t, one obtains directly

_dv_do/l) do

I Taan = Y (13)

which is a classical formula used also in hydrodynamics, in studying ocean
waves, for example. Using (13), one can also write it in the simple form
g = dE/dp. From the relation m = my(1 — v*/c?)~*/2, where m, is the rest
mass of the particle, follows the relativistic identity (E/c)? — p? = myc?
and, further,

dE pc®  moc?

= = = =0 16
9 dp E mc? v (16)

Hence the group velocity of the de Broglie waves is identical with the
velocity of the particle.
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F. Wave Mechanics

In 1925 modern quantum theory was introduced independently in three
different ways by Schrédinger, Heisenberg, and Dirac, respectively. In
generalizing de Broglie’s ideas, Schrddinger pointed out that the behavior
of waves is usually regulated by a wave equation. According to (14) and
(13), the phase of a matter wave is given by the expression

o = 2n(px — Et)/h. an

The physicists and engineers had previously been interested essentially in
“real waves” of the type cos « or sin «, but, in many fields, e.g., the theory
of alternating currents, it had turned out to be mathematically convenient
to deal with “complex waves” according to Euler’s formula e** = cos a +
i sin e and to take the real component only at the end. Anyway, Schrodinger
started his work by considering the complex wave:

W(x, t) = A exp(ic) = A exp[% (px — Et)]. (18)

Taking the partial derivatives with respect to x and ¢, he obtained the

relations
oy 2mi oy  2mi

which led him to postulate the connections
h 0 0
E h

P20 = —=— 7

2mi 0x 27i Ot

representing physical quantities by linear operators. In order to proceed,

Schrodinger started from the classical laws of motion in the Hamiltonian

form (6) or (H — E) =0 and postulated the existence of a wave equation

of the form (H — E)¥ =0, where the classical quantities are replaced by

operators according to (20). The basic Schrédinger equation hence has
the form

20)

Hwe_n2¥ Q1)

where H,, is the Hamiltonian operator obtained from the classical Hamil-
tonian by means of (20) or the more general relation:

h(o o 0 h
p- 2_m(0_xk’ E% 0—2,‘) =5 Vi, (22)
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and ¥ is the “wave function” in the configuration space (r,, r,, ...). Hence
from (4) one obtains the following operator:

1
H,,= ; 2—”—”-‘ VZ2+U, (23)
where V,2 = 8%/0x,% + 0%/y,> + 0%/0z, is the Laplace operator for the
particle k.

The Schrodinger equation (21) is a “diffusion equation™ of a type
studied also for a long time in classical physics, and it permits separation
of the coordinates r,,r;, ... from the time variable ¢. Putting ¥ =
Y(r,,r;, ...; 1) =®(r,, 1,, ...)9(1 ), one obtains [H®]g = O[— (h/2ri)(dg/0t)]
and, after division by ¥,

h dg
HO  2midr
K

where the left-hand member depends only on the coordinates and the
right-hand member only on the time variable ¢; both must hence be equal
to a constant E’. The function g has consequently the form g(r) =
goexp(—2niE't/h), whereas ® must satisfy the differential equation

HO = E'®, (25)

which has the form of an eigenvalue problem. The intensity |¥|* of the
wave was interpreted by Schrédinger as proportional to the particle density
of the system in the configuration space (r,, r,, Iy, ...) at the time ¢, and
this quantity should hence be integrable over the entire space or, at least,
stay finite even at infinity. The differential equation (25) certainly has sol-
utions for all values of E’ but, of all these solutions, only a few satisfy the
physical boundary conditions associated with Schrédinger’s interpretation
of W. This leads to a natural quantization of the energy E’ without any
integer rules.
The solutions connected with the separability condition have the form

) 4

2ni
W(ts, B2y s £) = By Eau o exp(——h- E't) , (26)

and, for the associated intensity, one obtains
[W(ry, 1y, o3 OF = g0l 1®(ry, T3, .. )12, 27

which implies that the particle density is independent of time and that the
solutions correspond to “‘stationary states” in the sense of Bohr. From
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the Schrodinger equation (21) follows hence the existence of the stationary
states provided that the eigenvalue problem (25) has solutions corres-
ponding to the proper physical boundary conditions which apparently
replace the previous “quantum conditions.”

One of the most interesting aspects of the Schrédinger equation (21) is
the fact that it is of first order in the time variable ¢ in contrast to the
second-order Newton equation (1). In some way, it must instead be
analogous to the classical first-order system (2) in the variables r,, r,, ...
and py, p,, ..., and it seems likely that the complex wave function ¥ =
¥(r,, 15, ...; ), which consists of a pair of real functions, will give infor-
mation about the physical situation not only in the coordinate space
(ry, 1y, ...) but also in the momentum space (p;, p,, ...). This problem will
be discussed in greater detail in the following section.

The existence of the ‘“matter waves” was shown experimentally in 1926
by Davison and Germer. Schrédinger showed further that his momentum
operator p = (h/2ni)(0/0x) satisfied the commutation relation

h
px=xp=5-, (28)
which had basic importance in the matrix mechanics developed by Heisen-
berg, Born, and Jordan and in the ¢ number theory developed by Dirac,
and that the three formulations of the new quantum theory were essentially
equivalent. The time had now come for a complete reformation of the
basic laws of physics and chemistry.

Il. Coordinate Space and Momentum Space;
Phase Problem in Quantum Mechanics

A. Fourier Transformation

Let us start by considering a single particle in a one-dimensional space
with the coordinate x. The physical situation is characterized by a complex
wave function ¥ = y(x, t), in which the variable ¢ will be temporarily
suppressed. Such a wave function may be resolved into harmonic waves
with the wave number k£ =1/1 by means of the formulas

Yx) = f " 9e e dk,
~ 29)

") = f e d,
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and the functions ¥(x) and n(k) are said to be related by a Fourier trans-
formation. According to the de Broglie relations (13), one may introduce
the momentum p by the formula p = 4/A = hk and, putting ¢(p) = h~/*y(k)
one obtains

+

Y(x) = h=172 f o(p) exp(%’” px) dp,

- o

:lp(x) exp(——zhli px) dx.

(30)

+

(p(p)=h'”2j

It is evident that ¥(x) and ¢(p) in these reciprocal formulas are completely
equivalent and, since [¥(x)|? is assumed to be proportional to the particle
or “probability” density in the x space, it seems natural to interpret
|@(p)|* as proportional to the probability density in the p space.

From the Fourier transformation (3) follows immediately

— o

f "o dp = f WP dx; 31)

i.e., the normalization integrals in the x space and the p space are the
same. In the following, we will assume that these quantities are equal to
unity. The average position x of the particle is then given by the expression

+ o0 + oo
= J x| dx = j y*xy dx, (32)
and, for an arbitrary function f(x), one has similarly
+ o0 + o
J(x)= J SEOWI? dx = j YW dx. (33)

The probability that the particle has a momentum in the interval
(p, p + dp) is given by the quantity |@(p)|*dp, and the average momentum
p is defined by the relation:

+ o +
p= j ple(p)|? dp = J @*po dp. (34)

From the Fourier transformation (30) follows:

too yui 2mi
W) _ e [T exp(ﬂ p) db. (35)
Ox - h h
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and further

J' ) h‘c’il//(x) dx

2ni dx xp
*e 2nmi (36)
=h"12 f po(p) dp j Y*(x) exp(—h— px) dx
+ o
= j @*(p)pe(p) dp = b.
This gives the formula
+ 0 h a
5 _ *( * Y
; L 0* (57 32 ¥ &)

which implies that p may be calculated as an average value in the x space
according to (33), provided that p is replaced by an operator (h/2mi)(3/0x)
in agreement with (20). For any polynomial function f(p), one finds
similarly

_ (te P
T | () (®)

By using the same technique, one can further show that any average value
f(x) in the x space may be evaluated in the p space by using the formula

— e h o
Jx) = j @*(p)f (‘_ _) o(p) dp, (39)

which implies that the coordinate x in the momentum space may be
represented by the operator

h o0
- 27i dp (40)
in analogy to the first relation in (20).

Using the operator relations, one may finally define the average value
of a polynomial function f(x; p) of both variables x and p, and it turns
out that it is irrelevant if the evaluation is carried out in the x space or in
the p space as long as one strictly observes the order of all factors and the
validity of the commutation relation (28).

B. Scalar Products and Adjoint Operators
If F is a linear operator in the symbols x and p, one defines finally its
expectation value in the physical situation characterized by the normalized
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wave function ¥ by the relation

F= J mw*a,w dx. (41)

For the sake of brevity we will in the following use the Dirac bracket
symbol for the “scalar product” of two wave functions ¥, and ¥, con-
sidered as “vectors”:

vy = | v “

and remember that the same quantity by the mathematicians are denoted
by (5, ¥,), so that one has the translation (,, ;) =<, | ¥2D.

The quantity ||| =y | ¥D/? is said to represent the length of the
vector ¥, and one has |¢jf > 0. The normalization implies ||| = 1. By
considering the discriminant of the quadratic form |y, + u,|* > 0 in
the real variable y, one can easily prove Schwarz’s inequality

I 1212 < W 1 (b2 192)- (43)
Instead of (41), one can now write
F={Y IRy =<y |Fly), (44)

where, in the last form, one has introduced a “dummy” bar for the sake
of symmetry. A wave function { for which | Fiy| exists is said to belong
to the domain Dy of the operator F.

Expectation values are in general complex quantities. Two operators
F and F' with the same domain which always have complex conjugate
expectation values, so that

QIF ) = I FIY* (45)

for all Y in Dy, are said to form a pair of adjoint operators. From definition
(45), one obtains after some simple algebraic manipulations, the “turn-
over rule”;

Uy 1 FT [y = Yo | F Ly
= Py 1), (46)

provided that both ¥, and ¥, belong to the domain of F. By means of
(46), it is then easy to prove the two basic rules (F; + F,)! = F,' + F,!
and (F,F,)' = F,'F,1.

Of particular importance in physics are such operators 4 as always have
real expectation values. In such a case, the operator is identical with its
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adjoint so that A" = 4, and such an operator is said to be self-adjoint or
hermitean. It is easily shown that both the position x and the momentum
p are represented by hermitean operators and, by using the rules for forming
the adjoint, one can then test whether an operator F= F(x, p) is self-
adjoint or not.

The properties of the scalar product and the concept of adjoint and
self-adjoint operators are here only briefly reviewed, and for a more
complete treatment we will instead refer to the many special papers on
these subjects (von Neuman, 1932; Stone, 1932; Riesz and Sz.-Nagy,
1955).

C. Uncertainty Relations

The accuracy of a simultaneous measurement of the position x and the
momentum p of a particle in a physical situation characterized by the wave
function Y(x) in x space or its analog @(p) in p space may be characterized
by the two quantities Ax and Ap defined by the relations

(Ax)? = f = 2 dx, @7

+

@p?=| (p-p’lel*dx. (48)

-

They give a measure of the quadratic deviation of x and p from the average
values X and p, respectively.
Let us now consider the integral

I'= J |(x — X)W + iu(po, — PIYI* dx = 0, (49)

—

which is positive for any value of the real parameter y. By using (20),
partial integration, and the commutation relation (28), one finds the
transformation

h
I'= (A =5 p+ w(Ap)* 2 0. (50)

This is a quadratic form in u which is never negative, and its discriminant
D = (h/2%)* — 4(Ax)*(Ap)? is hence always negative: D < 0. This gives the
inequality

h
Ax-Ap > —,
X Ap=z -~ (51
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which is the famous Heisenberg’s uncertainty relation for the simultaneous
measurement of the position x and the momentum p of a particle.

Let us now consider two general physical quantities represented by the
self-adjoint operators A and Bhaving the expectation values A =y | 4 | >
and B = {y | B |y, and the “uncertainties” or widths

A4 = (A — Ay,

- (52)
AB = ||(B — By,

respectively. We note that A4 = 0 if and only if (4 — A} =0, i.e., if ¥
is a proper eigenfunction to the operator 4. By using Schwarz’s inequality
(43) and the turnover rule (46), one obtains directly

AA-AB=|(A— AWl - I(B-BWl
2| {(A—AW|(B—BW)|
z|Im{(A— AW |(B— B
=314 - AW I(B - BW) —{(B-BW|(4—-AW)|
=$[<AY | BY) — (BY | AY)|
=3$[<Y|AB - BA|Y) |, (53)

which leads to the general uncertainty relation for any pair of operators
A and B:

AA- AB > }|(AB — BA)), (54)

of which (51) is a special case. In quantum mechanics, one can hence not
expect that two quantities should be simultaneously measurable unless the
associated operators commute, so that 4B = BA. However, even if the
operators do not commute, there may exist special situations in which
A and B are simultaneously measurable, provided that the expectation
value of the commutator (4B — BA) vanishes in these situations.

D. Generalizations to Several Variables

In this section, we have so far considered only a one-dimensional
system, but it is now easy to generalize the results to three-dimensional
systems and to several variables to treat a many-particle system in a con-
figuration space having the composite position vector R =(r;, r,, ... Ty)
and the composite momentum vector P = (p, p», ... p,). The Fourier
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transformation of the wave function ¥ = W(R, 7) is obtained by repeated
use of (30) for each one of the 3N variables leading to the formulas

+

YR, )= h™3N2 j

—

w(D(P, 1) exp (% R- P) (dP),
(55)

S [0 2ni
®P, 1) = h ¥(R, 1) exp( ~—— R+ P|(dR),

-0

where
N
R-P=)Yr po
k=1

(dR) = (dr;)(dr) - (dry), (56)

(dP) = (dp,)(dp,) ... (dpy)-
In analogy to (42), the scalar product is now defined by the relation

Yy |¥2) = J_ ¥, *(R, )Y2(R, 1)(dR), (57)

where the single integral sign indicates a 3N-dimensional integration over
the entire position space. All the previous results about expectation values
are now easily generalized to many-particle systems.

E. Phase Problem in Quantum Mechanics

After this preliminary discussion of the relation between the position
space and momentum space, it is easier to compare the bases for classical
physics and quantum mechanics. It has previously been pointed out that
the Schrodinger equation (21) is a first-order differential equation in time
for a complex function ¥ = W(R, t) which depends on the position coor-
dinate R = (r,, r,, ... ry) alone and the time ¢, whereas the classical analog
(2) or (5) is a system of first-order equations dealing with both R =
(ry, 1y, ... ty) and P =(p,, p,, -.- py). The physical situation in the posi-
tion space is fully characterized by the probability density |'¥(R, t)|?, but
it is clear that, at the same time, the wave function ‘P(R, ¢) must contain
information about the physical situation in the momentum space. This is
apparently achieved by the complex character of W, i.e., by the fact that
it contains two real functions, for instance, the absolute value |¥| and
the “phase” arg ‘P. This “pair” character of the wave function permits
transformations between different reference schemes, and a typical
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example is provided by the Fourier transformation (55) which connects
the R space with the P space according to the following diagram:

position momentum
space space
Fourier
transformation
Wave functions: YR,1) «—> O@P,0) (58)
Probabilities: W' (R, 0|2 |[D(P, 1)|?
inequalities

It should be observed that, even if the wave functions ¥ and ® are directly
and uniquely connected, thisis not true for the corresponding probability
densities, |¥|? and |®|?, which are interrelated only through certain
inequalities of the type Heisenberg’s uncertainty relation (51). Since one
can only measure probability distributions, one has the fundamental
problem how wave functions can be determined experimentally, i. ., how
one can calculate the wave function W(R, r)—or the equivalent function
®(P, t —from two compatible distributions |¥(R, ¢)|> and |®(P, ¢)|%.
This important problem was once stated by Pauli (1933, particularly
p. 98), but it does not seem to have been fully solved. One can also ask
how one can measure the ‘““phase” of the wave function, i.e., the quantity
arg ¥, in a uniquely defined physical situation. We note that the classical
initial condition (3), i.e., R =R(0), P =P(0), for t =1, in quantum
mechanics corresponds to the knowledge of the complex wave function
Y =¥, (R)fort=t,.

In many situations in physics, e.g., in the treatment of stationary states
with real Hamiltonians, the eigenfunctions ¥ turn out to be real, and the
question is whether this means any loss of information. The answer is no,
since the Fourier transformation (55) is still valid and leads to uniquely
defined momentum functions ®. However, since ¥* =¥, the second
relation (55) gives ®*(P) = ®(—P), and vice versa:

Y*R) = ¥(R), (59)

O*(P) = O(—P). (60)

These relations show that, for real wave functions, the probability distri-

bution in momentum space is necessarily inversion symmetric around

origin, i.e., |®(—=P)|?> = |®(P)|%. One immediate consequence of this is,
of course,

P=0, (61)

showing that the average momentum is vanishing. The use of real wave

functions thus has important physical consequences and should, by no
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means, be considered as a matter of convenience. In connection with
scattering problems and particle beams, one should observe the impor-
tance of the plane wave (18) and the de Broglie phase (17).

The phase problem is well-known from many experimental fields in-
volving radiation, as, for example, X-ray crystallography or laser and maser
technique, and it is probably of still greater importance than is now
realized. In this connection, it is often convenient to distinguish between
coherent and incoherent phenomena, depending on whether the relative
phase differences involved are essential or not.

Let us consider a wave function ¥ = ¥, + ¥, which is a superposition
of two terms, ¥, and ‘V,. For the associated probability density, one has

P12 = [¥11? + Vol + 2 Re{¥,*¥2}, (62)

which means that, in coherent phenomena, the probabilities are usually
not additive. The last term is called the interference term and, as a typical
example of coherent superposition, one can mention the diffraction patterns
of electromagnetic waves in gratings, etc. In quantum chemistry, a typical
example of coherent superposition of wave patterns is offered by the
molecular-orbital theory of the homopolar bond (e.g., the H, molecule)
in which the bonding orbital (a@ + b) is the sum of the atomic orbitals
involved, whereas the antibonding orbital has the form (@ — 4). Even the
change of sign of the m orbital in conjugated systems under reflection in
the molecular plane is a typical phase effect.

As a contrast to the coherent phenomena, one may consider an assembly
of similar systems having different phases. If the average value of the in-
terference term in (62) vanishes over the assembly, one obtains

1912 = 19,7 + 19.1%, (63)
showing that even the probabilities in such a case become additive. Here
the symbol ~ indicate the formation of an average over the entire assembly.
The assumption of “random phases” is of particular importance in treating
the so-called transition probabilities, and we will return to these problems
below.

1. Schrodinger Equation

A. Superposition Principle
A basic assumption about the Hamiltonian H in the Schriédinger
equation (21) is that it is a linear operator satisfying the relations

H(\Pl + \Pz) = Hlyl + H\Pz,
H@V¥Y)=aHY,

(64)
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where o is a complex constant. This leads to an important consequence
for the solutions to (21) known as the superposition principle, which says
that if ¥,(r) and ¥,(¢) are two solutions corresponding to the initial
function ¥,(0) and P,(0) at ¢ = O, then

() =¥, (1 +) () (65)

is another solution corresponding to the initial function ¥(0) = ¥,(0) +
¥,(0). The proof follows immediately from (21) and (64). The super-
position principle emphasizes a very important aspect of modern quantum
mechanics, and Dirac (1935) has chosen it as the fundamental introductory
principle in his book. It is essential for the interference phenomena con-
nected with the basic properties of the “matter waves,” and it will be further
discussed below.

B. Continuity Equation

Let us start by considering a single particle with the charge e in a physi-
cal situation characterized by the wave function ¥ = W(r, ¢). In Schrédin-
ger’s interpretation of quantum mechanics, the quantity p = e|¥|? repre-
sents the charge density, whereas, in Born’s interpretation, the quantity
||? represents the probability density. In both interpretations, it seems
natural to require that the quantity |W(r, ¢)|* vary continuously with
position and time and that, in analogy with hydrodynamics, there exist
a continuity equation of the form

6[‘1’]2

+divs =0, (66)

where s is said to be the probability density current. From the Schridinger
equation and its complex conjugate:

h o¥
(67)
h oy* "
+2—_—-( ¥y,
follows immediately
olr ay* i)
|;’I| t// v+ ‘p* lll
(68)
2xi

=— {://(Hn//)* YHHY),
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and the condition that the right-hand member should be a “divergence”
puts a rather severe constraint on the form of the Hamiltonian H.

In the case when the particle moves under the influence of a potential
U = U(r), the Hamiltonian has the form H =(p%/2m) + U and, from (68),
one obtains particularly

>

koo \
5 = iy SVWT grad ¢ — iy grad Y, (69)

showing that the continuity requirement is fulfilled and that the prob-
ability density current s has the form

h
s=— (y* grad  —  grad y*)
nim

1 * %*
= 57 W Dol + W)™} (70)

If instead one uses Schrddinger’s interpretation, the quantity j = es repre-
sents the charge density current. In both cases, the continuity equation is
interpreted in the same way as in hydrodynamics, and we note particularly
the relation

0 2 g )
EJ‘V"M dv——fs ndF, 7D

F

where V is an arbitrary volume enclosed within the surface F with the
outer normal n. If the surface is put at infinity, one obtains

) 2 g
% f|lﬁ| dv =0, (72)

showing that the normalization integral {y|y¥)> over the entire volume
is independent of time. Analogous discussions may also be carried out for
many-particle systems.

C. Heisenberg's Equation of Motion

Let us now consider an arbitrary many-particle system having the wave
function ¥ = W(R, 7), where R =(r,, r,, ... 1y), and let F be a linear
operator representing a physical or chemical quantity. Using the notations
(42) and (44), we will now study the quantity

(V| F|Y,) = J‘Pl*F‘Pz(dR), (73)

where ¥, and W, are wave functions taken at the same time ¢. The “matrix
element” (73) is hence also a function of time, and, by using the Schrodinger
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equation (21) and its complex conjugate together with the “turnover rule”
(46), one obtains

d
TCHUF1¥)

ovY
=/ ‘|F|W2>+<‘P1|F|——>+<%| |l112>
2
=£<qu |F|~P2>——<‘P1|F1HLP2>+<W |—-|%>
_<\vl|@(m Fi) + 0 ), (74)

which is often called Heisenberz’s law of motion. Putting F = 1, one gets
the special result that all scalar products (¥, |W¥,) are independent of
time if and only if H' = H, i.e., H is self-adjoint or hermitean:

d 2ri
E<W1|T2>=T<T1IHT—H|W2>- (75)

We note that the condition H' = H is related to but somewhat weaker
than the continuity requirement discussed in the previous section. In the
following, we will always assume that the Hamiltonian is self-adjoint:

H'=H. (76)

This is also consistent with the requirement that H is the “energy operator”
and that H always should be real.

Assuming the normalization (¥ |'¥> = 1, we will now study the time
variation of the expectation value F of the operator F in the physical
situation characterized by the wave function ¥:

F=(Y|F|Y¥). (77)
Putting ¥, = ¥, = ¥ into (74), one obtains particularly
dF —_— F
——@(HF—FH)+ 6_ (78)

dt

which is the law of motion in Heisenberg’s matrix mechanics.

D. Ehrenfest’s Relations
Let us now assume that the system has a potential U = U(ry, 13, ... Ty)
and a Hamiltonian of the form (23):

Pk
H=Y2 4+ U. 79
szk+ (79
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The operator K, = —grad, U = —V, U corresponds to the classical force
on particle £ and is called the “force operator.” From commutation
relations of type (28) it follows further that

L
2ni m,’
h

Hp, —pH = —K,.
P — P i Tk

Hl'k - l‘k H =
(80)

Putting F =r, and F = p, into (78) and using (80), one obtains

dr, 1 5
—* = —p,
dt  m, (81)

ape _ ~

X _XK,,

.~ *
which are known as Ehrenfest’s relations. The formulas for the expectation
values are closely analogous to the classical laws of motion (2), and one
may wonder whether the “‘center” of a wave packet moves like a classical
particle. Substitution of the first relation (81) into the second gives

a’r, =
my W = Klu (82)

in close analogy to (1), but we note that the “center” represented by the
average position vector T, moves like a classical particle, if and only if

K, = Kk(;k)' (83)
This occurs only for forces which are linear in the positions, i.e., for
potentials U which are quadratic in the same quantities. This implies that,
in a harmonic oscillator field, the center of a quantum-mechanical wave
packet moves as a classical particle. However, in general, one has
K, # K,(r,), and the center of the wave packet moves in a way which is
characteristic for the quantum-mechanical problem.

We note particularly that, for the stationary states defined by the rela-
tions (25) and (26), all expectation values r, and p, are independent of
time. Since the associated time derivatives are vanishing, one obtains
from (81) the relations

=0, K,=0, (84)

showing that the average momentum and the average force are zero for
these states. Such general relations are often very useful.
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As an example, we will consider a single particle in one dimension with
the position coordinate x. The kinetic energy has the form T = p?/2m
and, according to (84), one obtains for the square of the width Ap in a
stationary state:

(Ap)* = p* — (p)* = p* = 2mT. (85)
The uncertainty relation (51) takes then the form Ax-(2mT)!/? > h/4n or
- h?
> -
T= 32n2m(Ax)*’ (86)

showing an important connection between the kinetic energy and the
linear dimension Ax of the system. Since the kinetic energy is related to
the total energy through the virial theorem (for references, see e.g.
Lowdin, 1959), one obtains information about the system as to important
orders of magnitude which sometimes are remarkably exact. For a three-
dimensional isotropic system, one has instead (Ap)? = 2mT/3 and

9h?

T= —
2n2mr®’

87

etc. It is interesting to study how close these relations are fulfilled for the
ground state of simple quantum-mechanical systems, as the harmonic
oscillator or the hydrogen atom, and to investigate the modifications
required to treat excited states also.

Finally, let F be an arbitrary linear operator which does not contain the
time ¢ explicitly. For a stationary state, the expectation value F is then
independent of time and, according to (78), one has the relation

(HF — FH) =0, (88)

which is a generalization of (84). For convenient choices of F, one obtains
the virial theorem and many other interesting consequences (Hirschfelder,
1960; Epstein and Hirschfelder, 1961; Hirschfelder and Coulson, 1962;
and other papers).

E. Time Reversal
It is a characteristic feature of the classical law of motion (1) in Newton’s
mechanics that it is invariant against reversal of the time axis:

= —t. (89)

If one takes a movie of a system of classical particles and later runs the
movie “backwards,” the motions of the particles are still in accordance
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with the laws of dynamics and make sense. This does not apply to movies
in general which usually become absurd when run backwards, since
everything seems to be in conflict with both “common sense’ and the laws
of nature. Physical laws which are invariant against time reversal are
often called primary laws, in contrast to such laws as require a definite
time direction which are called secondary laws.
Let us consider the classical laws of motion in greater detail in the form
(2) or
y d
P = My %, % = —grad, U, (90)
with the initial condition r; = r,(0), p, = p,(0) for = 0. Putting ¢’ = —1,
one finds that one has also the reverse solution

(@) =n(=1, B )= -p(=D), on

corresponding to the initial condition r,” = r,(0), p,'(0) = —p(0) for t = 0.
We note particularly that all the momenta have reverse direction after the
time reversal, but the energy (4) of the system stays the same.

Even in quantum mechanics, the transformation (89) is of fundamental
importance. The physical situation is now described by a wave function
Y = W(R, ¢) which is a function of 7 and the coordinates R = (r,, r, ... y)
alone. In order to study the situation in momentum space p =
(P> P25 --- Px)» one should consider the Fourier transformation (55) which
defines the associated wave function ® = ®(P, ¢) in momentum space. By
taking the conjugate complex, one obtains directly the connections

Y(R,) > OP, 1),
\P*(Ra t) « (D*( - Pa t)’

92)

showing that this operation also leads to a reversal of the directions of all
the moments; compare (59) and (60).

Iet us now consider the Hamiltonian (23) which corresponds to the
classical case with a potential U. This Hamiltonian is not only self-adjoint
(H' =H) but even real (H* =H) which means that it stays the same
when i/ is replaced by —i. From the Schrédinger equation (21) and its
complex conjugate, one obtains

Hoplll = _ZL%_‘:J,
nl (93)

*

L.

" T Tomi
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If ¥ =¥(R, ) is a solution to the first equation corresponding to the
initial condition ¥ = ¥, for ¢ =0, one finds from the second equation
by putting ¢’ = —¢ that one has also the solution

YR, t)=Y*R, —t) 94)
corresponding to the initial condition ¥’ = Wy* for ¢ = 0. Relation (94)
is the quantum-mechanical analog to the classical formula (91), and it
shows that the Schrddinger equation for real Hamiltonians is invariant
against time reversal; i.e., it is a primary physical law.

IV. Schrodinger Equation for Particles in
Electromagnetic Field

A. Electromagnetic Potentials

Maxwell’s equations (7) also form in quantum mechanics the basis for
the treatment of all electromagnetic phenomena. Let us start our brief
review by introducing the electromagnetic potentials ¢ and A.

From the equation div H =0 follows the existence of a vector field
A=A(x,y, zt) such that H=-curl A. From the equation curl E +
(1/c)oH/dt = curl{E + (1/c)dA/0t } = 0 follows further the existence of a
scalar field ¢ = ¢(x, y, z, t) such that E + (1/c)0A/0r = — grad ¢. Hence
one has the relations

H=curl A,
E=—grad¢—la—A, ©3)
c Ot
which define the field strengths E and H in terms of the scalar potential ¢
and the vector potential A. It should be observed that the potentials ¢
and A are auxiliary quantities which are not directly physically measurable.
For our discussion, it is convenient to introduce the notation

. 13d¢
=divA +-—, 9
S v +c6t (96)

where S is a four-dimensional scalar.

Substitution of the expressions (95) into the Maxwell equations
divE = 4np and curl H = (4n/c)j + (1/c)0E/dt and using the fact that,
in Cartesian coordinates, div grad = V2 and curl curl = —V? + grad div
gives immediately:

108
D ¢ + —E = _475P,
¢ 97

4
DA—gradS=——cn—j,
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where
162 4 62

—V2_ - —
D_V CZatz Z

2
=1 0%

98)

is the four-dimensional wave operator with x; = x, x, =¥, X3 =z, and
X4 = icl.

At this point, it is convenient to introduce the so-called gauge trans-
formation:

, 10y
P =t
99)
A'=A —grady,

where y = x(x, y, z, t) is a completely arbitrary real function. Substitution
into (95) and (96) gives

H =H, E'=E, S’=8—-0y (100)
showing that the field strengths are gauge-invariant, whereas the scalar
S undergoes a transformation. If one chooses the gauge function y so

that [Jx = S one obtains particularly S’ = 0 showing that there always
exists a choice of potentials for which one has

10
divA +~ _15 =0, (101)
c Ot

which is the so-called Lorentz condition. In the following, we will always
assume that this condition is valid. We note that the gauge transformations
(99) are then restricted to functions y satisfying the relation

Ox=0. (102)
Equations (97) are now simplified to the form

O¢=—4mp, DOA=-—i (103)

Of particular importance are the solutions known as retarded potentials:

$(P, 1) = Jp———(g’ ’r_ rrol) 4y
Pe (104)
AP, 1) = 1 jw dvg.
c rPQ

Since the wave operator [J is invariant against the transformation
¢— —c, one has also advanced potentials containing the time variable
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(t + rpg/c) and “symmetric potentials” obtained by averaging over the
retarded and the advanced potentials. The general solution to (103) is
obtained by taking any special solution and adding solutions ¢, and A,
to the homogeneous wave equations [(J¢, =0 and [JA, = 0.

B. Single Particle in an Outer Electromagnetic Field

Let us first consider a single particle with charge e in an outer electro-
magnetic field. In classical mechanics, there is a simple rule for introducing
an electromagnetic field into the Hamiltonian which may be directly taken
over into quantum mechanics. The rule is most easily understood by
considering the relation

p=u+§m (105)

which says that the total momentum p is the sum of the kinetic momentum
n and the electromagnetic momentum (e/c)A. Since the total energy is
the sum of the kinetic energy and the electromagnetic contribution eg,
one has further

(106)

which is the classical Hamiltonian desired. By putting p = (h/2ni)V, one
obtains the quantum-mechanical analog. We note that the Hamiltonian
operator is self-adjoint (H' = H), but that it is no longer real (H* # H),
which is of importance in discussing time reversal.

It is interesting to observe that the Schrodinger equation (21) for a
Hamiltonian of the type (106) leads to a continuity equation of the form
(66) having the probability density current

s= 5 (9P + plmi)*), (107)

which is obtained from (70) by replacing p by =n. Using Schrédinger’s
interpretation of quantum mechanics, one has the identifications

p=elyl?,

. (108)
= o U+ YY)

m

leading to the quantum-mechanical expressions for the charge density p
and the current density j. By using these expressions in the wave equations
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(103) for the potentials, one can then derive the electromagnetic field
created by the “‘matter wave” associated with the particle.

The operator « for the kinetic momentum = = p — (e/c)A is of funda-
mental importance in the theory, and we note that it has the commutation
relations

n x ©t = i(eh/2rnc)H. (109)

Using Heisenberg’s law of motion (78), it is now interesting to study the
time dependence of the expectation values T and %. One obtains

a1 _

— T ——— n’

dt m

T — e —_—
== —_— H-
o eE+2mc (m % H x =),

where the right-hand member of the second relation is the quantum-

mechanical analog to the classical Lorentz force (8) in hermitean form:
dn
dt

(110)

1, .
=J[pE+Tc(JXH_HX])]dU. (111)

Equations (110) correspond to the Ehrenfest’s relations (81) in the case
of an outer electromagnetic field.

Let us now study the behavior of the Schrédinger equation for a
Hamiltonian of the type (106) under a gauge transformation (99) char-
acterized by the real function y = y(x, y, z, ). For the basic operators,
one obtains the following transformations:

10
Wentogady ¢ =¢+-3, (112)
c c ot
and for the Hamiltonian:
1
H’= - (nl)z + ed)/
2m
(113)

\ e 2 e dy
=—|n'+- grad —-=.
2m(n + cgra x) + ed +c o
Let ¥ =y(r, ¢t) be a solution to the original Schrédinger equation cor-
responding to the initial condition ¥ =, for 1t =0. It is now easily

shown that the function
lp' — l//e—(Znie/hc))z (114)
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is a solution to the transformed Schrédinger equation

h oy
HI P r
o 2ni ot (115)
corresponding to the initial condition ' =y, exp{—(2nie/hc)y,} for
t = 0. The proof follows from the fact that

n’l//’ = e—(Znie/hc)x(n!/l),

h alﬁ’:e"(lnie/hc)x"'__}l_% fa_x'/l (116)
i 2nior  cot ')

" 2mi ot
and substitution of these relations into (113) verifies the statement.

Relation (114) is called the gauge transformation of the wave function.
It follows immediately that

W'(r, DI = ly(r, I, (117)

showing that the probability density in the coordinate space stays invariant
under a gauge transformation. For the kinetic momentum one has the
commutation relation

n’e' (2niefhc)y = e—(2nie/hc)xn, (118)

and more generally for any polynomial function f = f(n,, %,, n3):

fry', my', my')e™ CrHiehox — o= GrielhOf(n, 7y, 7). (119)
This leads to the relation
WY (ry', o', o'W =Y (my, ma, T, (120)

showing that all expectation values of the kinetic momentum will be
gauge-invariant. The formulas (117) and (120) show that the quantum
mechanics based on the Schrédinger equation (115) fulfils the basic
requirement that all physically measurable quantities should in principle
be gauge-invariant. In this connection, it should be observed that the
Hamiltonian H is an auxiliary quantity which undergoes the gauge trans-
formation (113). Using (114) and (120), one obtains further

— e oy
W Hy v =9 (Hop +5 D). (121)
This relation implies that, in order to discuss “stationary states” and
properties of energy levels, etc., it is convenient to restrict the permissible
gauge transformation so that y is independent of time.
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Let us now make a few comments about the effect of a time reversal of
the type (89). Equations (93) were based on the assumption that the
Hamiltonian was real, i.e., H,j =H,, which follows directly from (23)
and the fact that p,, = —p3, according to (22). This does not apply to
the Hamiltonian (106), for which one obtains

Y=L +fA)2+e¢ (122)
°"_2m(p ¢ '

Even if the outer magnetic field were static, its presence would prevent
the simple time reversal previously discussed, unless the currents producing
the vector potential A would also be reversed in accordance with the general
rule that all momenta should change direction. The nonstatic case is much
more cumbersome for, if one uses retarded potentials, they go under time
reversal over into advanced potentials, and vice versa. This means that, in
order to keep the primary character of the basic laws of quantum mechanics,
it would be necessary to use symmetric potentials which are the average of
retarded and advanced potentials. We will discuss these questions further
below in connection with radiation theory.

C. Many-Particle System in an Outer Electromagnetic Field
Let us now consider a system of particles having the charges e, (k =

1,2, ... N) under the influence of an internal potential U = U(r,, r5, ... Ty)
and an outer electromagnetic field with the potentials ¢ = ¢(r, ) and
A =A(r,t). The Schridinger equation for the wave function ¥ =
¥(r,, r,, ... Iy; t) again takes the form

h oY

i B H,, Y, (123)

with the Hamiltonian
Hy,=Ulr,ry, ... ry) + Z { (Pk - = Ak) + ek¢k}a (124)

which is formed by a generahzatlon of the simple rule given in the previous
section; here we have used the abbreviations

d’k = ¢(rlp t)’ Ak = A(rk’ t)' (125)
By using Heisenberg’s law of motion (78), one obtains in analogy to
(110) the Ehrenfest’s relations:

a1

an_ 1o

. m, (126)
dm,

W = —grad, U + ¢E, + —— 2 (uk x H, — H, x m),
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where m, = p, —(e/c); A, is the kinetic momentum for particle k. It is also
interesting to observe that the Schrédinger equation (123) leads to a
continuity equation for the total probability density [¥|? of the form

o|W)? N
—-Yd
5 1;1 iv s,

(127)
1
Sk = a— (‘P*Rk‘l’ + ‘Pﬂ:k*‘l’*),
2m,

in analogy to (70) and (107). This continuity equation is valid within the
3N-dimensional configuration space, but we note that there exists also a
continuity equation in a three-dimensional space for each one of the
particles separately.

If (dv) = dv,dv, --- dvy is the total volume element in the configuration
space, it is convenient to introduce the notation

(dvk’) = dl)l dvz b dl)k_l dvk+1 b dUN, (128)

which goes over all particles except particle k. The probability density for
finding particle k in the point r, at the time ¢, when all the other particles
have arbitrary positions, is then given by the quantity

Yl 1) = jl‘{’(r,, Iy, ... Iy, ... Ty D12(dvy). (129)

In a similar way, one introduces the probability density current s,” for
the particle k alone when all the other particles have arbitrary motions
through the relation

8,/ (r, 1) = fsh(rl, Iy, ... Ty o Eys DU, (130)

Integrating the continuity equation (127) over the coordinates r,, r,,
oo Tg_1sTiiq... Ty, ONE Obtains
0

%‘ = —divs" (131)

So far everything is simple and straightforward. The crucial problem is

to find the true charge density p and current density j of the many-particle

system to be used in evaluating the electromagnetic potentials created by

the 3/N-dimensional matter waves. In the historical development of quan-

tum mechanics (Pauli, 1933, p. 201), it seemed natural to assume that

ey, and ¢s,” would be the contributions from particle £ to the charge
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density and current density, respectively, and to make tentatively the
identifications

N
pe, )= 3 e, ),

(132)
N
j(l', t) =k—21 ekskl(r9 t)-
We note that, for ¢, = e, =-.- = ¢y, the charge density p is essentially

identical to the diagonal element of the reduced first-order density matrix
treated in modern many-particle theory.

By combination of (132) and (103), one can hence study the electro-
magnetic field created by a system of matter waves and, by introducing
the potentials ¢ and A into the Schrodinger equation (123) with the
Hamiltonian (124), one can investigate the effect of the field on the matter
waves. This coupling of the equations leads necessarily to a problem which
is formally of a nonlinear character.

So far, there are only a few many-particle systems which have been
treated with sufficient accuracy to permit a real comparison between theory
and experimental experience. The theoretical data for the ground state and
lowest excited states of the helium atom and the hydrogen molecule
obtained by Hylleraas (1928, 1929, 1930a,b), Kinoshita (1957, 1959),
Pekeris (1958, 1959, 1962), etc., and by James and Coolidge (1933), Kolos
and Roothaan (1960), Kolos and Wolniewicz (1963), etc., respectively,
show that Schrodinger’s idea about a wave equation in configuration
space seems to lead to results in complete agreement with experimental
experience. At the same time, the form of the Coulomb potential is no
longer derived from the average charge density p defined in (132). Hence
it seems evident that the question of the nature of the electromagnetic
field generated by the matter waves has a more complicated character than
is indicated above. Using the formulism of second quantization, these
problems are treated in the new field of quantum electrodynamics (for
references, see, e.g., Schwinger, 1958; Feynman, 1961) which deals with
modern radiation theory as well as the very difficult problem of the nature
of the elementary particles themselves and their “‘self-interaction.” Even
if progress in this area has been considerable during the last two decades,
there are still many fundamental problems to be solved, particularly in
connection with the relativistic formulation of the theory.

In this paper, we will confine our interest to the much simpler problem
of solving the Schrédinger equation for a given fixed Hamiltonian. This



Quantum Theory of Time-Dependent Phenomena 355

Hamiltonian may contain an outer magnetic field and a given interaction
between the particles, and it is assumed that the problem has strictly a
linear character.

V. Evolution Operator

The main problem in the quantum theory of a time-dependent system
is to find the solution ¥ = W(R, t) to the Schroédinger equation
h oY
_——=H ¥ 133
2ri Ot °r (133)
which corresponds to the initial condition W =¥, at ¢t=1, Here
R =(r,, r,, ... ry) is the space coordinate of the many-particle system, but
the problem can, of course, also be treated equally well in the momentum
space. The space coordinate will in the following often be supressed, and
the main emphasis is put on the time dependence of the wave function.
One can write the connection between W(¢) and W, symbolically in the
form

(1) = U(t, 1)%,. (134)

Since the Schrédinger equation (133) is linear and there exists a super-
position principle (65), one can conclude that U must be a linear operator.

Since U describes the time dependence of the system completely, it is
called the “evolution operator.” From the definition follows immediately
the relation

U(ty; to) = U(ty; t)U(14; o) (135)

for 14 <t; <t,, which is the multiplication law characteristic for the
evolution operator. One has further U(t,, ) = 1, where the symbol 1
means the identity operator.

The Hamiltonian is assumed to be self-adjoint, H'=H, and this
implies according to (75) that the normalization integral is independent of
time. This gives

for all W, which leads to the conclusion U'U = 1. Letting U work on

the relation ¥ = U¥,, one obtains ¥, = U'Y. We will now make the
specific assumption that not only the initial state ¥, but also the final
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state ¥ may be chosen quite arbitrarily, i.e., that there always exists a
¥, so that a given ¥ may be obtained. Since one has now
(Fol¥oy — (¥ |¥) = (UM |UNY) — (¥[¥)
=(¥Y|UU'-1|¥)=0

(137)

for all ¥, one is lead to the conclusion UU' = 1. Under these assumptions,
the evolution operator is hence a unitary operator:

UltU=UU'=1. (138)

Substitution of the relation ¥ = UW, into the Schrédinger equation
(133) gives

h U
—-————H ¥, =0 139
( 2ni Ot °or U) 0 (139)
for all ¥, and the evolution operator fulfils hence the differential equation
h oU
~ 5 3 = Hop U, (140)

with the initial condition U = 1 for ¢ = 0. In order to solve this equation,
it is convenient to distinguish between three cases:

(1) H is independent of time;

(2) H depends on the time, but in a commutative way so that H()H(t,)
=H(1,)H(t,) for all pairs (¢,, t,) in the interval concerned;

(3) H depends on the time in a noncommutative way, so that in general
H(t,)H(t,) # H(t)H(2y).

A. Hamiltonian Independent of Time

In the case when the Hamiltonian H does not contain the time ¢ explicitly,
one can immediately solve (140) and represent the evolution operator
symbolically in the form

U(t; ty) = exp[ —ZTM H, (1 — t5) ] (141)

In this case, the evolution operator is translationally invariant on the time
axis, i.e., U(t +17; ts + 1) = U(t; o), and it is easily shown that the reverse
is also true. For the sake of simplicity, we will now put ¢, = 0, and the
solution (134) may then be written in the form

ari
W(r) = exp[—Tm H,, t]‘l’o. (142)
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Introducing the normalized ecigenstates @, (R) of H satisfying the relation
H®, = E,®, as a basis, and assuming that this basis is complete so that
one has the following resolution of the identity

1= ; I(Dk> <‘Dk]a (143)

where one sums the discrete eigenvalues and integrates over the continuous
eigenvalues, one obtains the spectral resolution H = X E|®,><{®,|, and
more generally for an arbitrary function f:

f(H)= ;.f(Ek) D) (Dul. (144)

This gives particularly for the evolution operator (141):

-
U=y exp(—T’” Ekt)i<1>k> (@, (145)

In ordinary space, one has the identifications |®,>=®,(R) and
{D;| = [(dv)®,*(R). Substitution of the sum (145) into (142) gives the
formula

YR, )= T exp( =22 Eyt) 190> (@] ¥o, (146)
P h

which is the famous expansion of the solution into stationary states.
Hence, one can determine the time dependence of a solution by a study of
the stationary states, and vice versa.

B. Hamiltonian Dependent on Time in a Commutative Way
In this case, the Hamiltonian H = H(t) is assumed to fulfill the com-
mutation relation

H(tl)H(tz) = H(tZ)H(tl) (147)

for any pair (¢, ¢,) within the time interval under consideration. Starting
from (140), it is easily shown that the evolution operator may be written
symbolically in the form

2ri

U(t;to)=exp[—T f H(tl)dtl]. (148)

The operator is no longer translationally invariant. However, since all
the operators H(f) commute, it is possible to introduce the normalized
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eigenstates ®,(R) of the operator H(0) in such a way that they become
simultaneous eigenstates to all the operators H(¢) satisfying the relations

H(1)®(R) = E()D,(R), (149)

where the eigenvalues E, = E,(¢) are now functions of time ¢. From the
resolution of identity 1 =X, |®,>(®d,|, one obtains according to (148)
the following spectral resolution of the evolution operator:

Ut:0) = L exp| =7 fEk(t)dt]m@kl, - as0)

which gives the following solution to the Schrodinger equation:

wRs 0= oo -2 [ an] am @uiwe.  asn

This is a trivial extension of formula (146). We note that there still exist
“stationary states” associated with the eigenfunctions ®,(R) but that the
energy values are now functions of time.

C. Hamiltonian Dependent on Time in a General Way
In this case, the Hamiltonian H = H(¢) is assumed to be of such a general
character that the commutation relation (147) is no longer valid, i.e.,

H(t,)H(t;) # H(t;:)H(1y). (152)

In order to treat this case, it is convenient to transform the differential
equation (140) into the associated integral equation:

U() = 1—2T f H(t)U(t,)dt,, (153)

where we have used the abbreviation U(¢; 0) = U(z) and the initial condi-
tion U(0) = 1. This is a “Volterra equation of the second kind,” except
that the kernel H(#,) is not a simple function of ¢ but a linear operator
acting on functions of the space coordinate R = (r,, r,, ... ry). By sub-
stituting the left-hand member of (153) for ¢t =1, into the right-hand
member, one obtains by iteration:

2mi\?

2 't ty
u@n=1 5 j H(ty)dt, + (_T) J H(ty) dt, Jo H(t,)U(t,) dt,

i 2’” Jdtlfdtz f‘" dt, H()H(,) - “H(t,).  (154)
& 0
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In the integrand of each term in this formal series, one has the con-
dition t >t =t, >+ =t, and one says the factors in the product
H(t,)H(t,)--- H(t,) are arranged in ‘“‘chronological order.”

Let us now study the connection between the series (154) and the expres-
sion (148) which is obtained under the special assumption (147). For a
series of symmetrical terms u;;, u;;, ... one has the general transformation
formulas

ij

1 1
Z Uy = 2_ Z Uijs ) Z Uijp = 3_ Z Ui jks (155)
i<j i,j i<j<k i,j.k
and similar relations are also valid for integrals. If P is the “Dyson chrono-
logical-order operator” which has the property that it permutes the time
variables in any product H(t,")H(t,’) --- H(t,"), so that they occur in
chronological sequence after decreasing order, one has

[[an f"dtz [t [ e HG B
]

(156)
" dtl Jdtz Jdt P{H(1H(t,) - H(1,)}.
According to (154), this gives
2 1/ 2n
v =Py F("Tl) f d, H(1,) f di,H(t,) - f dt,H(t,)
= Pexp[—(2rifh) f dt H(t))l, (157)
0

in analogy to (148), which gives the connection desired. It is evident that
the series (154) is convergent only under rather limited conditions, and it
will now be transformed into more useful forms.

D. Interaction Representation
Let us assume that the Hamiltonian H = H(¢) may be written in the
form

H=Hq+ V(1), (158)

where H, is the “unperturbed Hamiltonian” and V= W{(¢) is a com-
paratively small “perturbation.” The operator H, is further assumed to
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be independent of time ¢ and to have well-known eigenfunctions ®,° =
®,°(R) and eigenvalues E,°. The associated evolution operator U, has
the form

omi
Ug= exp(—% Hot)

i
= T exp( -3 Et) 19,0 (0 (159)
k
and satisfies the differential equation (140) for H =H,. In order to
proceed, we will now introduce the substitution
U=U,- Uy, (160)

where U), is a unitary operator to be determined. According to (140),
one obtains the differential equation

h aU, h . ou,
— My, Y (H VWU, - Uy
it U T Vo = Hot Uo- Uy
ho eu,
- Mgl A Uy 1
Uy L= VU, Uy (161)
hou,
e 2 = (U VU Uy

It is clear that U, satisfies a differential equation of exactly the same type
as U but with the Hamiltonian H replaced by the operator

VH = UOfVUO

2mi 27i
= exp(%‘ Hot) vV exp(— % Hot). (162)

The operator Vy is said to represent the perturbation in the “‘interaction
representation.” Since U, satisfies the initial condition U,(0) =1, one
obtains from (161) the integral equation

2ni [°
Up()=1- % J‘OVH(tI)UV(tl) dt,. (163)

Iteration leads to the series expansion

2 2n '
00 =1 -3 [Vate e+ (=2 [ i, [ty

5 (-2 J at, J dty f AVt Va(ts) - Vet (164)

n 0
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which is fundamental for the so-called time-dependent perturbation theory.
In analogy to (157), one obtains the following form for the total evolution
operator:

2ni
uy="P exp[— TJ {Ho + V(t))} dt ]

2mi 2mi
= exp(— % Hot) Pexp[— W J Vy(ty) dt ]

2ri 2
=exp(—%H0t) m jdtljdtz j dt,

X Vit )V(ty) -+ Vig(t,). (165)

The various terms in this expansion will be further discussed below.

VI. Reformulation of Quantum Theory

So far the evolution operator U has been expressed in terms of a given
Hamiltonian H, but sometimes it seems more convenient to turn things
around and reformulate the fundamentals of quantum mechanics with
U = U(t; ty) as the basic operator. This may also be of importance from
philosophical point of view, since the evolution operator U is defined with
respect to a finite time interval (f,; ¢), whereas H is associated with a
differential equation of type (21).

Let us now assume that the relation

W(1) = U(t; t)¥o (166)

is the fundamental law for the time evolution of a quantum-mechanical
system, and that U is linear and unitary:

Utu=UU"=1. (167)
The evolution operator has an eigenvalue problem of the form
Un = Aty (168)

where the eigenfunctions 1, = n,(R, ¢t) depend on R =(r,, r,, ... ry) and
t. The eigenvalues A, = A,(¢) are situated on the unit circle |4,| =1 and
have the form A, = exp(is,), where ¢, is real. Since the operator is normal,
one has also U'y, = A,*n,, and the eigenfunctions form an orthogonal
system which is assumed to be normalized so that <{u,|n,> =d,. The
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system is further assumed to be complete, so that 1 =X, |n.> {m, |. This
gives the spectral resolution

U= ; x> <l (169)

which substituted into (166) gives the expansion

¥() = ; ) ¥oDs (170

corresponding to the expansion in *stationary states™ (146).
Let us now consider an operator A which commutes with U so that

UA = AU. (171)

For the expectation value of A, one obtains (W|A|¥) =(UYW|A|UY,>»
=W |UTAU | Wo> ={¥,|A|¥,); i.e., the expectation value (A),,
is the same for the times 7, and 7. Such an operator A will be called a
“‘constant of evolution,” and its eigenprojectors may be used to classify
the degeneracies of the eigenstates of U.

If the evolution operator U exists in the interval (f; ¢ + dt) and has a
first derivative, one can show the existence of a specific Hamiltonian H.
Differentiating relation (166) with respect to 7, one obtains

h oW h 8U h oU
—_———— = — — —— = —— t
2mi Ot 2ri Ot ¥o 2ni 01 U, (172)

i.e., the connection

hou

H =—-— %
op 2rni ot

(173)
which defines the Hamiltonian. Taking the time derivative of the relation
UU' = 1, one obtains the alternative form

h _ oUt

el (174)

H,=+
and combination of (173) and (174) gives finally H' = H. If the evolution
operator is unitary, the associated Hamiltonian is hence self-adjoint.

The eigenfunctions #, of the evolution operator U are usually not eigen-
functions of the Hamiltonian H, and it is instructive to derive the matrix
representation of H with respect to the basis #,. From the relation
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(Ut — 4¥)m, = 0, by taking the time derivative and using (174), one has

out ot 0
(5 -5 )n+ W -an T =0

as at
h 04X o
(H ~ 5 Ax 6_: )'1 (1 — Uik*) n" (175)
h A" aq
H = A _ * i
(i | |’7!> kat O (1 lkll)< T
and further
h Oa
(il H ey = o a—tk; (176)
h on
—_— _ o la—an “h
(il Hmy =5—{l—e }<nk > t>. a77)
Hence one has
2n (*
—— | \m | H|m dty, (178)
h Jo

and substitution of this expression into (170) leads to an expansion closely
analogousto (151).

The matrix representation {(n,|H |n,> will be strictly diagonal if and
only if HU = UH, i.e., if H is a constant of evolution. By using (173) and
(167) this condition may also be written

ou ou

= U=U— 5 (179)
which implies that U(¢) should commute with U(f + dt); i.e., the evolution
operator should commute with itself in the extended interval (¢; ¢ + dt).
In this latter case, H and U have simultaneous eigenfunctions at the time ¢,
and the eigenvalues of the Hamiltonian are given by (176). The evolution
operator description has many advantages, but so far the Hamiltonian
description has been dominating in quantum mechanics particularly for
systems where H is easily constructed from classical analogs.

Vii. Transition Probabilities
In order to study the probability distribution over a set of discrete states
as a function of time, we will introduce a complete set of orthonormal
functions f;, = fi(R) as a basis:
el fi) = 63 1= ; | fi? <Sfil- (180)
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Expanding the wave function ¥ = W(R, ) in this basis, one obtains
¥ = zk'ﬁc) <ﬁc|‘P>9 i'e-s

YR, 1) = ; S(R)YC (D), (181)
where Ci(t) ={f,|¥) is a time-dependent coefficient. Introducing the

relation W(f) = UY,, the expansion ¥, = Z,f,(R)C,(0), and the notation
Uy ={fi | U| f), one obtains directly

Clt) = (Ll ) = (fil U¥o)
={(fl Ul IZ HC(0))
= ; UL €(0)
= ; U, Cl0), (182)

which formula describes the time evolution of the coefficients. The quanti-
ties P,(t) = |Ci(f)|* are conventionally interpreted as the probability for
finding the quantum-mechanical system in the state k characterized by the
wave function £, at the time ¢. From (182) we get further

Pty = C*(OC(H) = {zl: U CLO*{Y. U;,nC.n(0)}
= ,Z UaUy.C*(0)C,(0)
= ; |Uul?>P(0) + l; UiUinC*(0)C,(0), (183)

where the last term may be characterized as an “interference term” between
the various states. Using the unitary property of the operator U expressed
in the relations

; [Uul? = ; |Unl>=1 (184)
and
2‘: UiUim = ; UpUme=0 (I #m), (185)
one finds that
; P(t)= ’Z P(0)=1. (186)

A. Transition Probabilities
Let us start the discussion of the interpretation of Eq. (183) by assuming
that at ¢ = ¢, the system is completely in the state characterized by the
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wave function f,, so that P,(0) =1, whereas all other P,(0) =0. From
(183), it follows that

P = |U,)%, (187)

and the quantity |U,(t; to)|? is then interpreted as the probability that
the system jumps from the original state # to the state k during the time
interval (#; t). This interpretation is obtained in a very special physical
situation, and it is then generalized to more complicated situations:

Su-iltos ) = [Up(t; to) 2. (188)
From the unitary properties (184) of the evolution operator it follows that
; Spailto; ) = ; [Unil® = 1, (189)

showing that the total probability that the system either stays in the state
n or leaves this state equals 1. Since all the quantities § are positive, one
has further

0<S,.ite; )< 1, (190)

which means that transition probabilities can never “blow up.” If this is
the case in an approximate treatment, e.g., in perturbation theory, the
phenomenon must hence depend on a defect in the approximation itself.

One should observe that the question of the transition probabilities
depends essentially on the reference system {f,} chosen. For instance, if
one chooses the eigenfunctions #, of the evolution operator as a basis,
one has {n, | U |n,> = 4,8, and

2 _ L e =4,
|<nk|U|’7!>| - 0, Aks‘éll’ (191)

which relation shows that the probability distribution over this specific
basis is the same at the times ¢, and ¢, i.e., remains stationary. However,
the system as a whole is by no means stationary, and the evolution from
t, to t is instead described by the phase changes in the coefficients C, in
(182). Hence, in general, the phases play a key role in the description of the
time dependence, as one could also expect from the discussion in Section II.

B. Random-Phase Systems

It has been emphasized in connection with the quantum-mechanical
superposition principle that the interference term in (62) plays a funda-
mental role in many basic phenomena in physics and chemistry. However,
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there are also situations where it is of interest to study assemblies of systems
having different phases, where probabilities are additive in accordance
with (63).

Let us introduce an assembly of systems having the same probability
distribution P,(0) at the time ¢ = ¢,, whereas the phases are distributed at
random so that, in average over the assembly, one has

C*0)C,(0) =0, | # m. (192)
By applying this averaging procedure to (183), one obtains
P = Z’: [Uwl*P(0), (193)

which is the fundamental equation in the random-phase systems. Using
the fact that U'is a unitary operator and the definition (188) of the transition
probabilities, one can write relation (193) in the form

P(t) = P0) + Y Py(0)S,.(t) — P0)Y. Si-i(D), (194)
1%k %k

showing that the probability for the occurrence of the system in the state
k at time ¢ equals the probability at ¢ = #,, plus the probability that the
system would jump from any other state / to the state £ under the time
interval (t,;t), minus the probability that the system would leave the
original state k and go over to another state during the same period.
In random-phase systems, the transition probabilities are hence truly
additive, as one could expect in an incoherent phenomenon.

In a conventional treatment of (194), one would proceed by assuming
the existence of alaw of ‘‘microscopic reversibility” saying that S,_,, = S;.,
for the time interval (¢4; ¢). In the general case, however, one has usually
for the unitary operator U:

IUkn|2 # IUnklz’ (195)

except in special cases which will be further discussed below. Even in the
general case, one can now proceed by noting the existence of the relation

1- Y S.()= U l*>=1-— Y. S, (196)
iFk IFk

which follows directly from (184). Introducing this relation into (194),
we obtain
Pk(t) = P(0) + l;k{P:(O) — Pi(0)}S;-(1), (197)

which is exactly the relation one usually derives by means of the law of
microscopic reversibility. This equation shows that, in general, there is a
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flow of probability from levels of higher probability to levels of lower
probability, and, since this flow is always going in one and the same direc-
tion, one can expect that the process should be irreversible. This is also the
case, as we will see below.

C. Reversible Processes

The problem of time reversal has previously been discussed in some
detail, and it has been emphasized that the basic laws in classical mechanics
as well as in quantum mechanics are reversible in time under certain general
conditions and are hence “primary laws” of physics. According to (93),
this applies in the latter case if a time-independent Hamiltonian H is not
only self-adjoint (H' = H) but also real:

H*=H, (198)

in which case the process W, — W has the reverse process ¥* — Wy* as
outlined in (94).

This problem can now be treated by means of the evolution operator.
From the definition ¥ = U¥, it follows directly that ¥, = U'¥ and

Wo* = (U™, (199)

In the special case when the evolution operator has the simple form (141),
one obtains

uh=v, (200)

showing that the reverse process ¥* — Wy* is associated with the same
evolution operator and the same Hamiltonian as the original process
Y, ->Y.

This result is of interest also for studying the principle of “microscopic
reversibility.”” If the Hamiltonian is real according to (198), its eigenfunc-
tions may also be chosen real, and we will now choose even the basis
{f,} to consist of only real functions. Using the relation Ut = U*, one
obtains

Uy = U{k = <f1| Uflfk> = <fl| U* |fk>
={fUIf)* =Us (201)
and
]Ukt|2 = |U1k|2, (202)

which means that, under these specific assumptions, the principle of
microscopic reversibility is strictly valid.
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It should be observed, however, that the wave functions themselves have
in general complex character in order to describe the probability distribu-
tions in both ordinary position space and momentum space as outlined
in Section II. If one has insufficient information about the phases, one
has also insufficient information about the physical situation in general,
and any averaging procedure will then usually lead to equations which are
no longer reversible in time, and which are hence characterized as
“secondary laws.”

D. Irreversible Processes

As a simple example of an irreversible process, we will study the behavior
of a random-phase system based on assumption (192). The random-phase
postulate was first clearly stated by Pauli (1928) in connection with a study
of irreversible processes, but it was also used by Dirac (1927, 1935) in his
formulation of the time-dependent perturbation theory.

In order to study some of the consequences of the random-phase
postulate (192), we will introduce an arbitrary function L(x) which is
convex in the interval 0 < x < 1 so that L"(x)> 0. According to Lagrange’s
mean-value formula, one has

2

L(x + h) — L(x) — hL'(x) = % L'(x + 6h) > 0, (203)

where 0 < 0 < 1. Putting x +4 = P,(0) and x = P,(¢), we obtain
Qu = L{P(0)} — L{Pu(1)} — {P(0) — PUOIL{PD)} = 0, (204)

where the equality is valid only if # = 0. Using the fundamental relation
(193) and the unitary properties (184) of the evolution operator, one finds

0< ; QulUnl?
= L L{PO} X 1Uul* = T LIPO} X 1Uuf?
= L X IUIPPOLLPUD} + ¥ PUOLLPD} 3 Unl®
= Z’) L{P(0)} — ; L{P,0)}, (205)

; L{P(0)} = ; L{P,(n)}. (206)

Here the equality sign holds only if the initial probabilities P,(0) are all
the same. The relation indicates hence that, in general, the time evolution
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of a random-phase system from ¢, to ¢ is irreversible and that the quantity
3. L{P,} has decreased.

There are many possible choices of the convex function L, and the
particular form L = x log x is characterized by the fact that X, P, log P, is
additive over independent subsystems. The quantity

S=—-k) P.logP, (207)
k

where the coefficient 4 is Boltzmann’s constant, is such that S(0) < S(¢)
and is sometimes characterized as the “microentropy.” It is defined over
the configuration space associated with all the particles of the system,
whereas the conventional entropy refers to the ordinary space and may be
obtained by a reduction procedure.

As mentioned above, the random-phase postulate has been used to a
large extent in modern quantum mechanics, particularly by Dirac (1927,
1935). However, it has considerable weaknesses, since it can be valid only
in a specific reference system and only at a specific time ¢,. With the evolu-
tion in time, the system leaves the pure random-phase situation, and the
same happens if one goes over to another basis.

In conclusion, it should be observed that the Schrodinger equation itself
may contain irreversible elements in the form of time-dependent electro-
magnetic potentials, e.g., retarded potentials. However, even in the case
when the Schrédinger equation is fully reversible in time, a study of the
probability properties of assemblies may show irreversible features depend-
ing on the fact that one has not complete knowledge of the entire physical
situation, i.e., the wave function including its phase. The question is how
these uncertainties should be properly described. Important work on the
irreversibility problem has during the last decades been carried out by
Kirkwood (1946, 1947), Prigogine (1947), and Bogoliubov (1946).

E. Time Dependence of Density Matrices

In concluding this section, it should be observed that the evolution
operator formalism is particularly useful in treating statistical assemblies
described by density matrices. In the terminology of von Neumann (1932),
a system characterized by a wave function ¥ corresponds to a “pure state”
and is associated with a homogeneous assembly which has a density matrix
I' defined by the relation I' = ¥¥! or

IR, {|R, 1) =¥R, H¥'R1), (208)

where, for the sake of simplicity, we will choose ¢’ = ¢. Since the wave
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functions have a time evolution of the type ¥ = U¥,, W' = ¥,'U", one
obtains

INGERNY(OIA (209)
for the density matrix of the homogeneous assembly. This relation is then
generalized to define the time behavior of density matrices in general.
A density matrix I' = I'(R, ¢|R’, ¢) is essentially characterized by the fol-
lowing three conditions:

r'=r, r=0, (D) =1, (210)

and it usually represents a “mixture” of physical situations associated with
wave functions.

In order to study the properties of density matrices in greater detail,
it is convenient to introduce a complete orthonormal basis {f,} fulfilling
the relations (180). In considering the initial time ¢ = ¢,, one obtains the
expansion

I'(R, 15|R',t0) = ;fk(R)F w0 f*(R"), 211

or, in matrix form, I'y = fL'(0)f'. In analogy to (210), the discrete matrix
I(0) = {I",(0)} has the properties I'* =T, T > 0, Tr(T') = 1. There exists
hence a unitary transformation V which brings I'(0) to diagonal form
n(0):

VL)V = n(0), 212)
where the eigenvalues n,(0) are real and satisfy the relations
n(0) = 0, Y n(0) = 1. (213)

k

One has further I'(0) =Vn(0)V' and, introducing the wave functions y,(R)
through the transformation

¥ =1V, @14)
one obtains Iy = fL(O)! = fVn(0)V'f! = n(0)y', i.e.,
IR, R, t5) = ; 1R 0 *(R), (215

which relation may be considered as the “spectral resolution” of the
density matrix I for t =¢,; the functions y,(R) are its eigenfunctions and
the numbers n,({0) its eigenvalues, and one has I'y, =n.x;. Each one of the
terms x,(R)x*(R’) represents the density matrix for a *““pure state’ having
the wave function y,(R), and the sum (215) hence represents a ‘““mixture”
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of such pure states with the weights #,(0). We note the essential physical
difference between the expansion (215) which is used in analyzing a general
assembly and the expansion (181) which is used in studying the wave
function associated with a “pure state.”

The sum (215) contains usually many terms, and it is reduced to a single
term if and only if #,(0) = 1 and 7,(0) = O for k # p, in which case one has

r(Ra tO IR” tO) = Xp(R)Xp*(R’)a (216)

i.e., the assembly is homogeneous and corresponds to a pure state with
the wave function x,(R). It is easily shown that an assembly corresponds
to a pure state if and only if the density matrix is idempotent, so that
rz=r.

After this analysis of the density matrix at ¢ = ¢;, we will now study the
time dependence defined through the relation (209). Introducing the time-
dependent basis

LR, 1) = UNx(R), (217)
one obtains directly
I(¢) = UT(O)U' = Uyn(0)yx'U?

= x(On(0)x (1), (218)
and the spectral resolution

I'R,t|R, ) = ; (R, O *®R, 1), (219)

which shows that the weight factors n, and hence the character of the
mixture are independent of time.

For a more detailed study of the properties of the density matrices and
their use in physics and chemistry, we will refer to von Neumann (1932)
and to Husimi (1940).

VIIl. Time-Dependent Perturbation Theory

Let us now consider the case when the Hamiltonian H = H(¢) may
conveniently be written in the form

H=Hy+ V), (220)

where V is a small perturbation to the unperturbed system characterized
by the Hamiltonian H, having the normalized eigenfunctions ®,° and
the eigenvalues E.°. In the following, we will make the choice f;, = ®;°
and introduce the unperturbed eigenfunctions as a basis and reference
system.
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The transition probabilities caused by the perturbation ¥ are given
by the general formula (188):

Saaitos 1) = 1Uw(t; to)I%, (221)

and we note that, depending on the condition (190), these quantities can
never “blow up.” The absolute values of the unitary matrix U are always
well-behaved, whereas the phases may turn out to be “dangerous’ quanti-
ties involving some of the divergence difficulties still associated with modern
guantum mechanics.

It is convenient to treat the perturbation problem in the ““interaction
representation” and to express the evolution operator U in the product
form U = Uy* Uy, where Uy, is given by expansion (164):

an—w “‘fdnfwz f AVt )Vilts) - Vilt), (222)
0

where

Vg =Uy'WU, = e* GriliHot |y o= 2mifk)Hot (223)

For the matrix elements of U, one obtains directly:
(DU | @) = exp[(2m/WETIKD,L° | Uy | 9,°), (224)

and consequently

Su-iltos 1) = [{®L| Uy 10,°) |2, (225)
which is a considerable simplification. Introducing the “Bohr frequency”
vy = (E® — E®)/h, (226)

one obtains similarly for the matrix elements of V:
(O | Vi | 9,°) = exp2rivgt) @, [ V | %), (227)

Using the expansion (222), we will now study the matrix elements of
the operator Uy :

2
(DL Uy | 0°) =6y — Jdt {(Va(t )}

2
m th f Aty {(Va(t Dbl Va(t2) )

2”fmfmfmmwm

X {VH(tz)}ap{VH(ta)}pl + o (228)
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for various forms of the perturbation V. The indices a, §, ... are said to
refer to so-called “intermediate states.”

A. Time-Independent Perturbation
Let us start by considering the simplest case when the perturbation is a
constant in time, V{(¢t) = V. Using (227) and (228), one obtains directly
2mi  exp(mivit) — 1

<d)k0| Uy, | (Dto> = 5kz - T th

-0
27ivy

i\ 2
e

y { ean’v;‘)lf -1 exp(ZﬂiVJ?at) -1

2rivy - 2mivy  2mivl, - 2mivy

4o (229)

For v{, = 0, one obtains so-called “resonance denominators,” but we note
that all terms are still regular according to formulas of the type

lim exp(27mjt) -1 -
V-0 2niv

(230)

In the special case when ¥ commutes with H,, the matrix ¥}, is diagonal,
and one has further the explicit solution
. 2mi 2ni \? 1
— o~ @ri/W)VE _ 1 _ .. —_ _ vee
Uy=e 1 p t+( hV) 2!+ s (231
which often serves as a convenient check.
Following Dirac (1927, 1935), we will now study the first-order term in
(229) for k+#! in greater detail:

2ni . exp(2mivit) — 1

®,° oo =V, 232
@21 |90~ T 55 Va =g (23
Substitution into (225) gives the transition probability
2 1 — cos 2mviit
()= = 2 T ST TRE 233
Sl k() hz IV;cl' (Vl?l)z ( )

This quantity oscillates a great deal with time and we observe that, for a
small 1~ 0, one has a quadratic behavior S{2)(¢) = (4n?/h?)|V,,|2t2.

Of particular importance in physics and chemistry are the time-pro-
portional transition probabilities, and one may wonder how they are
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related to perturbation theory. It turns out (Dirac, 1927, 1935) that they
are characteristic for transitions from a discrete level / to a series of levels
k which are so tight-lying that they form a continuous band (see Fig. 1).

Initial state Final stotes

Fig. I. Transition from a discrete level to a series of levels in the continuum.

Such transitions occur, e.g., in phenomena where a free particle is emitted,
for instance radioactivity. Let us assume that the “band” for the final
state E.° covers the energy interval (E — AE; E + AE) and that the density
of states is given by the quantity p(E). Assuming that the probabilities are
additive, one obtains for the total transition probability:

E+AE
S{820n) = TSI = f SIMDPESD) dES

E—-AE

2 [EtaE — cos 2n(E,° — Et/h
='};§ J\E <<Dkol qu) 0>|2 (EkO_Ekl)Z/hzl
x p(E,%) dE,°. (234)

We will assume that the quantities |[{ ®,°|V|®,°)| and p(E,°) are slowly
varying functions of E,° which may be taken outside the integration.
Making the substitution

2 2
7” (BEL—EOt=¢, 7" t dE® = d¢, (235)
one obtains
+2nt- AE/h 1 — cos é
—'cont(t) =7 |Vkl| P(E) J‘ - g2 dé (236)
—2nt- AE/h ¢
The integrand is plotted in Fig. 2 and given by the following equation (see
Appendix):
+001 _
f_ —%%S—é dé=1r. (237)

We note that the main contribution to the integral comes from the environ-
ment of the point ¢ =0, which corresponds to the energy resonance
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EJS ~ E between the initial and final states. This resonance is never
completely sharp, however, depending on the uncertainty relation for the
energy and time.

-y

-6r -am -2rw or 47 6w 87 10w

Fig. 2. Diagram of the function (1-cos £)/£2.

All energy measurements involve some interaction between the object
and the apparatus which is carried by at least one elementary particle in
the form of a wave packet having the kinetic energy E = p?/2m and the
extension Ax. The time Af needed for the entire wave packet to enter the
measuring device is approximately the same as the time needed to pass
through a plane separating the object from the apparatus, perpendicular
to the motion of the wave packet (see Fig. 3). Since the velocity is p/m,
one has

(p/m)At ~ Ax. (238)

From E = p%/2m follows further AE = pAp/m, which gives AE-At=
Ap(p/m)At = Ap-Ax > h/4r, and the uncertainty relation

h
AE - At > —. (239)
4n
This implies that, in order to make a measurement of the energy with a

— 3y v=p/m

AN\

——
Ax

Fig. 3. Passage of a wave packet through a plane.

certain accuracy AE, a certain minimum time interval Az is always
needed.
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Let us now return to relation (236). It is clear that this formula has a
meaning only if the time interval ¢ is not too short with reference to the
uncertainty relation (239), i.e.,

> —, 24

"2 47AE (240)
which implies that 2ntAE/h > +4. With increasing 7, the integral takes
quickly its full value according to (237), and one obtains the final formula

" 4
Sl-’conl(t) = T 'Vkll P(E) 1, (241)

which is a time-proportional transition probability. Because of (190), it
can only be valid for times ¢t which are not too large, and formula (241)
gives essentially the transition coefficient y = (4n?/h)|V,,|%p, which enters
the decay relation
dP,
dt

with the solution P/(t) = P,(0)e™"". The probability of the levels & in the
“band” increases further according to the rule

Pyt) = P(0){1 —e77}, (243)

and we note that the term y¢ in the right-hand member (241) may be con-
sidered as the first term in the expansion of (1 — e™"). The relations
(242) and (243) may be obtained by considering also the higher terms in
the expansion (228), but, in reality, the situation is usually more com-
plicated than indicated here.

—yPy, (242)

B. Oscillatory Perturbation
Let us now consider a general perturbation ¥, which is a function of
time, and let us assume that it may be expressed as a Fourier series:

V() =Y exp(—2miv, )v,, (244)

where the coefficients v, are linear operators working on the functions in
the R space. According to (227), one obtains for the matrix elements of V:

$D,°| Vg | @,°> =} exp[2mi(vi, — v)rICk | vie| 1. (245)

The matrix elements of the operator U, are again given by formula (228),
and we note that, for a perturbation of the form (244), the time integrations



Quantum Theory of Time-Dependent Phenomena n
are of an elementary nature and are easily carried out explicitly. One
obtains

2mi o exp[2ri(vd — v, )t] — 1
<®k0|UV'®'O>=5"1_TZ PL27i(v — vi)i]

Cklvel >

2ni(v,?, - vx)

s (_@)zz { exp[2ni(vy — v, — v)t] — 1
h 2ri(vy — v, — v,)2mi(vy — v,)

5 exp[2ri(v), — v )t] — 1
2mi(vie — V)2mi(vgy — v,) }

x kel vlad Calva [ DD+ - (246)

It is interesting to observe that “‘resonance denominators” occur for
v, = v§, and, in the second-order terms, aiso for v, + v, = vJ, etc., cor-
responding to one- and two-quantum processes, etc. These terms are of
essential interest in studying time-proportional transition probabilities,
and the treatment follows essentially the same lines as given in the previous
section.

For the sake of simplicity, we will study a single oscillatory term in
greater detail:

KA a

V= e—21u'vtv. (247)

Such a perturbation is not self-adjoint, but the result is still typical for the
terms occurring in this connection. Using (246), one obtains through the
first order

2ni exp[ mi(vy —wt] -1

O°|U, 0>~ —— ,
(@, |Uy| @) h Vit 27ti(v,3—v)

(248)

in complete analogy to (232). This gives for the associated transition

probability

— cos 2n(vy, — V)t
(va —v)? ’

and, by studying the transitions from the discrete level / to the continuous

levels £ having the energy

2 1
S,(_l,)k(t) = ;1_2 |Ukz|2 (249)

E° ~ EP + hv, (250)

one obtains in analogy to (241)

(1) 4n’ 2 0
Sl—vconl(t) = T Ivkll p(Ek )t’ (251)
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which is the formula desired. According to (250), one finds that, from the
point of view of the unperturbed system, this transition involves the absorp-
tion of the energy v from the oscillatory field associated with the per-
turbation V. By studying the self-adjoint perturbation

V = vexp(—2nivt) + v' exp(+2mivt), (252)

one finds also the transition probability for the corresponding emission
process.

It is clear that, since the evolution operator in principle describes all
the various time-dependent phenomena in physics and chemistry, we have
here only touched a very small field of applications. The further study of
the evolution operator and its matrix elements is probably one of the most
important current research problems and, even if very important progress
has been made during the last two decades particularly in connection with
the so-called diagram technique, the study is still far from being concluded.

IX. Discussion

The purpose of this paper is to give a brief discussion of the treatment
of time-dependent phenomena in the nonrelativistic quantum theory. In
many of the applications, the theory has been quite successful and has led
to results in complete agreement with experimental experience, but there
are still certain difficulties connected with the concept of a complex wave
function and particularly the evaluation of its phase. In the formula for
time evolution ‘P(¢) = U¥,, it may be possible to calculate the evolution
operator U but considerably more difficult to determine the wave function
¥, for the initial state. The phase problem has been discussed in some
detail in Section II.

The problem of the behavior of a many-particle system under the
influence of an outer electromagnetic field can be treated in principle, but it
is more difficult to study the interaction between a system of matter waves
and their own electromagnetic field. The problem of the self-interactions
leads to divergence difficulties in both the nonrelativistic and relativistic
formulations of quantum theory, and the nature of the elementary particles
themselves is still completely unknown. For some time, one hoped that the
evolution-operator formalism would be helpful in solving these problems,
particularly since the absolute values of the matrix elements of U can never
blow up, but it turned out that the difficulties were again connected with
the phases. In scattering theory, the .S matrix given by the relation

S =U(+w, —w) (253)
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has been studied in many papers with interesting results, but the main
problems associated with the basic divergence difficulties seem still to be
unsolved.

One way out of the difficulties would be to quantize the space-time
coordinates and to introduce a minimum length and a minimum time.
In such a case, one would have to give up the differential form of the laws
of nature which has been characteristic for classical mechanics (2) as well
as wave mechanics (21). We note, however, that the evolution-operator
formalism is based on the use of a finite time interval (¢; ¢). If the Hamil-
tonian H is time-independent, the evolution operator takes the form

U = exp[—2ni/h)H,yf] = ¥, exp[— QnilE] 1@ (®),  (254)

where @, and E, are the eigenfunctions and eigenvalues of H, respectively.
The eigenvalue relation H®, = E,®, is certainly a differential equation,
but the quantities ®, and E, entering (254) may instead be found by con-
sidering the variational integral:

_(P|H|®)

I= @Dy (255)

Since the expectation value of the differential operator Z,p,/2m, may be
evaluated in momentum space according to (38), it is not necessary to use
any derivatives whatsoever—all the results may be obtained by integration
only. In this way, wave mechanics may be formulated entirely in terms of
integral calculus. Instead of requesting the wave functions to be continuous
and differentiable, it is now sufficient to require that they should be
quadratically integrable. Whether this change in the character of the theory
gives a better fundament for solving the basic difficulties as to the nature
of the elementary particles remains to be seen.

The time-dependent Schrédinger equation (21) has deepened the under-
standing of physics, and it has further rendered a unification of physics
and chemistry which was previously inconceivable. It has led to a new
model of the inner structure of atoms, molecules, and the solid state in
excellent agreement with experience. Even if the remaining difficulties
indicate that the theory is still not in its final form, it is highly useful as a
tool for a unified description of numerous phenomena in nature.

Appendix. Evaluation of Certain Integrals

In time-dependent perturbation theory, there are certain definite
integrals which often occur and have to be evaluated. It is convenient to
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start from the formula

J¢ 1 g c0s 1§ — tsin 1§

e~costx dx = , (Al)

— —e
0 1+ 1+t

which is easily proven by differentiation. Integration over ¢ between the
limits O and ¢ gives further:

$ __sintx * cos tE— tsin t
e dx =arctant —e”*¢ é—zé dt. (A2)
0 X 0 1 +t

By letting £ = + oo, one obtains

(*+ o

sin tx
e dx =arctant. (A3)
JO

Putting x instead of xt and ¢t = 1/u, one has, for t > 0,

Il+ 7o) .
sin x 1
e ~ dx = arctan - (A4

JO

Because of the uniform convergence of the integral, one can easily put
u — +0, which gives the result

+w o
sin x 4
—dx==. A5

J; X 2 (A3)
Let us now return to the relation (A3). Integrating ¢ over the interval
between 0 and ¢, one obtains

+ o0 1 —_ t
f e * _;:;)s_x dx = tarctan t — } log(1 + t?). (A6)
0

Putting x instead of xt and ¢ = 1/u, one gets immediately

to  l—cosx 1 u 1
J:) e — dx = arctan 773 log(l + F)’ (A7)

which, for u — +0, gives

t® 1 _ cosx n
J\o -de—-z-. (AS)

One has 1 — cos x = 2 sin? x/2 and, substituting x instead of x/2, one

obtains finally
+o (sin x\ 2 7
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These examples may be sufficient to illustrate a general technique for
evaluating definite integrals of this specific type.
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